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PREFACE 


The general theory of the representation of functions by series of polynomials 
or more generally by series of other rational functions is far too vast to be 
included in a single treatise. Indeed, this theory can be considered to include 
the entire field of Fourier series as well as the detailed study of approximation 
of real functions by polynomials or by trigonometric polynomials. In the 
present work we restrict ourselves to the representation of functions in the 
complex domain, particularly analytic functions, by sequences of polynomials 
or of more general rational functions whose poles are preassigned, the sequences 
being defined either by interpolation or by extremal properties (i.e. best ap- 
proximation). Taylor’s series plays a central role in our entire study, for it has J 
properties of both interpolation and best approximation, and serves as a guide 
throughout the whole treatise. Indeed, almost every result we give on the 
representation of functions is concerned with a generalization either of Taylor’s 
series or of some property of Taylor’s series — the title “Generalizations of 
Taylor’s Series” would be appropriate. 

In spite of this central character, we do not give an exposition of the modern 
"detailed theory of Taylor’s series (summability, gap theorems, Abelian and 
Tauberian theorems, overconvergence in the sense of Ostrowski, etc.); such 
accounts exist elsewhere in the literature [for instance, Dienes, 1931], and the 
theory of the other series which we study in detail has not yet reached the stage 
where these more delicate properties can be broadly treated. Other intentional 
omissions are necessary both to keep the size of the book within reasonable 
bounds and to preserve some unity of subject-matter and method. Such 
omissions are: factorial series and series of faculties; interpolation as related to 
the properties of entire functions; series of polynomials defined as solutions of 
differential or difference equations or defined by recursion formulas; continued 
fractions; expansions not found by interpolation or by an extremal property 
(Faber’s polynomials are therefore omitted), except that the 'possibility of uni- 
form approximation is conveniently studied by methods involving neither inter- 
polation nor extremal properties. Every topic pertaining primarily to the real 
domain is automatically excluded. The theory of approximation of harmonic 
functions by harmonic polynomials, or harmonic rational functions is analogous 
to the theory here set forth; for more specific information the reader who is in- 
terested in that theory may refer to a fairly recent report [Walsh, 1929a]. 

The history of our subject proper begins with Cauchy and the Cauchy-Taylor 
series. Later major contributions are due to Jacobi [1856], who introduced 
another important series of polynomials found by interpolation; to Runge [1885], 
who studied developments in series of polynomials or of rational functions valid 
in more or less arbitrary regions; to Hilbert [1897], who showed a connection 
between Green’s function and approximation by polynomials; to Faber [1903], 
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who introduced a widely useful set of polynomials belonging to a region and who 
later [1920, 1922] studied in detail certain sequences of polynomials of best 
approximation; to S. Bernstein [1912], whose results on approximation in an 
interval of the axis of reals suggested results and methods appropriate to the 
complex domain; to Fej£r [1918], who sharpened Hilbert’s results and extended 
his methods; to Szego [1921], whose memoir on polynomials orthogonal on a 
curve in the complex plane has become classical. The subsequent theory is 
especially the product of the last decade, much of it dependent on Montel’s 
theory of normal families and on Carath^odory’s theory of the conformal map- 
ping of variable regions; important topics involved are: possibility of approxi- 
mation by polynomials and by rational functions, further study of approximation 
by polynomials which have various extremal properties (best approximation), 
degree of convergence and overconvergence, interpolation and best approxima- 
tion by rational functions with preassigned poles, extremal problems for analytic 
functions. 

The theory presented in this book is by no means complete, but has neverthe- 
less reached a certain degree of completeness. Topics have been selected which 
are as much as possible unified both as to method and content; for instance our 
study of interpolation and approximation by rational functions is in many 
respects a generalization of our study for polynomials. It is in accord with the 
traditions of this Colloquium Series that a writer should emphasize his own 
researches. In method we make large use of Cauchy’s integral formula, corre- 
sponding formulas of interpolation, harmonic functions and conformal mapping, 
Schwarz’s lemma and its generalizations, degree of convergence and its applica- 
tions. The theory is fairly complete so far as concerns approximation to func- 
tions analytic on a given closed set, with results on regions of uniform conver- 
gence of the corresponding expansions. If the given functions are not analytic 
on the closed set considered, but for example are analytic in the interior of a 
region with merely certain continuity properties on the boundary, the 
questions of convergence on the boundary and degree of convergence are much 
more delicate, and have not yet been treated in any systematic manner. 

As a matter of exposition, a few theorems from other parts of the theory of 
functions and which are frequently needed here are proved. But the main topic 
of the present book is interpolation and approximation, so theorems in other 
fields which occur in well known treatises are ordinarily not proved here. In 
some of the more special parts of the present work we employ without proof 
some theorems which appear only in the periodical literature. The treatment 
is therefore systematic, on the whole, and the book is intended both for the 
beginner and the specialist. The former can profitably omit the more special 
parts of the book on first reading; in particular he is advised to commence 
directly with Chapter III and to turn to Chapters I and II only when occasion* 
requires. 

References to the literature are inserted in the text. Figures in square 
brackets are dates, and indicate papers for which detailed references are given 


PREFACE 


V 


in the Bibliography. Due to lack of space, the Bibliography is necessarily in- 
complete, even for the main topic of the book. The writer has recently written 
an essay Approximation by polynomials in the complex domain (Memorial des 
Sciences Math^matiques). The general arrangement of material in the present 
book is similar to the arrangement in that essay, but the book undertakes to 
give a systematic exposition, not merely an outline. Many topics relating to 
polynomial approximation are mentioned in the essay without being mentioned 
in the present work, and on the other hand the essay does not consider inter- 
polation and approximation by rational functions which are not polynomials. 
The book includes additional material developed in the two years since the essay 
was written. The reader who is interested primarily in interpolation and 
approximation by polynomials may find that essay useful for orientation. 

Many results of this book have not been previously published, although 
some of them have been stated without proof or published in abstract in the 
essay just mentioned, in the Bulletin of the American Mathematical Society, 
in the Proceedings of the National Academy of Sciences, or in the Paris Comptes 
Rendus. Of these new results, far too numerous to be detailed here, we men- 
tion two. Chapter V includes by a single method all results known on the 
widely studied problem of regions of convergence of polynomials of best approxi- 
mation to functions analytic on a given closed point set, except for best ap- 
proximation in the sense of least squares on a line segment or circle with respect 
to certain pathological weight functions. The present results are sufficiently 
far-reaching to include some new results even for approximation in the sense of 
least squares (series of orthogonal polynomials) with a general weight function 
on a single interval of the axis of reals. Chapters VIII and IN contain unified 
results both old and new but more particularly unified methods of great gen- 
erality on interpolation by rational functions, a topic on which the literature 
contains a large number of unrelated and more or less fortuitous discussions. 

The writer has been most fortunate in receiving aid and encouragement in the 
writing of this book. Dr. L. Kalmar kindly furnished a translation into German 
of his thesis [1920], originally published in Hungarian. Dr. Y. C. Shen gave 
permission for the use of unpublished material from his Harvard thesis of 1935. 
The writer received a grant from the Milton Fund of Harvard University for 
help with the manuscript and proof, work that has been ably and admirably 
done by Miss Helen G. Russell. During the academic year 1934-35 the writer 
was in residence at Princeton as recipient of a grant from the Institute for 
Advanced Study. For all of this cooperation the writer expresses his deep 
gratitude, and also to the American Mathematical Society for accepting the 
book for publication in the Colloquium Series. 


May, 1935 


J. L. Walsh. 
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CHAPTER I 

POSSIBILITY OF APPROXIMATION; ANALYTIC FUNCTIONS 
§1.1. Point sets; preliminary definitions 

We shall bo concerned in the present work entirely with the plane of the com- 
plex variable z ~ x + or its stereographic projection onto the sphere. In 
the study of approximation by polynomials, we shall deal primarily with approxi- 
mation in the finite plane (plane of finite points), that is, the plane without the 
adjunction of the point at infinity, In the study of approximation by more 
general rational functions, wc shall ordinarily deal with the extended plane , that 
is, the plane with the adjunction of a single point at infinity. The extended 
plane is conveniently interpreted and studied by projection onto the sphere. 
If the type of plane is not explicitly mentioned, results are valid for either 
the finite plane or the extended plane. 

Even though the extended plane is frequently used, we do not ordinarily allow 
infinity as a functional value or value of the dependent variable, except in con- 
nection with a geometric application involving the point at infinity. Under 
certain circumstances, which we shall mention explicitly, the wider convention 
is desirable, with the correspondingly wider definition of limit, continuity, and 
convergence. 

A point set C is an arbitrary aggregate of points which belong to or are con- 
tained in C, Its complement consists of all points of the plane not belonging to 
C, The complement of C with respect to a set C\ containing C consists of all 
points of Ci not in C. A neighborhood of a finite point P is the interior of a circle 
whose center is P; a neighborhood of the point at infinity is the exterior of a 
circle in the extended plane. A deleted neighborhood of a point P is a neighbor- 
hood of P with the omission of P itself A limit point of C is a point P (whether 
belonging to C or not) in every deleted neighborhood of which lie points of C 
A point of C is isolated if it is not a limit point of C. A set C each of whose points 
is a limit point of C is said to be dense in itself \ The set C l of limit points of an 
arbitrary set C is called the derivative or derived set of C. The derivative C" of 
C* is called the second derivative of C, and similarly for higher derivatives. A 
set C one of whose derivatives C', C ", C'" f ♦ . is empty is said to be reducible. 

A boundary point of an arbitrary set C is a point P in every neighborhood of 
which lie points of C and points of the complement of C; the aggregate of all 
boundary points of C is the boundary of C. A point P is exterior to C if there 
exists some neighborhood of P containing no point of C. A point P is interior to 
C or is an interior point of C if there exists some neighborhood of P containing 
only points of C. The terms exterior and interior are also used in other senses 
(see below), particularly in connection with Jordan curves. A set C which 
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contains its limit points is closed. A set C whose elements arc all interior points 
of G is open. A set C Amy be neither closed nor open, The derivative and the 
boundary of an arbitrary sot are both closed. The complement of a closed set 
is an open set, The complement of an open set is a closed set, 

A set is limited or bounded if it lies interior to some circle of the plane, A set 
which is not limited is unlimited or unbounded. The distance between two sets 
C\ and C 2 is the greatest lower bound of all distances -P 1 P 2 , where P\ belongs to 
Ci and P 2 belongs to C 2 , The distance between two closed sets with no common 
clement and at least one of which is limited, is positive. A set of points or other 
elements is countable or denumerable if the elements are finite in number or can be 
put into one-to-one correspondence with the set of positive integers, 

A Jordan arc of the finite plane is a one-to-one continuous transform of a line 
segment, that is, a point set which can be represented by 

(1) * - fi(t) > »-/.(«), 0 ^ t g 1 , 

where /i(0 ancl/ 2 (0 are continuous functions of t and where the system (1) has at 
most one solution i for given x and y. This Jordan arc is said to be analytic if 
fi(t) and / 2 (f) arc analytic functions of t } for 0 g i ^ 1 (see below), and if|/[| + 
I /2 | ^ 0. A Jordan arc of the extended plane is a Jordan arc of the finite 
plane or any transform of such an arc by a transformation U) = l/(z — a); an 
analytic Jordan arc of the extended plane is similarly related to an analytic 
Jordan arc of the finite plane. If a Jordan arc AB meets a closed set C, there is 
a first point from A on the arc which belongs to C, and also a last point, 

A point set C is connected if any two points of C can be joined by a Jordan arc 
consisting only of points of C. A region is an open connected set. Any two 
points of a region R can be joined by a broken line consisting of a finite number 
of segments all of whose points belong to R. A closed region or domain need not 
be a region, but is a region closed by the adjunction of its boundary points. 
If a region or other point set is denoted for instance by C, C\ } C or I?, we shall 
frequently without special mention of the fact denote by C, Cj, G\ oyR the cor- 
responding region or point sot closed by the adjunction of its boundary points, 

A Jordan curve of the finite plane is a one-to-one continuous transform of a 
circumference, that is, a point set which can be represented by 

(2) * - MO) , y - MB) , 

where fi(0) and/ 2 ( 0 ) are continuous functions of 0 with period 2 tt , and where any 
two solutions 0 of the system (2) for given x and y differ by an integral multiple 
of 2ir. The Jordan curve is said to be analytic if fi(0) and f 2 (0) are analytic func- 
tions of 0, for 0 g 0 g 2?r, and if | (0) | + ) f' 2 (9) \ 7 * 0. We shall use the term 

contour 111 the sense of Jordan curve of the finite plane composed of a finite 
number of analytic Jordan arcs; a contour is rectifiable, A Jordan curve of the 
extended plane is a Jordan curve of the finite plane or any transform of such a 
curve by a transformation to = l/(z — a), and is analytic if the original curve 
is analytic. 
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A Jordan curve C of the finite plane is known to separate the plane into pre- 
cisely two regions, one limited (finite) and the other not limited (infinite), re- 
spectively the inierior and exterior of C. We shall frequently have to deal with a 
point set T consisting of a finite number of Jordan curves of the finite plane, 
mutually exterior except that each of a finite number of points may belong to 
several of those curves. We shall use the terms inierior and exterior of P to 
indicate respectively the set of all points each of which is interior to one of the 
Jordan curves composing r, and the set of all points each of which is exterior to 
all such curves. 

A Jordan region of the finite plane is a limited (finite) region bounded by a 
Jordan curve. A Jordan region of the extended plane is a region of the ex- 
tended plane bounded by a Jordan curve of the extended plane. A Jordan arc 
cannot separate the plane into two or more distinct regions. 

If z is a complex number, the conjugate complex number is usually denoted 
by z . 

A function f(z) is analytic or holomorphic at a finite point zo if it can be ex- 
pressed in the form 

f(z) = a Q + ai(z - zo) + a 2 (z - z 0 ) 2 + 


throughout a neighborhood of z 0 . A function /(z) is analytic at infinity if it can 
be expressed in the form 

/W-.. + S + 2 + ... 

throughout a neighborhood of the point at infinity. These are properties of 
local amilyticity A function is analytic on a point sd if it is analytic at each 
point of the set. A function is mcromorpJnr on a point set if it is analytic at each 
point of the sot except possibly for poles 

A function is harmonic at a finite point if in a neighborhood of that point it is 
continuous together with its first and second partial derivatives and satisfies 
Laplace's equation. A function is harmonic at infinity if it is harmonic and 
uniformly limited at all points exterior to some circle; such a function approaches 
a definite finite limit at infinity. A function is harmonic on a point set if it is 
harmonic at each point of the set, 

A function which can be expressed in the form a Q z n + a v z n "* 1 + • • + is 
called a polynomial in z and in particular a polynomial of degree n; we do not 
assume « 0 ^ 0. A function which can be expressed in the form 

g oZ n _|_ g iZ n-l j- . . . + Q a 
boZ n -f &iZ"“ l +"•+ bn’ 

where the denominator does not vanish identically, is called a rational function of 
z and in particular a rational function of degree n. 
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A function is said to be univalent (schlicht) on a point set if it assumes n< 
value more than once on that sob. 

The term integrable refers, unless otherwise specified, to integration in the sensi 
of Lobesguo. 

§1,2. Function-theoretic considerations 

The reader is supposed to be familiar with the elements of the theory of func 
tions, Nevertheless, a few results of that theory are of such importance in th 
sequel that they deserve to be precisely formulated and treated here, 

Principle of Maximum, If the function f(z) is analytic in a region R of th 
extended plane , then the modulus \ f(z) \ cannot have a proper maximum at a\ 
interior point of R } and can have an improper maximum interior to R only if f(z 
is identically constant in R . The modulus \ f(z) \ can have a proper minimum ink 
rior to R only at a zero of f{z) y and can have an improper minimum interior to R onl 
at a zero of f(z) or if f(z) is identically constant in R. 

By the existence of a proper maximum of | f(z) | at a point z = Zo we mean the 
the inequality 

(3) \M | < |/(*o) | 

shall hold throughout some deleted neighborhood of the point z = z 0i By tl 
existence of an improper maximum of | f{z) | at a point z = we mean that tl 
inequality 

(4) \f(z)\S\f(zo)\ 

shall hold throughout some neighborhood of the point z = zq. Proper ai 
improper minima arc similarly defined. 

The principle is valid for a region 11 of the extended plane. It is convenient 
the proof, however, and is no loss of generality, to assume that every point of 
is finite; if R is the extended plane, the function /(a) must be identically conslan 
in any other case a suitable transformation w = l/(z — a) can be chosen 
necessary to transform every point of R into a finite point. 

If the function f(z) is analjdic and not identically zero in the region R t at 
proper or improper maximum of | f(z) j we have | f{z) | > 0, In the neighbo 
liood of such a point Zo the function log | f(z) \ is the real part of the analyt 
function log f(z) and hence is harmonic. By Gauss’s mean value theorem f 
harmonic functions, the function log \f(z) | can have no proper maximum at 
and can have an improper maximum at z 0 only if log | f(z) | is identically co 
stant in that neighborhood and hence identically constant throughout R , Tl 
function log x increases with so the inequalities 

log I /(«) I < log |/(zo) I, log I f(z) I S log |/(z 0 ) I , 

are respectively equivalent to (3) and (4), ITence /(z) can have no proper ma? 
mum interior to R } and can have an improper maximum interior to R only 
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log I f(z) I is identically constant in R, In the latter case the analytic function 
log f(z) of which log | f(z) | is the real part is also identically constant in R f so 
f(z) is likewise identically constant in R . 

We have therefore established the first part of the Principle of Maximum, 
The second part follows at once by study of the new function 1 /f(z ) . 

Corollary 1. If f(z) is analytic in a region R of the extended plane } continuous 
in the corresponding closed region R , and if on the houndary of R we have 

(5) 1/WlStf, 

then the inequality (5) is valid throughout R, 

The function | f(z) j is continuous in Ti } hence possesses a maximum in R, If 
that maximum is on the boundary of R } the corollary is established. If that 
maximum is interior to R } it must be either a proper or improper maximum 
of | f(z) |. Only the latter can actually occur, and if it does occur, the func- 
tion | f(z) | is identically constant in R and in R; the proof is complete. 

A somewhat more general result is 

Corollary 2. Letf(z) he analytic in a region R (of the extended plane) whose 
boundary is denoted by B. Suppose that for every sequence of points Zi, * * * in 
R approaching a point of B we have for the superior limit 

lim [ /(/*) | S M . 

Then inequality (5) is valid throughout the interior of A\ 

The set of values of \f(z) | taken on in R has a finite or infinite least upper 
bound. There exists a sequence of values \}(z [) |, with z[ in R } approaching this 
least upper bound, and there exists a subsequence |/(za) | such that the points 
z k approach a limit z 0 . If z 0 is interior to R, the point z (t is an improper maxi- 
mum of |/(2) I, and our conclusion now follows from the Principle of Maxi- 
mum. If Z(j is 011 the boundary of R } our conclusion follows directly from our 
hypothesis. 

Corollaries 1 and 2 have obvious applications to the study of inequalities of 
the form 

I /(z) i a »» > 0 . 

Generalizations of the previous results, proved by the same methods, are ex- 
pressed in 

Corollary 3, The Principle of Maximum and Corollaries 1 and 2 remain 
valid if f(z) is no longer analytic in R but is locally single-valued and analytic in 
R except for isolated branch points y and if \ f(z) | is single-valued in R. 

A frequently used application of the Principle of Maximum, here of Corollary 
1, is that a series or sequence of functions each analytic in a region R of the 
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extended plane and continuous in the corresponding closed region R and whicl 
converges uniformly on the boundary of R converges also uniformly in the closec 
region R, The limit of the scries or sequence is analytic in R } continuous in R 

Corollary 4, If the functions fi(z) and f%(z) are analytic in a region R of th 
extended 'plane , and if \ fi(z) \ and 1/2(2) | are equal at every point of R ) then we ca? 
write fi(z) s * ft(z), where k is a suitable constant of modulus unity, If at a singl 
point zq of R we havefi (20) — \/ 2 (2q) ^ 0 , then we have k = 

If | fa(z) | is identically zero in R f the conclusion is trivial. In any other case 
there exists some subregion of R in which fi(z)/f 2 (z) is analytic and of moclulu, 
unity j hence (Principle of Maximum) is a constant k of modulus unity. Thei 
fi(z)/fa(z) is throughout R the constant k . 

Another result of the theory of functions of great use in the sequel is 

Him witz's Theorem. Let the functions f n (z) be analytic in a closed region l 
and converge uniformly infi to the function f(z) t necessarily analytic in R am 
continuous in R . Suppose f(z) is different from zero on the boundary of R, The > 
for n sufficiently large> the number of zeros of f n (z) in R (or in It) is precisely th 
number of zeros of f(z) in R (or in R), if the zeros are counted according to thei 
multiplicities » 

Thus the uniform limit f(z) in a region R of non-vanishing analytic function 
f n (z) vanishes at all points of R or at no point of R, 

This theorem is formulated for the region R } but applies at once also to th 
neighborhood of an arbitrary point interior to the given region R at which f(i 
cither vanishes or not. The proof of Hunvitz’s theorem is not difficult and 1 
Left to the reader. A proof can conveniently be given (and was indeed given b 
Iiurwilz) by the use of 

Itouciri 5 J s Theorem. If the functions f(z) and g(z) are analytic interior to 
contour C, continuous in the corresponding closed rcgio?i y and if the inequality 

1/(z) I > I o(z) [ 

is valid for z on C, then the functions f(z) and f(z) + g(z) have the same number . 
zeros interior to C } the zeros being counted according to their multiplicities . 

ItoucluS's theorem is readily proved by studying the variation of the arg 
ment of [f(z) + g(z)\/f(z) as z traces C . The formal details may be suppli< 
by the reader. 

§ 1 . 3 . An open set as the sum of regions 

We need to establish a few preliminary results on point-set theory. 

Theorem 1 . An arbitrary open set S is the sum of a finite or infinite number 
mutually exclusive regions . The boundary of each region is contained in the bourn 
ary of S, 
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All points of S which can be joined to a particular point P of S by Jordan arcs 
contained in S form together with P a set R which is a region , All points of such 
a Jordan arc clearly belong to R. The set R does not consist only of P, for all 
points of some neighborhood of P belong to R* Any two points A and B of this 
set R can bo joined to P y hence to each other by Jordan arcs each of whose points 
belongs to R. Two of the given Jordan arcs may meet other than at P , but the 
portions from A and B respectively to the first point of intersection from A form 
together a Jordan arc in R joining A and B . Any point Q of R is an interior 
point of R } for an entire neighborhood of Q belongs to S } hence to R . Then R is 
an open connected set and hence a region. 

The region R can be defined by choosing any one of its points as the particular 
point P, Hence any two such regions which have a point in common are 
identical, 

A boundary point D of R must bo a boundary point of S, for in every neighbor- 
hood of D lie points of R y hence points of S . If in a neighborhood of D lie no 
points not in S y then that whole neighborhood, including D itself, must belong 
to R, The proof is complete. 

Any set of mutually exclusive regions of the plane is denumerable. Indeed, 
let us divide the plane by the linos x = m/2 K y y — n/2 K , where k y m y and n arc 
integers, and denote by 2* the totality of squares of sides l/2 k bounded by 
these lines. The set of squares 2* is denumerable and hence the totality of 
squares 2j, 2 2 , • ■ * is denumerable. Each of the given regions must contain in 
its interior at least one of these squares. No square is contained in two or 
more of the given regions. Hence the given sol of regions is denumerable 

As a matter of convention, when wc consider the separation of the plane by a 
closed set C, we refer entirely to the separation of points not belonging to C. 
Two such points are said to be separated by C if there exists no Jordan arc joining 
those points which does not meet (\ 

Corollary. Every closed set 0, not the whole plane, separates the plane into a 
finite or dcnumcrably infinite number of mutually exclusive regions. Each bound- 
ary point of such a region is a point of C. 

The proof is immediate by virtue of Theorem 1, for the complement of C is an 
open sot S whose boundary is contained in C. 

A closed set is called a continuum if it is the whole plane or if it separates the 
plane into regions all of which are simply connected. A component of an arbi- 
trary closed set C is a maximal (i o., contained in no larger) subset which is a 
continuum. Each point of C lies in one and only one component of C. 

It is frequently convenient to represent a region as a sum of simpler regions : 

Theorem 2. Lei R be an arbitrary region which does not contain the point at 
infinity . Then there exists a sequence of limited regions R u R Zf • • ■ with the fol- 
lowing properties', 1) the domain R n is interior to R; 2) the domain R n is interior to 
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Rn+i' } 3) every point of R lies in some R n ] 4) the region R n is bounded by a finite 
number of non-intersecting contours] 5) the connectivity of R n is not greater than 
that of R . 

Divide the entire plane into squares 2 fc by the lines x = ro/2*, y = n/2 K as 
above. Let P be a fixed finite point of R whose coordinates x ancl y are both 
irrational; such a point exists. Demote by Bh the point set (which may bo 
empty) consisting of 2*(P), namely the square £*, containing P plus its bound- 
ary, provided that closed square belongs to R } plus all other closed squares £* 
belonging to R at a distance from P not greater than k which together with 
2*(P) compose a closed region Sjt. Tho set is uniquely determined, for if a 
square £* is given, cither there does or does not exist a number of other such 
squares of R distant from P not greater than k forming together with the given 
2* a closed region containing S*(P), The adjunction of new squares % cannot 
exclude any of the old ones forming with 2x(P) a closed region. 

The region Sk is not necessarily bounded by a finite number of non-intersecting 
contours, but we now modify Sk and obtain a region S[ as follows. If B is a 
boundary point of Sk , and if the four horizontal and vertical segments of 
length 1/2 K which terminate in B are all composed of points not belonging to 
Skt there shall be deleted from Sk nil points of the square (with horizontal and 
vertical sides) whoso center is B ancl sides l/2 k + l . Such a point B must be at 
a distance from the boundary of R not greater than 1/2 . The new set S[ is a 
region ancl is bounded by a finite number of non-intersecting contours. Indeed, 
if we start from any point of the boundary of S k and continue to trace the 
boundary without reversing sense, there must be a first point at which we com- 
mence to retrace the boundary. Tho part of the boundary traced meanwhile is a 
Jordan curve. No other part of the boundary can intersect that Jordan curve. 

The region S[ increases or remains unchanged when k increases. 

Every point Q of R lies in some In fact, there exists a Jordan arc J con- 
sisting wholly of points of R whose end-points are P and Q and which lies in 
some circle whose center is P. Let the distance of J from the boundary of R 
be denoted by S. When \/2 k ~ l < $2 1/2 ancl when ft — 2 is greater than tho 
maximum distance from P to a point of J> with k > 1, then every point of J 
is the center of a square of side l/2 fc_l which belongs to R and interior to a 
square of side i/2 fc which belongs to S K . There can bo no first point on J 
from P which lies on the boundary of S[ f so every point of J (in particular Q) 
lies interior to 

Let us now choose R\ as the first S L which contains P. Choose i? 2 as the 
next succeeding £* which contains R\ in its interior; such a new S[ surely exists, 
by the reasoning used above in connection with the curve J; or see Theorem 
4 below. Wo continue thus, and arrive at tho desired sequence R u 

It remains to show that the connectivity of J? n is not greater than that of R, 
The connectivity of each is not greater than that of R } for each bounding 
contour of S f k which bounds a finite region not belonging to S{ must contain 
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in its interior points of the boundary of R . There is a point of the boundary of 
R exterior to each bounding contour of Sk* for the point at infinity is not a 
point of R. Thus the boundary of R has at least as many components as has 
the boundary of S' k . The proof is complete. 

If the connectivity of R is finite, then R n has that same connectivity for n 
sufficiently large. A Jordan curve which passes through P and separates a 
component of the boundary of R from the other components lies in R n for n 
sufficiently large. 

Corollary, Theorem 2 is true for the extended plane if R is not the entire 
plane and if we omit the requirements that R should not contain the point at infinity 
and that each R n should be limited ; if this is done and if R contains the point at 
infinity , then each R n can he chosen to contain the point at infinity . 

The proof is immediate, for the situation can be treated from Theorem 2 by 
the use of a transformation z — a =* l/(w — 0), transforming the point w = <*> 
of the given region 12 of the Corollary to a point z = x + iy = where x and y 
are irrational, and transforming a point w — 1 5 of the boundary of the given 
region 12 to the point z ~ « . 


Theorem 3. Let R be an arbitrary open set of the extended plane , not the entire 
plane . Then there exists a sequence of sets of regions R h R 2f • * * with the following 
properties : 1) the closed set R n is interior to R; 2) the closed set R n is interior to 
R n +x] 3) every point of R lies in some 72„; 4j the point set 72„ consists of a finite 
number of mutually exterior regions R[ k) and is bounded by a finite number of non - 
intersecting contours; 5) the connectivity of each region R\ k) of 72„ is not greater than 
the connectivity of the maximal region belonging to R and containing K 

Let R be composed (in the sense of Theorem 1) of the maximal regions 72 (1> , 
R {2) , * * ■ , and let the region R a) be related to the regions R\ l \ R[ k) , • • * as in the 
Corollary to Theorem 2. To prove Theorem 3 wc need merely set symboli- 
cally 

Rx = R\ l) , 

72 2 - R[ l) + fl< 2 \ 

I? 3 « i?3 l) + R[ 2) + 72< 3) , 




If the regions R {k) are finite (say K ) in number, the symbols \ k > K , are 
to be omitted. 
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Theorem 4. Let R be an open set of the extended plane and lei the open sets 
lin (Rn interior to R n +i) have also the properties expressed in 1) and 3) 0 / Theorem 3 . 
Let Che a closed set contained in i2. Then there exists some R n which contains C. 


Assumes the theorem false; we shall reach a contradiction. There exists a 
point Pi of C not in Pi, a point P 2 of C not in i? 2 , • * • , a point Pi of C not in Hk, 
and so on. The points Pk have a limit point P (finite or infinite) which belongs to 
C and hence to R, The point P lies in some R k} say R N} and so also do a neighbor- 
hood of P and an infinity of the points i\. But by hypothesis Pi(/c ^ N ) docs 
not lie in Rk and hence cannot lie in R N) a contradiction. 

§1.4. Expansion of an analytic function 

The fundamental theorems on representation of analytic functions by series 
of polynomials and other rational functions, from which can be derived the 
fundamental theorems on approximation, were established by Rimge [1885]. 

Theorem 6. If the function f(z) is analytic on and within the contour r, then 
there exists a sequence of rational functions whose poles lie on T which converges to 
f(z) interior to r, uniformly on any dosed point set interior to I\ 


Let C be a closed point set interior to T ; Cauchy’s integral is 


(6) 


m 


± ( mat 

2?rt Jf £- — ‘2 


2 on Q\ 


here, and in the sequel unless otherwise specified, the integral is to be taken in 
the positive sense with respect to the region involved, that is to say, the sense 
which keeps the region on the loft. The integral in (6) is the limit as n becomes 
infinite of the sequence 



f(h) (h+i — ik ) 
tk-z 


where / 1 , i 2t • • • , l n , tau — h are successive points of subdivision of T, so chosen 
that | ha ~ h | approaches zero uniformly with l/n. For simplicity in nota- 
tion, the dependence on n of the points tk is not indicated. 

The fact that the integral in (6) can be approximated by functions of form 
g n (z) suggests the use of the latter functions in the proof of the theorem. We 
can write 


On 



fit A ) dt 
h - z 1 


/GO - o» 0) = 


2 7H 



f(h) ~ 
h - 2 . 


clt. 


For t on r and z on C, the function /(0/C — z ) of the two variables i and z is 
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continuous and uniformly continuous. If e > 0 is given and if n is so chosen 
that the maximum distance j tk+i — Ik | is sufficiently small, we have 

M. _ MiL <( 

t — Z tk — z 

for all z in C and for all t on the arc (tk, f*+i) of r. If l denotes the length of r, 
we now have* 

1 /( 2 ) - Qn(z) | <~. 

Consider the regions Ri , R 2f • • ■ of Theorem 2, where now R is the interior of 
r. Tlicre exist rational functions <?/(£) whose poles lie on r such that we have 

\f(z) - Oi(z) | < 1 , 2 ill i?i , 

\f(z) - G*{z) | < 1/2 , z in R% , 

( 7 ) , 

\f(z) - <?,(.) | < 1/j, z in R } , 


In the region R } are valid the j-th inequality and also all the succeeding inequali- 
ties. Any closed point set interior to F lies in some R„ so the sequence G } {z) 
converges uniformly to j{z) on such a closed set. The sequence G } {z) is the 
sequence desired. 

If J(z) is given analytic in a closed limited region R hounded by several con- 
tours, the conclusion and proof are valid without change; the integral in (G) is 
now to be taken over the complete boundary of the region R, 

Further, for z exterior to such a region R f Cauchy’s integral (G) represents the 
function zero, because the integrand is an analytic function of i for l in i?. It is 
still true (hat the new function g n {z) defined as above differs but slightly from 
the value of the integral (6), for 2 on any closed point set exterior to R, and it is 
true that the rational function G } (z) can lie subjected not merely to inequalities 

(7) but also to the inequalities 

(8) I <7,00 I < [ /j , zmR' 7) 

where the point sets R\ arc the sets of regions of Theorem 3, referring to the 
exterior R* of the present R . Inequalities (8) are valid e^on though the point 
set R f j is unlimited, for if we demand that (8) should be valid in a limited 
annular region exterior to R but separating R from the point at infinity, then 
(8) is also valid (Principle of Maximum) in the points not separated from the 

* An alternate proof here is to define a function on r equal to f{tk)/{h — z) on the arc of 
T bounded by tk (inclusive) and U+i (exclusive). This function is pieces ise constant on r 
and approaches ~ z) as n becomes infinite, uniformly for t on r and for z on C> The 

sequence found by term-by-term integration over r with respect to i converges uniformly 
for 2 on C, 
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point at infinity by that annular region; inequality (8) is valid at infinity when 
Qj(p) is suitably defined there* 

As a consequence of tlie remark just made, a function analytic in two or in any 
finite number h of mutually exclusive closed regions each bounded by a finite 
number of non-intcrsccting contours can bo simultaneously represented in thoso 
open regions by a sequence of rational functions whoso poles lie on the bound- 
aries, simply by addition of the corresponding k sequences of rational functions 
6j(z) for the respective regions; the restriction (arising in the proof) that the 
given regions be limited is readily disposed of by a suitable transformation 
w =: l/(z — or). 

Theorem 6* If the function f(z ) is analytic in k mutually exclusive regions 
Sij S^, • • • , Sk of the extended plane each bounded by a finite number of non-inter- 
secting contours, then there exists a sequence of rational functions whose poles lie on 
the boundaries of the S 3} which converges to f{z) interior to the Si, uniformly on any 
closed set interior to the 

We add the remark (probably familiar to the reader) which is general and 
irrespective of the present situation that possibility of uniform approximation 
and possibility of uniform expansion are equivalent ; more explicitly, if a function 
/(as) can bo uniformly approximated as closely as desired on a point set C (more 
briefly, can be approximated on C) by a rational function of z or a polynomial in 
z, then there exists a sequence of rational functions of z or of polynomials in z 
converging uniformly to f(z) on G\ conversely, if there exists a sequence of ra- 
tional functions of z or of polynomials in z converging uniformly to f(z) on C, 
then f(z) can be approximated on C by a rational function of z or by a polynomial 
in z. Proof of the first part of this remark is by use of inequalities such as (7) all 
valid for z on C; the sequence Gf(z) converges uniformly to f(z) on C , Proof of 
the second part is immediate by the definition of uniform convergence* For 
some purposes we shall find it convenient to use the concept of approximation, 
for other purposes the concept of uniform expansion. 

§1.5. A theorem on analytic extension 

The theorems just proved have two disadvantages: 1) the convergence to 
f{z) of the sequence of rational functions is proved only interior to the given re- 
gions; 2) the poles of the rational functions lie automatically on the boundaries 
of the regions and cannot by the method just used be chosen to lie elsewhere. 

The first of these objections is readily overcome: 

Theorem 7, Lei the function f (z) be analytic on the closed set C (not the entire 
plane) of the extended plane . Then there exists a point set S consisting of a finite 
number of regions each bounded by a finite number of non-intersecting contours such 
that S contains C in Us interior and such that a function F{z) analytic on the closed 
set 3 coincides with f(z) on C . In particular , if C consists of a finite number of 
mutually exterior dosed regions and if C is bounded by a finite number of non- 
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intersecting Jordan curves , then S can be chosen to consist of the same number of 
mutually exterior closed regions bounded respectively by the same numbers of contours . 

Otherwise expressed, this theorem is concerned with the single-valued analytic 
extension o( f(z). 

We take C as limited, which involves no loss of generality. If z is a point of 
C, wo denote by p(z) (finite or infinite) the radius of the largest circle within 
which the Taylor development of f(z) at z converges and represents f(z) on (7. 
Of course p(z) may bo less than the radius of convergence of the Taylor develop- 
ment of f{z) at z } for C may fall into several components and the function f(z) 
defined on one component may bear no relation to the analytic extension of the 
function /($) defined on another component. If z* is an isolated point of (7, we 
consider the Taylor development of the function /(*) at z* to be identically f(z'), 
so that p(; s') is the distance from z' to the subset of C where f(z) does not take 
the value /($')• We shall prove that the numbers p(z)for all z in C have a positive 
lower bound 8. We assume the contrary and shall reach a contradiction. There 
exists then a point Zk of C such that p{zi) < 1/A\ The points z k have at, least one 
limit point Zo, which belongs to C, and we have p(z 0 ) > 0. This contradicts for 
an infinity of numbers k the assumption p(z K ) < 1 /k. 

Denote by 8i the smaller of the two quantities, the number 5 whose existence 
has just boon proved and the number r?, whore rj is the shortest distance from one 
component of C to another if C consists of a finite number of mutually exterior 
closed regions, and where 7} is otherwise infinite. 

The set 2 composed of all points of the plane whose distances from C are not 
less than b { /S is closed. Apply Theorems 3 and 4 to the complement C\ of C\ 
Let >S'i be a set of regions in (\ bounded by a finite number of non-intersecting 
contours containing 2 in its interior; and also, provided C is bounded by a finite 
number of non-intersecting Jordan curves, such that eacli region composing Si 
has the same connccti\ily as the maximal region of C\ containing it, with one 
region of /n in each maximal region of fY Let S be the complement of Si. 
Then S satisfies the topological requirements. The function F(z) shall be equal 
to f(z) on ( T , and otherwise at a points of S shall be defined by the Taylor develop- 
ment of/(z) at a point of C distant not more than bJZ from z (at least one such 
point of C exists). Then F(z) is analytic at each point of S and is also single- 
valued, for if there are two points zi and z 2 of C distant not more than di/Z from 
z } they yield the same definition of F(z) at z; a circle whose center is z\ and radius 

contains both z and z 2 in its interior, and f(z) is analytic in such a circle. The 
proof is complete. 

Wo emphasize the fact that the analytic extension of f(z) is not uniquely de- 
fined in the neighborhood of au isolated point z* of C, Infinitely many functions 
arc analytic in the neighborhood of z f and coincide with/(z) on C. This remark 
is of significance in connection with Theorem 7 and also in connection with 
Theorem 15 below, 

Theorem 7 has obvious application to approximation in connection with 
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■Theorem 0. We postpone the statement of the now result until we havo dis- 
cussed in more detail the choice of polos of the approximating rational functions. 

§1,6, Approximation; choice of poles 

. We turn now to the question of the location of the poles of the approximating 
rational functions, and wo shall find it convenient to develop our results in the 
form of several lemmas. 

Lemma I. If the closed point set € lies interior to a circle y, if the function <fr(z) 
is analytic on and within y, and if ij > 0 is arbitrary, then there exists a polynomial 
p(z) in z such that we have 


I 0(2) - p(?) I < n , zonC. 

Tho proof is immediate, for p(z) need merely be choson as the sum of a suffi- 
ciently largo number of terms in the Taylor development of <f>(z) about the 
center of 7. 

Lemma II. If the closed point set C lies exterior to a circle y, if the function 
<fr,(z) has its only singularity in the extended plane at a point z } interior to 7, if 
Zj+i denotes another point interior to 7 , and if y > 0 is arbitrary } then 'there exists a 
polynomial p\ l/(z — 2/4.1)] in the variable 1/(2 — Zj+ 1) such that we have 

I &(«) - P;[l/(z - %.)1 | < v, z on C . 

The proof follows directly from Lemma I by making the substitution 
w « 1/(2 - 2,4.1), 

Lemma III. If the finite or infinite points z ~ T and z — Z lie in a region R , if 
the function <t>(z) has as its only singularity in the extended plane the point T } and if 
e > 0 is arbitrary, then there exists a polynomial P(z) in the variable 1/ (2 — Z) if Z 
is finite and in the variable zifZ is infinite such that we have 

| — P(z) | < e , zin the complement of R . 

We give the proof for the case that T and Z are both finite points; the more 
general case easily reduces to this. There exists a finite broken line a of a finite 
number of segments which lies interior to R and joins T and Z . Let d be less 
than the distance from a to the boundary of R , and let points z 0 = T> z h • • • , z,„_ 1, 
z m — Z bo choseii on a so that | zi — zah J < d. Lot Ck be the circle whose 
center is Zk and radius d, Tho points z 0 s= T and z 1 lie in C\\ Z\ and z 2 in C 2 ; 
22 ancl 23 in Caj • ■ • ; z m -x and z m - Z in C m . 

By Lemma II, there exist polynomials ph(z) in tho respective variables 
1/(2 — zf) such that we have 
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1 <Kz) 

1 piC«) 

1 i 
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Z 

z in the 

1 Pm-l(z) 

- p»(«) 

1 < «/»», 

z in the complement of R , 


The polynomial p t n(z) is then clearly the polynomial in 1 /(z — Z) desired. 

Wo aro now in a position to state a number of important results; 

Theorem 8, Let the function f(z) be analytic on the closed set C of the extended 
plane . If e > 0 is arbitrary t then there exists a rational function r(z) of z such 
that we have 

\ f(z) — r(z) | < e , z on C . 

If points Zk {not necessarily denumerable) are chosen } at least one in each of the 
regions into which C separates the plane } then the poles of r{z) can be chosen to lie in 
the points Zk, In particular , if C is a finite Jordan region or several mutually 
exterior finite Jordan regions y or more generally a closed limited point set whose 
complement is conneded ) then r(z) can be chosen a polynomial in z . 

The first part of this theorem follows at once by Theorem 7 and Theorem 6. 
The lai ter part is not difficult to prove Let C be finite for definiteness, together 
with the points z k . Theorem 7 and Theorem 6 yield a rational function g(z) 
such that we have 

(9) I m - ffM I < «/2, * oil C , 

and the poles t\> ht ■ ■ • , fa (which we assume for definiteness finite) of g(z) lie 
clearly exterior to C: 

( 10 ) g(z) = /lo + ' 

Corresponding (o every point I here is at least one point not separated from 
it by points of C Then by Lemma III there exists a polynomial pk(z) m 
l/(z — z } ) such that wo have 

(id so " c - 

Our theorem is now a consequence of (9), (10), and (1 1) : 

f(z) - ^A 0 + 23 Pk(z) j j < « , z oil C . 

The general question of possibility of approximation is to be discussed in more 
detail later (especially §1.10), but it is worth while to notice now that, although 
a function /(z) analytic in a closed Jordan region of the finite plane can be uni- 
formly approximated in that closed region by a polynomial in z } it is not true that 
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ih&corresponding result holds for an arbitrary closed limited simply connected region . 
We prove this fact by the following illustration. The function f(z) is chosen as 
1/2, the region G is chosen as a strip closed at one end, exterior to the unit circle 
y: ] 2 | ~ 1, winding infinitely many times about 7, and approaching y. The 
function /(z) is analytic in the closed region C and the circle y belongs to that 
closed region. If the function /(z) can be uniformly approximated by a poly- 
nomial in the closed region C, there exists a sequence p n (z) of polynomials which 
converges uniformly to f(z) in 0 , hence in particular on y. By the uniformity 
of this convergence on y wo have 

pn(z) dz= 0 - 2 iri , 

which is absurd. 

Theorem 9. Let the function f(z) bo analytic at every point of the open set R of 
the extended plane. Then there exists a sequence of rational functions converging to 
f(z) at every point of R, uniformly on every closed set interior to R. If points z , ( not 
necessarily denumerable) are chosen at least one on or separated from R by each 
component of the boundary of R } then these rational functions can be chosen with their 
poles in the points z v In particular f if R is a simply connected region not contain- 
ing in its interior the point at infinity , then these rational functions can be chosen as 
polynomials in z, 

The case that R is the entire extended plane is trivial and henceforth excluded. 

Let R\ t U 2) • * • bo the sots of regions of Theorem 3. At least one point z , lies 
interior to each of the regions into which R k separates the plane. Thus (Theo- 
rem 8) there exists a rational function r k (z) of the kind desired such that we have 

j f{z) - n(z) | < l , z in Ri , 

I f(z) - )'a(z) | < 1/2 , zin Ri, 

i 

I /(«) - Tk(z) I < l/k , z in Tt k , 


The sequence r k {z) satisfies the requirements of the theorem. 

If desired, the points z k can bo made to depend on the index of the approxi- 
mating rational function r n {z). It is sufficient if the points arc prescribed in the 
form 


2Ul 312, • • * t 

%2l) S22j ' • ' t 
) 

where all the polos of r n (z) must lie in the points z nk) and where at least one point 
of the set z„i f z n z, ■ • * is on or separated from R by each component of the bound- 
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ary of R; it is sufficient if a point z nk lies in each of the regions into which R n 
separates the plane, It is also sufficient if the points are given as 

ZlU 

*2li S22 ) 

Zai > £32, 233 , 


where again all the poles of r n (z) must lie in the points z nfC) provided the boundary 
of R has only a denumerable number of components Ci, C 2 , • • ■ and the point z«* 
is on or separated from R by Ci> or provided for n sufficiently large at least one 
point z n k lies in each of the regions into which R u separates the plane. 

A similar remark clearly applies to Theorem 8. 


§1.7. Components of an analytic function 


Some of our previous results can be sharpened. Let the function f(z) be 
analytic in a closed finite region R bounded by a finite number of mutually non- 
intersecting contours C u C 2} • • • , CV Then f(z) is also analytic in a closed 
finite region R f bounded by a finite number of mutually non-intersecting con- 
tours l\, X\ • • • > Vkj where R* contains R in its interior, and where C, sepa- 
rates l 1 , from R . The function /(z) can be expressed in R by Cauchy's integral : 


( 12 ) 


!(z) - 


2ni 



/(/) (It 

,v k t ~z' 


z in R , 


where the integral is taken in the positive sense with respect to R\ 
functions {component & of f(z)) 


(13) 




Each of the 


is single-valued and analytic not merely in R but in the entire closed Jordan 
region Rj of the extended plane bounded by C, and containing R; the proof may 
be given directly from (13), by showing that f(z) as thus defined has a continuous 
derivative at every finite point not on and is also analytic at infinity if defined 
to have the value zero there.* 

If the point z, is separated by C } from R > then/, ( 2 ) can bo uniformly approxi- 
mated in Rj by a polynomial in l/(z - z) if z, is finite and by a polynomial in z 
if z y is infinite. 

We have established the following theorem for the case that R is finite; the 
contrary case is readily reduced to this. 


* The components ft(z) are uniquely determined from f(z) and R by the fact that they 
arc analytio in the R j respectively and vanish at infinity if /?, is infinite, and that their 
sum is f(z) in R t Under ft linear transformation of /(z) and R, each component is altered 
at most by an additive constant, 
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Theorem 10. If the function f(z) is analytic in the closed region R of the ex- 
tended plane bounded by non-intersecting contours Ci t * * • , Ck, thenf(z) can be 
expressed in R as the sum 

(14) A*)-/iW+/iW + ••• +AW, 

where fi(z) is analytic in the closed Jordan region Rj bounded by Cj containing R in 
its interior. If the point is separated from R by Cj, then f,(z) can be uniformly 
approximated in Rj by a polynomial ill 1 / (z — z 2 ) if z x is finite and by a polynomial 
inzif Zj is infinite. 

Theorem 10 is somewhat more specific than Theorem 8 as applied to a region. 
It is no effective restriction on the region It in Theorem 10 (f{z) being assumed 
analytic in R) that R is assumed bounded by a finite number of mutually non- 
intersecting contours, by virtue of Theorem 7. 

A corresponding theorem can bo proved in the same manner for oxpansion of 
a function analytic in a region : 

Theorem 11. Let the function f(z) be analytic in the region R of the extended 
plane bounded by the mutually exclusive closed point sets Ci, C 2t * . * , C a, and let 
R\) R$) • ■ • f Rk be the regions of the extended plane bounded by Ci, C 2 , • • • , Ch. 
respectively which contain R, Then f(z) can be expressed in R as the sum (14), 
where fj(z) is analytic in Rj, In the region 22/ the function f,(z) can be expressed as 
a series of rational functions of z converging uniformly on any closed point set inte- 
rior to 12/; the poles z\f\n « 1, 2, **•) of these rational functions can be chosen as 
prescribed points on C 2 or separated from 22/ by C u provided at least one point 
z\{ } is 071 or separated from Rj by each compone?ii of Cj, 

If the region It does not contain the point at infinity in its interior, the func- 
tion /,(z) can ho defined at an arbitrary point of 12, by the integral (13), where 
now T, is a contour which depends on z and is so chosen that it lies in R and ■ 
separates z from C } but not from any point of C h C 2) • • • , CVi, C/ 4 1 , « • < , C\ . 
The sense of integration on T/ is to be chosen so that (U) is valid for z in 12. 

The point sols C t need not be components of the boundary of 22; in fad, the 
boundary of R may have a nomd enumerable infinity of components. 

From the continuity properties of the/, ( 2 ) wc can read off the 

Corollary . Iff{z) is continuous on C f) so arefi(z), fz(z), • * • 1 ( 2 ), fjy\{z), 

* • - , fk(z) t and hence so also is ffz). 

It is worth remarking that if the function f(z) is expressed in the region R of 
Theorem 11 (12 supposed finite) as the limit of a sequence r n (z) of rational func- 
tions whose poles lie exterior to 12, then in any closed limited subregion R ' any 
component/, (z) of f{z) (i.c., in the sense of Theorem 10} is the uniform limit of 
the corresponding components r ( tt ;) (z ) of the r„(z). The proof is immediate, by 
Cauchy’s integral 




§ 1 . 8 . METHODS OF APPEAL AND OF WOLFF 


16 


where IV is a contour or suitable set of non-intersecting contours in R sepa- 
rating R f from C/ but not from C m with m ^ j, and where z is in R', for 
r n (t) approaches /(0 uniformly on iy Indeed, the function r\p{z) approaches 
fj(z) not merely in R f but also in every point of Rj. 

The, results of §§1.3-1. 7 are in the main duo to Runge [1885], although ho 
emphasizes the expansion of functions rather than approximation. So far as 
the writer is aware, Theorem 8 was first formulated by Walsh [1928a], 

§1,8. Methods of Appell and of Wolff 

Two other methods of approximation are of sufficient interest to deserve treat- 
ment, Like the method of Runge, both methods take Cauchy's integral as point 
of departure. We prove first the following theorem [Appell, 1882]: 

Theorem 12. Let Ci, C 2y ■ * * , Ch be circular regions (a circular region is the 
interior or exterior of a circle , or a half-plane) bounded by the respective circles 
IV, r 2 , . ♦ . , iy. Let regions /£*> R 2f • bounded by the V } be common to all 

the regions C n and let the function f(z) be single-valued and analytic in each of 
the closed regions R Then the function f(z) can be expanded in all the R } in a 
series of rational functions) converging uniformly on any closed set interior to 
the R } , 

The function /(z) need not be a monogenic analytic function, but is merely to 
be single-valued and analytic as indicated, A given region R } need not abut on 
all the C m . 

In the proof we suppose, as we may do with no loss of generality, that the 
regions R / are all finite (it is sufficient if a single C m is finite*), and that the cncles 
T, are proper circles and not straight lines. The function f(z) is represented 
interior to R (sum of the R } ) by Cauchy's integral for/(z) taken over the bound- 
ary B of R : 

(15) f(z) = -U [ *™— , z interior to R\ 

Zi'Kl J a t — Z 

this formula is of course \alid e\en if v is greater than unity. To bo sure, the 
function f{z) has not been supposed single-uilued on 7b and at a point of 7? com- 
mon to two of the closed regions 7iV the function f(z) may not he single-valued 
This phenomenon can occur in at most a finite number of points of B ] and hence 
does not affect the validity of (15) 

On each circle l 1 / w r c define a new function fi(z) equal tof(z) on the part of r, 
that belongs to B, and equal to zero elsewhere. We may w rite (15) m the form 

(16) f(z) “ h, ij / r , f T= T ‘ Z interi0r 10 R; 

these integrals may still be taken in the sense of Riemann. 

The function 

_1_ f MO di 

2irt Jyj 1 * ■ 2 
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is analytio throughout the interior of Cj and may bo expressed there as the sum of 
a series 

00 00 

2 a Jn 0 s “ «/)" or 2 a i» ( z — <*/)“" > 

tt -0 n — 0 

where «,• is the center of T(, according ns Cj is interior or exterior to IV This 
series converges uniformly on any closed set interior to Cj. Hence we may 
write from (16) 

oo k 

f(z) = X) £ «/»(« -«/)*"> « interior to R, 

n-O /- 1 

where for each j tlie sign ± has only a single sense ; the series converges uniformly 
on any closed set interior to R. The proof is complcto. 

In a given situation, if the original function /(a) is not defined in all the regions 
Rj common to the Cj, it may bo defined as identically zero in the remaining 
regions Rj. This is accomplished automatically by writing (15) in the form (16), 
if (16) is considered to define f(z) in the new regions Rj, and this extended 
function /(z) is represented by the development derived. Under such conditions 
the new function /(z) may of course fail to bo single-valued in certain points on 
j B, points common to two of the R„ but the reasoning already given is essentially 
valid. 

The method of Theorem 12 may be employed in tho proof of Theorem 5, as we 
now indicafco rapidly. If C" is an arbitrary closed set interior to I', there exist 
circles Ci, C 2 , • ■ ■ , C\ with centers on F, with C' exterior to all these circles and 
with every point of F interior to some Cj', it is sufficient to cover r by circles with 
centers on V and with C exterior to every such circle, and to apply the Hcine- 
Borel theorem. The given function /(z) is defined interior to F, and we extend 
the definition so that the new function is identically zero in tfie regions R, exte- 
rior to F and exterior to and bounded by the Cj. The function 

2iri Jojt — z 

can be expanded exterior to Cj in a series 

to 

S “ <*/) n ) 

n «»0 

where ay is the center of Cy, valid uniformly on any closed sol exterior to C 
This process carried out for each (7/ yields a rational function whose poles lie in 
the a:/ and which approximates /(«) on C f , The method obviously applies to the 
study of simultaneous approximation interior to several contours. 

Still another method of approximation is expressed as follows [Wolff, 1921]: 

Theorem 13, Lei P be a limited Jordan region and let the function f(z) be 
analytic in the corresponding closed region f . Then the function f(z) can be ex- 
pressed interior to P in a series of the form 
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(17) 


oo 


/(«) = 

jt=i 


Ak 

a - 2 a' 


2M»| convergent , 


which converges to f(z) interior to r, uniformly on any closed set interior to V. 


Series of the form (17) have been much studied (for instance by PoinoarS, 
Borel [1898], Carloman, Denjoy [1926], and others) and have important proper- 
ties, Theorem 13 is not intended to replace Theorem 6, but rather to sup- 
plement it. 

Let the sequence of contours T l} P 2 , • * • of respective lengths k, h f ■ ■ • lie 
exterior to V, contain r in their interiors, and approach F monotonically in the 
sense of the Corollary to Theorem 2, We suppose, as we may do, that f(z) is 
analytic on and interior to every IV Let the positive numbers €\, fi 2 , • * • be so 
chosen that the series converges; then 6* approaches zero with 1 /k. 

Choose points Zn, Z12, ■ • • , zin, on I\ by the method of Theorem 5 so that we 
have 



f(zg) Ajjfcg 

z - Zll 


^ *2, 


z on r 2 . 


Denote the function between vertical bars by / 2 (z), which is analytic on 
and within I\ and choose points z 2 1 , Z 22 , • * • , on r 2 so that we have 


h( z ) 


2tt i 


s 


ft faO 
z - Z21 


=2 ^3} 


z on r 3 . 


Denote tlie new function between vertical bars hyfz{z) } ancl continue this process. 
In general we choose points z m i, z Jrt2 , * • * , z mnh on V m so that we have 


* / \ 1 ND fnXZwk) &mk 

/M ~ aw £ ; - .... 


1 , 


We can write the general inequality in the form 


z on r„+i . 


(18) 


,, \ 1 V V' /»<(z..a) 

M ~ 53 2 j L — 


=3 &n+l » 


where we set /i(z) = /(z). The series 


z on r„+i , 


— y v 

2W A-J Zj 2 _ 2 wi 

»t»l k=*\ 

can be writ, ten in form (17) , if the A , are chosen as the numbers (2jrt) 

taken in the order suggested by this double summation, and if the z, are chosen 
as the z m k in the corresponding order. The inequality 

[ fm(z) | S «#. , 2 on r„, , m > 1 , 
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yields 

n tt» 

2-1 I fm(pa*k)&mitZ | =5 € m l m , 

A**l 

so the series 2} | A/| converges; the sum of series (17) is independent of 
order of summation for z interior to I\ 

Inequality (18) expresses the uniform convergence to f{z) on any closed 
interior to T merely of a suitably chosen sequence of partial sums of series ( 
but the conclusion of the theorem follows from the convergence of 23 I -d * I * 
the uniform boundedness on an arbitrary closed set interior to r of the qua; 
ties l/iz — zl ), 

Series (17) converges and represents a function which is analytic also cxtei 
to r except in the points £/, and which has r as a natural boundary except in 
trivial case that/fc) vanishes identically, 

§1.9, On the vanishing of analytic functions 

We have thus far considered sufficient conditions for uniform approximat 
of an analytic function. In preparation for the study of necessary con 
tions wp need certain preliminary results on the vanishing of analytic funetio 

Theorem 14, Let Rhe a simply connected region of the extended plane wit 
boundary B is not a single pointy let the function f(z) be single-valued and anah } 
interior to R in the neighborhood of B t and let lim f(zi) exist and be eq\ 
to zero whenever the points Zh lie interior lo R and approach a point zo of 
Then the function f{z) vanishes identically interior to li in the neighborhood of 

By a neighborhood of the boundary B wc understand hero all Hu 1 points ol 
neighborhood of each point of B t with the omission of points not in R. It f- 
lows from Theorem 4 and the method of Theorem 7 that this neighborhood of 
may be chosen as an annular region bounded by B and a Jordan cun e inter! 
to R. By a conformal map of U onto the interior of a circle, it is sufficient 
prove Theorem 14 for the case that R is the interior of the circle C: \ z\ = 
The function /(a) is then single-valued ancl analytic in some neighborhood of 
interior to C , and when z approaches C the function f(z) approaches aero. T 
function can be assigned the value zero on the circumference C , and is then co 
tinuous in a closed neighborhood of C. The function f(z) can be ex tench 
analytically across C by Schwarz/s principle of reflection. The function f\(z 

f\(z) m f{z) , z on or interior to C , 

fi(z) s /( l/z) , z exterior to C , 

is single-valued and analytic in an annular region which contains C in its interio 
The function f x (z) vanishes on C , hence vanishes identically throughout tin 
annular region, 

A somewhat more general theorem is to be used in the sequel ; 
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Theorem 15. Let R be an arbitrary region of finite connectivity of the extended 
plane whose boundary B has no isolated points. Lei the function f(z) be single- 
valued and analytic in R in the neighborhood of B } and let lim*j r* •,/(**) exist and 
be equal to zero whenever the points zh lie interior to R and approach a point zo 
of B. Then the function f(z) vanishes identically interior to R in the neighbor- 
hood of B , 

It is clear that the function may be defined on some closed point set interior to 
R, not be identically zero there, and still satisfy the conditions of the theorem. 
Moreover, it is dear that the restriction that B should have no isolated points is 
essential, for a function /(*) may bo analytic in the neighborhood of such a point 
and approach zero whenever z approaches that point without vanishing identi- 
cally in that neighborhood. 

Let i? 2 , * • • , K y denote the components of the complement of R. The 
complement of K m is a simply connected region R m which contains in its interior 
every (interior) point of R. The function f(z) is single-valued and analytic in 
the neighborhood of the boundary of R in and approaches zero whenever z inte- 
rior to R m approaches a point of K m . It follows from Theorem 14 that f{z) 
vanishes identically in the neighborhood of the boundary of R m ; this is true for 
every m, so the proof is complete. 

Theorems 14 and 15 can be somewhat extended by the reasoning already 
used, for it is not essential in the proof of Theorem 14 that the region of defi- 
nition of f(z) be a neighborhood of B\ it is sufficient if that region of defini- 
tion is a neighborhood of a part of B which under the conformal mapping 
of R onto the interior of a circle C corresponds to an arc of C . But the more 
general reasoning thus suggested does not allow us to omit in Theorem 15 the 
requirement of finite connectivity of R, if R is of infinite connectivity, a given 
component K m of the complement of R may possess no accessible boundary 
points of R; the function f(z) need not he defined throughout a neighborhood 
interior to R m of a part of K m which under the conformal map of R m onto the 
interior of a circle corresponds to an arc of that circle. I r or the sake of sim- 
plicity, we shall limit ourselves in the applications of Theorems 14 and 15 to 
eases where the formulated theorems suffice, 

§1.10. Necessary conditions for approximation 

We shall now study necessary conditions for the approximation of analytic 
functions by rational functions, and shall assume that the given function is 
analytic on the entire closed set on which approximation is studied; the case 
that the given function satisfies weaker conditions is more delicate and will be 
discussed to some extent in Chapter II. For simplicity, we discuss only the 
case that points Zk (not necessarily denumerable) arc given, in which the poles 
of the approximating rational functions arc allowed to lie. Only obvious modifi- 
cations arc necessary to include the case that the poles are prescribed by a given 
array as at the end of §1.6, 

It will be sufficient in the future for us to restrict our study to approximation 
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on a closed point set of the extended plane, for as we shall now prove, appro, 
motion on a set Q which is not closed can be reduced to approximation on the sc, 
composed of 0 and its limit points. Instead of considering approximation, il 
more convenient hero to use the equivalent properly of uniform expansion. I 
the sequence of rational functions ?'„(z) converge uniformly to f(z) on C\ 
e > 0 is arbitrary, there exists A r such that the inequalities in > N, n> N imj 

(19) | r„(z ) - r m (z ) [ ^ e, z on C . 

Since this inequality holds for z on C, it holds also for z on G , and therefore I 
sequence r n {z) converges uniformly on G. That is, the function f(z) defni 
merely on C, can also be defined continuously and uniformly approximated on 

In the discussion just given, the function /(?) can be defined continuously 
0 provided the infinite constant is admitted to the number system, contrary to < 
usual convention. It can easily occur that all of the r„(z) have a common pol 
on G, so inequalities (19) and 

(20) |/(«) - >’„(*) | g «, zon?, 

hold at a only in the sense of approach of z to a, Let us now indicate h 
approximation on a closed set G of the extended plane, where the approximated c 
tinuous function f(z) is allowed to assume the value infinity ( although not identical 
at non-isolateci points of C, cun be reduced to approximation of a continuous bourn 
function on that set. 

If the function f{z) is approximated on C, it can assume the value infinity in 
most a finite number of points, by (20), for r n (z) can become infinite in at mo* 
finite number of points of G. Lot a bo an arbitrary one of these points. If 
functions r„(z) approach/(z) uniformly on 0, inequality (19) is valid on G un 
tiro conditions given, so all the functions )'„(z) for n sufficiently largo have 
same principal part p a (z) at a. Each of the functions r,,(z) ~ p a (z) is conli 
ous and bounded in some neighborhood of a, when suitably defined for z — 
and all of those functions are continuous and uniformly hounded on C at 
points of a neighborhood of a which does not depend on n. Hence the 
quence of rational functions r„(z) — p a (z) converges uniformly to f(z) — p, 
on the points of C in this neighborhood of a, and the latter function is conli 
ous and bounded on these points, including the point a itself if a suitable cl 
nition is supplied there. This reasoning can bo applied successively at eael 
the finite number of points a of € where f(z) = , Thus, a necessary coi 

tion that f(z) can bo approximated on G is that the continuous hounded fc 
lion /(z) - P«(z) can be approximated on 0 by rational functions whose p< 

do not lie on G. This condition is obviously sufficient, so the given problei 
reduced to the problem of approximating a continuous bounded function oi 
The function p a (z) can be determined from a knowledge of /(z) and G ale 
whether or not it is known that /(z) can be approximated. There must e 
a function p a (z) of the form £*-iai(s! - or)"* (an obvious alteration is to 
made if a is the point at infinity) such that f(z) — p„{z) is bounded in 
neighborhood of a, 
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A necessary and sufficient condition that a function (not necessarily bounded) 
can be uniformly approximated on a closed set C by rational functions whose poles 
lie on C is that the function bo a rational function whose poles lie on <7. The 
proof of a particular case is typical : a necessary and sufficient condition that a func- 
tion f{z) caii be uniformly approximated on an unlimited point set Cbya polynomial 
in z is thatf(z) itself should be a polynomial in z, If polynomials p n (z) approach 
f(z) uniformly on C, all those polynomials for n sufficiently large must have the 
same principal part p(z) at infinity, so p n (z) — p{z) is a constant and therefore 
approaches a constant on Q . Thus f(z) — p(z) is a constant on C and f(z) is a 
polynomial, 

In the sequel, then, it is sufficient for us to restrict ourselves to the study of 
approximation to a continuous (and bounded) function on a closed point set 
which contains none of the assigned points Zk } possible poles of the approxi- 
mating functions. We proceed to prove the following theorem containing our 
main result on necessary conditions for approximation. 

Theorem 16, Let C be a closed point set of the extended plane } and let the 
points zi {not necessarily denumerable) lie exterior to C and %n only a finite num- 
ber of the regions into which C separates the plane . A function f(z) analytic on 
C can be uniformly approximated on C by a rational function whose poles lie in the 
points Zk if and only if the function f{z) can be extended analytically from C so 
as to be single-valued and analytic in every point of the plane which is separated 
by C from the points zi* That is to say , this condition is that there should exist 
a function single-valued and analytic not merely on C but also in every point of the 
plane, separated by C from the points z k} and which coincides mthf(z) on C. 

In particular^ a function f{z) analytic on a closed limited point set C can be uni- 
formly approximated on C by a polynomial in z if and only if the function f{z) can 
be extended analytically from V so (ns to be single-valued and analytic in every point 
of the, plane which is separated by C from the point at infinity . 

The first part of the theorem is a direct consequence of Theorem 8 j the function 
f(z) can be approximated not merely on C } but on the set consisting of C and the 
points of the plane separated by C from the points Zk. \\ e proceed to prove the 
second part. 

Let r n (z) be a sequence of rational functions whose poles lie in the prescribed 
points Zk and which converges tof(z) uniformly on C Let IV be any one of the 
regions into which C separates the plane which is also separated by C from the 
points Zk. Let It be the' region formed by enlarging IV by suppressing the 
components (if any) of the boundary of IV which do not effectively separate 
IV from points Zk y so that It contains every point of R f in its interior. Ihe 
boundary B of R can have no isolated points, every point of B is a point of C, 
the region R is of finite connectivity, and B separates every point of R from 
the points Zi. 

The sequence r n (z) converges uniformly to f{z) on C, hence converges uni- 
formly in the closed region R to some function F{z) } which is analytic in R and 
continuous in R } and coincides with f(z) on B. The function /(a?) is analytic on 
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on a dosed point sot of tho extended plane, for as we shall now prove, c 
motion on a set C which is not closed dan be reduced to approximation on i 
composed of C and its limit points. Instead of considering approximati 
more convenient here to use the equivalent property of uniform oxpansio 
the sequence of rational functions v n {z) converge uniformly to f(z) on 
e > 0 is arbitrary, there exists N such that tho inequalities m > N, n > 1 

(19) | r n (z) - r m (z) | £ €, zqrC , 

Since this inequality holds for z oil C ) if holds also for z on C , and there] 
sequence r n (z) converges uniformly on <?♦ That is, tlie function f{z) 
merely on C } can also be defined continuously and uniformly approximate 

In the discussion just given, the function f{z ) can bo defined continuo 
G provided the infinite constant is admitted to the number system , contrary 
usual convention. It can easily occur that all of the r n (z) have a commoi 
on 0 } so inequalities (10) and 

(20) \f(z) ~ r n (z) | g e, zohC > 

hold at a only in the sense of approach of z to a. Let us now indicn 
approximation on a closed sci G of the extended plane f where the approxima 
iinuous function f(z) is allowed to assume the value infinity {although not idei 
atnon-isolated points of can be reduced to approximation of a continuous l 
function on that set. 

If the function f(z) is approximated on C, it can assume the value infini 
most a finite number of points, by (20), for r»(z) can become infinite in at 
finito number of points of 0 . Let a ho an arbitrary one of these points, 
functions r n (z) approach f(z) uniformly on C f inequality (19) is valid on ( 
the conditions given, so all the functions r n (z) for n sufficiently large It; 
same principal part p a (z) at a, Kueli of the functions r K (z) — p*(z) is c 
ous and bounded in some neighborhood of a, when suitably defined for 
and all of those functions are continuous and uniformly bounded on C 
points of a neighborhood of a which does not depend on n. Hence 
quence of rational functions r n (z) — p*{z) converges uniformly to f(z) • 
on the points of C in this neighborhood of or, and the latter function is c 
ous and bounded on these points, including the point a itself if a suilal: 
nition is supplied there. This reasoning can be applied successively at 
the finite number of points cx of G where f(z) = co, Thus, a necessary 
tion that/( 2 ) can be approximated on G is that the continuous bouiuk 
tion f(z) — £)* Pa(z) can be approximated on G by rational functions who 
do not lie on Q, This condition is obviously sufficient, so the given pre 
reduced to the problem of approximating a continuous bounded funclioi 
The function p n {z) can be determined from a knowledge of f(z) and C 
whether or not it is known that f{z) can be approximated. There mm 
a function p a (z) of the form ~ a)"* (an obvious altoration U 

made if a is the point at infinity) such that f(z) — p< x (z) is bounded 
neighborhood of oc. 
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A necessary and sufficient condition that a function (not necessarily bounded) 
can be uniformly approximated on a closed sot C by rational functions whoso poles 
lie on C is that the function be a rational function whose poles lie on C> The 
proof of a particular case is typical: a necessary and sufficient condition that a func- 
tion f(z) can he uniformly approximated on an unlimited point set C by a polynomial 
in z is ihatf(z) itself should be a polynomial in z. If polynomials p„(z) approach 
f(z) uniformly on C, all those polynomials for n sufficiently large must have the 
same principal part p(z) at infinity, so p n (z) — p(z) is a constant and therefore 
approaches a constant on (7. Thus/(z) — p(z) is a constant on C and f(z) is a 
polynomial 

In the sequel, then, it is sufficient for us to restrict ourselves to the study of 
approximation to a continuous (and bounded) function on a closed point set 
which contains none of the assigned points Zh , possible poles of the approxi- 
mating functions. We proceed to prove the following theorem containing our 
main result on necessary conditions for approximation. 

Theorem 16, Let C be a closed point set of the extended plane f and let the 
points Zh ( not necessarily denumerable) he exterior to C and in only a finite num- 
ber of the regions into which C separates the plane. A function f(z) analytic on 
C can be uniformly approximated on C by a rational function whose poles lie in the 
points Zk if and only if the function f(z) can be extended analytically from C so 
as to ha single-valued and analytic m every point of the plane which is separated 
by C from the points zi. That is to say , this condition is that there should exist 
a function single-valued and analytic not merely on C but also in every point of the 
plane separated by C from the points z k) and which coincides wilhf(z) on C. 

In particular , a function f(z) analytic on a closed limited point set C can be uni- 
formly approximated on C by a polynomial in z if and only if the function f(z) can 
be extended analytically from V so as to be single-valued and analytic in every point 
of the plane which is separated by C from the point at infinity. 

The first pari of the theorem is a direct consequence of Theorem 8; the function 
f(z) can be approximated not merely on L\ but on the set consisting of C and the 
points of the plane separated by C from the points zk Wo proceed to prove the 
second part. 

Lot r H (z) be a sequence of rational functions whose poles lie m the prescribed 
points Zk and which converges to f{z) uniformly on (\ Let iV be any one of the 
regions into which C separates the plane which is also separated by C from the 
points th- Let It be the region formed by enlarging It' by suppressing the 
components (if any) of the boundary of R' which do not effectively separate 
It ' from points Zk t so that R contains every point of IV in its interior. The 
boundary B of It can have no isolated points, every point of B is a point of C, 
the region R is of finite connectivity, and B separates every point of R from 
the points z*. 

The sequence r n (z) converges uniformly to f(z) on C, hence converges uni- 
formly in the closed region R to some function F(z) } which is analytic in R and 
continuous in R , and coincides with/(z) on 5. The function /(z) is analytic on 



26 


CHAPTER I, POSSIBILITY OF APPROXIMATION 


C , lienee can be extended analytically from C into R in the neighborhood of B. 
The function F{z) — f(z) is analytic in the neighborhood of B and approaches 
zero whenever z interior to R approaches B. It follows from Theorem 15 that 
F(z) — f(z) vanishes identically in the neighborhood of so the analytic exten- 
sion of f(z) from B interior to R coincides with F(z ) . This is true for every region 
R } so the proof is complete. Indeed, we liavo shown that/fe) can be extended 
from 0 so as to bo single-valued and analytic not merely in every region ii' but in 
every region R, 

Theorem 16 is of especial interest when Cis a closed region; compare §1.6. 

From Theorem 16 follows without difficulty 

Theorem 17. Let C be an arbitrary closed point set of the extended plane , and 
let points Zk {not necessarily denumerable) be given not belonging to C but lying in 
only a finite number of the regions into which C separates the plane. A necessary 
and sufficient condition that EVERY function f{z) analytic on C can be uniformly 
approximated on C by a rational function whose poles lie in the points Zk is that at 
least one point Zk lie in each of the regions into which C separates the plane , 

In particular f a necessary and sufficient condition that every function analytic on a 
closed limited point set C can be uniformly approximated on C by a polynomial is 
that C should not separate the plane, or {the equivalent) that C should be the comple- 
ment of an infinite region . 

Only the necessity of this condition remains to be proved. If the set C does 
not satisfy the given condition, lot R bg one of the regions into which C sepa- 
rates the plane and which contains no point z Let z = a be a point of R. It 
follows from Theorem 10 that the function /fa) ss 1 f{z — a), which is analytic on 
C, cannot be uniformly approximated on C by a rational function whoso poles 
lie in the points Zk. 

Theorems 14-17, so far as they apply to approximation by polynomials, are 
given by Walsh [1926, 1926a, 1928a, 1929b]; compare also, especially for non- 
uniform expansion by polynomials and rational functions respectively, Ilartogs 
ancl Rosenthal [1928], and Carnthdodory [1928], 

The question of approximation on a closed point set C of a function not known 
to bo analytic on C is much more delicate than the contrary case. Certain 
sufficient conditions for approximation can be obtained by the use of the modern 
theory of conformal mapping, and wc shall develop such conditions in the next 
chapter. 



CHAPTER II 

POSSIBILITY OF APPROXIMATION, CONTINUED 

§2,1. Lindelofs first theorem 

There aro a number of results in the modem theory of conformal mapping that 
we shall need later, and which we shall proceed to prove in detail. The first of 
these results is due to Lindclof [1915]: 

Theorem l. Lot T be a limited simply connected region of the z-plane which 
contains the origin 0 in its interior. Let A he the greatest diameter of T and 
let d be the disla?ice from 0 to the boundary of T, When T is mapped conformally 
onto the interior of y : \ w\ = 1 so that the origins in the two planes correspond to 
each other , then every point of T at a distance less than r( < 5) from the boundary of 
T corresponds to a point w whose distance from y is less than 

\ _ 2 log A ~ 2 log 5 t 
2 log A — log(5r) ' 

the expression <$(r) approaches zero with r. 

Let z = a be an arbitrary point on the boundary of T, construct the Riemann 
surface with an infinity of shoots corresponding to the function log (z — a), and 
denote by T* the part of that surface interior to the circle | z — a | < A, If 
z — 0 is associated with a particular sheet of the surface, the region T can be 
considered as belonging to the Riemann surface. 

The region T' is mapped onto the half-plane* 91(0 < log A by the transforma- 
tion z — a = e t ) the point z — 0 corresponds to the point t s= t 0 - log A + 
ux, where a — — Ac ia , A > 0. Lotus now mjip the half-plane 9i(0 < log A 
onio the interior of the unit circle y : | w \ — 1 so that the point l — i 0 is 
Imnsfonned into w = 0; it is sufficient to set 



where t\ is the reflection of to in the ime — log A; we have U — 2 log A — 
log A + for. The corresponding transformation of T itself is given by 


w — F(z) ^ 


log (z — a) - log A - ia 
log(/ 2 J — a) — 21ogA -j- log A — la ' 


The part of the region T' interior to the circle | z - a | < r < 5 corresponds in 
the f-planc to the region 8t(f) < log r } which corresponds in the w - plane to the 
interior of the circle | w — 1 + <5' | — 


* The symbol $(0 means the real part of l, 
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_ log A — log A , 

2 log A — log(Ar) ' 

the point i = log ?• + corresponds to w = 1 — 2S'. It follows then that the 
inequality | z — a \ < r implies | F(z) | > 1 — 2d'. 

Let w = <I>(«) map tho interior of T onto the interior of y so that the points 
z = 0, w = 0 correspond to each other, Then the function 

m 


is analytic at every point interior to T when suitably defined for 2 = 0. When- 
ever a sequence of points z interior to T approaches tho boundary of T, the 
function | <I>(«) | approaches unity and the function [ F(z) | has no superior limit 
greater than unity. Thus wo have (Principle of Maximum) 


( 1 ) 


m 

<I>(z) 


< 1 , 


or | F{z) J < | $( 2 ) | 


(2^0), 


for 2 interior to T; the equality could hold horc at a point z(^ 0) interior to T 
only if F(z) and f I>( 2 ) were identical except for a constant factor of modulus unity, 
which we know to bo not the case. 

At a point 2 interior to T and interior to a circle | z — a | < r, wo have by vir- 
tue of (1) the inequality | <I>( 2 ) j > 1 — 25'. When the point a varies, 5' also 
varies but never exceeds 5(r)/2, for wo have A S 6; it may bo verified (by differ- 
entiation or otherwise) that S' decreases as A increases. The proof is complete. 

Theorem 1 lias some implications which wc shall use frequently in Chapter V, 
so we turn to their proof before proceeding with tho development of the present 
chapter. 


Theorem 2. Lot T be a limited simply connected region of the z-planc and let T' 
be a variable Jordan region which together with its boundary lies interior to T, Let 
w = 0 ( 2 ) map the exterior of f dnlo the exterior of y: \ w \ = i so that the points at 
infinity correspond to each other , and let T n denote the curve \ cj>(z) | = It > 1 
exterior to T'. If R > 1 is given, then T 1 ( interior to T) can be chosen so that 
the closed region T lies interior to T' a , 

The region T need not bo a Jordan region, its boundary need not be tho bound- 
ary of an infinite region, and Us boundary may separate the plane into more than 
two regions. 

Consider a monotonic sequence of regions T' interior to T, such as occurs in 
§1.3, Theorem 2. Let tho point 0:2 = 0 be common to all regions of the se- 
quence. A situation similar to that of Theorem 1 is found by making the trans- 
formations 21 = 1/2, tvi as l/w. The region T is transformed into a region whose 
complement is denoted by the closed region 7' is transformed into a closed re- 
gion whose complement is denoted by T[, the exterior of y is transformed into the 
interior of yiJ | Wi | = 1, and the region 1 < 1 10 \ < R into the region 1/ii < j \ 
< 1. Wo are now in a position to apply Theorem 1. When the region T[ varies 
and its boundary approaches tho boundary of T u tho maximum diameter of T[ 
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approaches the maximum diameter of T i} and the distance fxomtilie point zi ** 0 
to the boundary of T[ approaches the distance from the point zi = 0 to the 
boundary of TV If the region T[ is so chosen that every point of the bound- 
ary of T\ is within a suitably small distance r of the boundary of T[, which is 
possible by §1.3, Theorem 4, it follows from Theorem 1 that when T[ is mapped 
onto the interior of 7i, the boundary of T\ corresponds in the Wi-plane to a 
point set in the ring 1/72 < | iv x | <1, Then 7 1 lies interior to T B) and the 
proof is complete. 

Theorem 2 follows not merely as here from Theorem 1, due to Lindelof, but 
can also bo proved from well known results on the mapping of variable regions 
due to Carathdodory [1912]; compare Corollary 2 to Theorem 4 below. 

If T in Theorem 2 is chosen not as a region but as a Jordan arc, and if T * is a 
variable subarc, the point set T f n may be defined as before, but the proof of the 
conclusion requires some modification. Let us indicate the proof of the 

Corollary. Let The a limited Jordan arc and lei T ' be a variable subarc of T 
whose end-points are both different from the end-points of T. Let w — <h(z) map 
the complement of T f onto the exterior of 7 ; | w | = 1 so that the points at infinity 
correspond to each other , and let T' b denote the curve | $(z) | = R > 1. 7/72 > 1 
is given, then T* can be chosen so that T lies interior to T n , 

Let z — a and z ~ /? be two points oi T' } different from the end-points of T\ 
The transformation 

r — a _ (z — aV 12 
T — 0 “ \Z - P/ 

maps the complements of T and T* onto simply connected regions S and S' of 
the r-plnno for which exterior points exist. Even if S ' is not now a Jordan 
region, it is entirely possible to make the transformations z ' — 1/r, ua — 1/w, 
where r — 0 is any point exterior to S' f and to proceed as in the proof of 
Theorem 2. 

The corollary can also he extended to apply to various point sets more general 
than Jordan arcs 


§2.2. Lindelof’s second theorem 


We shall now establish an important complement of Theorem 1, likewise due 
to Lindelof [1915]: 


Theorem 3. Under the hypothesis of Theorem 1, let a be an arbitrary point of 
the boundary of T % let l be a Jordan arc in T contained in the circle | z - a \ < r < «, 
and lei <r be the oscillation on l of the argument of the mapping function <I>(z); then 
for r sufficiently small we have 


<T 


< 4 tan -1 


2 log A - 2 log A 1/2 
, log A — log r ) 


a quantity which approaches zero with r. 


1ISC 
510 NOS, 20 


Lib 


B’lore 


5 iii 5 
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We suppose, £S wo may do with no loss of generality, that the greatest and 
least values 0 i and 0 2 which the argument 0 of ‘I>(«) assumes on the arc l aro 
assumed in the end-points of l. That is to say, the transform in the ly-plano of 
the Jordan arc l is a Jordan are X whoso oxtreinitics aro points Ai and B\ on the 
respective radii 0 = 0 \ and 0 %, while the remainder of X lies in the sector 
0 S < o < 0i. Let A and B denote the respective points where the radii OAi and 
OBi meet y : | V) | = 1 . 

w-plrtno 



By Theorem 1 , the arc X lies between 7 and the concentric circle 71 whose 
radius is 1 — b(r ). A tangent to intercepts on 7 an arc of length 

<ri = 2 cos” 1 [1 — $(r)] . 

For the present it is convenient to make two restrictions on the difference 

a ~ 0 { — 0 2 \ 

(2) ai < <r ^ t/2 ; 

we shall later discuss the significance of (2). 

Let P: to = W{ 1 denote the mid-point of Ali; then by (2) the point P liesunlerior 
to 71. Hence P lies in the region 12 bounded by \ and the segments OAi and 
OBi, Kotate ft about P through an angle ir, and denote by ft', X', O', A[ t B[ 
the respective transforms of ft, X, 0 , A h Bi. Since <r is not greater than tt/ 2, the 
segments 0'A[ and 0 , B[ are exterior to 7 and to 12; likewise OAi and Olh are 
exterior to ft'. The point P lies in both ft and ft', lienee lies in some region 12 o 
common to ft and ft', bounded only by arcs of X and X'. 

Denote by z — 'I'(w) the inverse of the function tv = $>(%), and lot us set 

'I'o(w) = 'I'(w) — a , 

This function is analytic in the closed region ft, satisfies the inequality ] 'I'o(w) | < 
A in ft, and satisfies the more restrictive inequality | T'o(tu) | < r on X. Under the 
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rotation about P used above, w* = 2 wq — w } the function 'P 0 (w) is transformed 
into the function 'I'i(w) s 'I'o(2wo — w) analytic in the closed region ft', We 
have | 'I'i(w) | < A in £V, [ \Pi(w) | < r on V. 

Thus the function \T' 0 (w) ♦'Pi (w) is analytic in the closed region So, and on the 
boundary satisfies the inequality [ 'I'o(w)’ x Pi(^) | < An Consequently this 
inequality is valid at every interior point of fio; in particular for w = wo we have 

| *(u>o) ~ a I < (Ar) 1/2 . 

It follows then that the distance from the boundary of T of the point z « ¥(wo) 
is less than (Ar) ,/2 . The latter quantity is less than 8 provided we have 
r < $ 2 /A, Tor such values ofr the distance of P from 7 is by Theorem Hess than 


(3) 


«A,« - 


3 log A — 2 log S — log r 
On the other hand, the distance ol P from y is 


so we have 


1 — cos (cr/2) — 2 sin 2 (<r/4) , 


2 sin 2 (ff/4) < - 


4 log A — 4 log & 


(4) ff < 4 sin 


-c 


Hog A — 2 log 8 — log r 


2 log A — 2 log 


3 log A — 2 log 6 


^y ,2 = 4tan- 1 ft 1 ^--^.^. g Y n , 

- log r/ \ log A — log / / 


Tliis is the inequality desired, thus far established for r < <5*/A, provided (2) is 
valid. 

The requirement <r > <t\ is now unnecessary, for the extreme right-hand mem- 
ber of (4) can be expressed as 


2 cos- 1 {1 - 6l(Ai)"*]\ , 


which is itself greater than oq. That is to say, the theorem asserts that a is less 
than some quantity which is itself greater than co; if a is already less than or 
equal to <7\ t there is nothing further to be proved 
The requirement a g tt/2 is a iormal consequence of (4) provided r is suffi- 
ciently small; it is sufficient to take r less than 


r 0 = S(S J M) H4(2,i,s ; 


this follows from a study of the functions which appear in (4); for r » r 0 , in- 
equality (4) becomes an equality . This exact expression for n is indeed a matter 
of no consequence in the proof of the theorem; it is sufficient to notice that 
q g 7r/2 is a consequence of (4) when r is less than some ro, whore r 0 depends only 
on <5 and A. The new inequality r < ro is more restrictive than the inequality 
r < 5 2 /A previously introduced, so this previous inequality is satisfied auto- 
matically if r is less than ro. 
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If now we have r < r 0j tlio inequality <r > sr/2 cannot occur. In tho contrary 
case, there would exist a subarc of the given Jordan arc l on which the oscillation 
of 4>(z) would be less than or equal to w /2 and still greater than the limit given in 

(4) ; this has been proved to be impossible. Thus for r < ?’o inequality (4) is 
satisfied, and the theorem is completely proved. 

Theorems 1 and 3 apply not merely to Jordan regions, but to arbitrary limited 
simply connected regions. They can bo used, and are used by Lindelof, to 
establish tho continuity in the closed region of the mapping function for a 
Jordan region. 

§2.3. Conformal mapping of variable regions 

"Wo shall apply Theorems 1 and 3 in the proof of a theorem of some importance 
for the sequel. 

Theorem 4. Lot T be a Jordan rogion of Hie finite z-plane and let Ike limited 
simply connected regions 2\, i\, • • ■ all contain the closed region T, let T„ contain 
T' n +i in its interior, and let no point exterior to T lie in all the T n , Let the origin 
z = 0 lie interior to T, and let the respective functions to = <I’(z), <I>„(z) map the 
regions T, T n onto the interior ofy : | w | =» 1 so that the point z — 0 corresponds to 
ike point w = 0 and so that <P'(0) > 0, 'I’^(O) > 0. Then ive have uniformly for 
zin T, 

(5) lim <I>„(z) = <I>(z) . 

As a matter of convenience, we introduce two lemmas. 


Lemma I. Let the simply connected region Si of the z-planc be a proper subregion 
of the simply connected region S 2, and let the respective functions to ~ F\{z) } Ft (z) 
map Si and S2 onto the interior of 7 so that the point z ~ 0 (assumed interior to Si) 
correspo?ids to the point w = 0, and so that F[ (0) > 0, F% (0) > 0. Then we have 

( 6 ) K(0) > FUo) . 


The function 


F(z) m 


*\ 0 ) 


is analytic and different from zero at every point of Si, when suitably defined for 
z — 0. When z interior to Si approaches a boundary point z a of Si, tho modulus 
| Ffz) | approaches unity and the modulus | F i(z) | approaches values not greater 
than unity; the modulus | Ffz) | approaches values actually less than unity if 
z approaches boundary points Zo of Si which are interior to Si; such boundary 
points exist. Thus wo have for z interior to Si, 

I Ffz) 

I fttt 

If in particular wc set z = 0, wo obtain (G). 


> 1 . 
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Lemma II. Under the hypothesis of Theorem, 4, we have (5) valid at every point 
z interior to T, uniformly on any closed set interior to T, 

The inequality | i\(z) f < 1 is valid at every point interior to T, so interior to 
T the functions <I>„( 2 ) form a normal family. By Lemma I we have 

00 ®i(0) < *i+i(0) <*'(<)), 

so the positive numbers $»( 0 ) are mono tonically increasing, and no limit function 
of the family can be identically constant, Each function < 1 > n (z) is univalent 
(schlioht) interior to T f so by Hunvitz's theorem the same is true of every limit 
function of the set $> n (z), It remains merely to show that interior to T any limit 
function <I>oOO of the set <fr A (z) coincides with ®(z). 

The function <D 0 (z) maps T onto some simply connected region To interior to y, 
for every value taken on by $ n (z) is in modulus less than unity, so every value 
taken on by $ 0 ( 2 ) is in modulus less than unity; equality is excluded by 
Hurwitz’s theorem and the Principle of Maximum. The point w = 0 lies inte- 
rior to ya } for we have 

( 8 ) <I>„( 0 ) == lim 4>, v (0) = 0 , 4>o(0) = Jim 4>' t (0) > 0 . 

It is sufficient to show that 70 has no boundary point interior to 7 . Let y > 0 be 
arbitrary, and let To denote an annular region interior to T bounded by the 
boundary of T and by a Jordan curve interior to T, such that every point of To 
is within a distance y of the boundary of T. Let N be chosen so that every 
boundary point of T is within a distance y of the boundary of T.v ; every boundary 
point of T is also within a distance y of the boundary oi T n , n > N, and every 
point of To is within a distance 2y of the boundary of T„, n > N. For n suffi- 
ciently large, the function w = 4 7 ,( 2 ) maps To onto a region whose maximum 
distance from 7 is less than 5 n (2y), this notation is the notation of Theorem 1 , 
where the constants A and 5 refer to the region T„. Moreover, we have (notation 

01 Theorem 1 ) o H (2y) < 8o(2y) uniformly with respect to n, where 5 0 (Jv) is suit- 
ably chosen and independent of » and approaches zero with y; indeed, the con- 
stants A and 5 for the region T„ approach the corresponding constants for the 
region T. That is to say, for 2 in To we have 

I 4> n (2l I > 1 - M2 i?) , 

and hence for z in T 0 we also have 

| 4>o ( 2 ) | S 1 — 5o(2?7) . 

Consequently, each point of the boundary of 70 lies on or exterior to the circle 
| w | = 1 — 5o{2y), where y is merely sufficiently small. Then 70 has no bound- 
ary point interior to y , so 70 is the interior of 7 , and Lemma II is established. 

We are now in a position to prove Theorem 4. A rapid indication of the 
method of proof is the following, Equation (5) is valid uniformly for z on any 
closed point sot T' interior to T. If T' is chosen sufficiently large, the difference 
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between the value of <I>„(z) at a point of T not of T' and the value of <I>„(z) at a 
suitably chosen point of T‘ is arbitrarily small, uniformly with respect to n and 
z\ similarly, the difference between the value of <I>(z) at a point of T not of T' and 
the value of ( I> (z) at this suitably chosen point of T' is arbitrarily small uniformly 
with respect to z. This implies equation (5) uniformly in T'. Let us make this 
proof more precise. 

Lot an arbitrary positive e bo given. Theorems 1 and 3 indicate restrictions 
on the oscillation of the modulus and argument respectively of r f(z) and c I\ ; (z) on 
Jordan arcs interior to T and T n . There exists r > 0 independent of n such that 
on any Jordan arc interior to T or T n respectively which lies entirely within a 
distance r of a boundary point a of T or T n the maximum oscillation of <t>(z) or 
<r>„(z) is loss than e/3; maximum oscillation say of <l>(z) means here the maximum 
of | <I>(zi) — *I>(z 2 ) | for zi and z 2 on the Jordan arc. By the continuity prop- 
erties of the functions <I>(z) and <I> n (z) in T and T„, it is allowable here to have an 
end-point of such a Jordan arc a boundary point of T or T„. 

Choose the closed point set T' interior to T such that every point z belonging 
to T but not to T' can be joined to a suitably chosen point z' (depending on z) of 
T' by a Jordan arc J which lies interior to T (except that an end-point of J is a 
boundary point of T if z itself is a boundary point of T), and such that J lies 
entirely within a distance r /2 of some boundary point « (depending on z) of T. 
It is possible to choose T' so that this condition is satisfied. Indeed, the corre- 
sponding problem can obviously be solved if wo interpret the problem for Un- 
interior of the unit circle y instead of for the region T; the desired closed set inte- 
rior to 7 may be chosen as the closed interior of a suitably chosen circle coni-enfno 
with 7 , and the arcs J may bo chosen as segments of linos which puss through Un- 
origin. Thanks to the uniform continuity of the function which maps the inte- 
rior of 7 onto T, the solution of the auxiliary problem in 7 leads to the solution of 
the original problem in T. 

Let us now choose N such that every point of the boundary of T is within a 
distance r /2 of the boundary of 2V; this is possible (§1.3, Theorem 4 ) because 
the set of points at a distance from T not less than r /2 is closed; then every 
boundary point of T is within a distance r/2 of the boundary of T„, n > vV. 
Choose JV also such that for n S /V and for z‘ in T we have (Lemma II) 
uniformly 

(9) | Hz') - 4 >„(«') J < 6/3 . 

Let z ho an arbitrary point of T byt not a point of T\ lot J bo the Jordan arc 
introduced above, and a and z' the corresponding points introduced. The point 
a on the boundary of T is within a distance r /2 of some point z„ (depending on 
a) on the boundary of T„(n £ N). Then the entire arc J lies within a distance r 
of this point z„ of the boundary of T„. The maximum oscillation of 4 >(z) and 
<I>„(z) on J is less than e/3, so we have (« Si N) 

I Hz) — Hz') | < e/3 , | <I»„(z) — H(z') | < e/3 . 
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These inequalities together with (9) yield 

( 10 ) | #(*) - $ n (z) \ < e (n fe N) , 

for z in T not in T* ; inequality (9) implies (10) for z in T the proof of Theorem 
4 is complete, 

Theorem 4 is similar to a theorem (in which the T n are restricted, to be Jordan 
regions) proved by Carathdodory and Courant [see Courant, 1914] by a some- 
what different method. 

Corollary 1. Under the hypothesis of Theorem 4, let z* = Xn(z) ma V the 
region T n of the z-plane oniojhe region T of the z* -plane , x«(0) — 0, x»(0) > 0. 
Then we have uniformly in T 

(11) hm xn(z) = 2 . 

n-* oo 

Let z — \T'(ui) be the inverse of the gapping function w = $(z). The function 
to <I> a (z) maps the region T n of the z-plane onto the interior of y ) and the func- 
tion z ' = \ l f (w ) maps the interior of y onto the interior of the region T of the 
z '-plane, so we can write 

Xr.(z) = 'I't'PnO)) . 

\\ c naturally ha\ e 

*l<I>(z)] = 2 . 

That is to say, equation (11) is precisely the result of operating on both member* 
of equation (5) by the function 'p(ir), continuous in ill v closed interior of 7 , so ( 11 ) 
is valid uniformly in T 

The proof ol the first part of the follow ing corollary is precisely the same ns (he 
proof of Lemma II; the proof of the second part is the same as the proof of 
Corollary 1 . 

Corollary 2. Let T be a limited simply connected region of the z-plane con- 
taining the oiigin in its intenor and whose boundary is also the boundary of an 
infinite region K. Let 1\, T Z) * • • be a sequence of } eg ions containing the 
closed region T whose boundaries he in K Let the sequence T u approach the 
boundary of T monotomcally in the sense that the closed icq ion T ti + 1 lu s into ior to T n 
and that every point of K lies cxtenoi to some T n . Lei w — z = 'I'Or), map 
the mlenor of T onto the interior of y : | w | = 1 so that <I>(0) — 0, > 0; let 

w — l I>„(z) map the interior of 7\ onto the interior of y so that C L,( 0 ) ~ U, <l\ (U) > 0 . 
Then we have (5) uniformly on any closed set interior to T . 

The function z ' — x«(~J — 'I'HWs)] maps the region T n of the z-plane onto Ike 
region T of the z f -plane , and equation ( 11 ) is valid uniformly on any closed set 
interior to T, 

Corollary 2 is also a consequence of the theory of conformal mapping of vari- 
able regions developed by Carathlodory [1912], 
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It is to bo noted that the region K is not necessarily the complement of the 
closed region 7. For instance, T may be a strip closed at one end, winding 
infinitely many times around a circle from the exterior, and approaching that 
circle, The boundary of T (of which the circle is a part) is also the boundary of 
an infinite region. 

§2.4. Approximation in a closed Jordan region 

We are now in a position to obtain results on approximation by polynomials. 

Theorem 6. Let C be a finite Jordan region of the z-plane, If the function 
f(z) is analytic in C } continuous in the closed region Q } then in C the function f{z) 
can be uniformly approximated by a polynomial in z. 

In. the special case that the region C is convex with respect to the origin, the 
proof is elementary. The function/ [nz/ (n + 1)] is defined and analytic through- 
out the region C {n) found from C by stretcliing the plane away from the origin in 
the ratio n to n + 1, by the transformation z* « {n + 1 )z/n. Let e > 0 be 
given. The function / [nz/ (n + 1)] is defined at all points of O, and at all points 
z of 6 wc have by the uniform continuity of f(z) in <?, for a suitably chosen n, 

| f(z) - f[nz/(n + 1)] | < e/2, z in (?. 

There exists (§1.6, Theorem 8) a polynomial p{z) such that wo have 

[ / [nz/(n + 1)] - p(z) [ < e/2, % in C , 

for the function f[nz/(n + 1)] is analytic in C. Then we have 

\f(z) - p(z) | < e, z in C 9 

and the proof is complete for this special case. 

The proof of Theorem 5 in the general case follows the* proof just given, except 
that now wo apply Corollary 1 to Theorem 4 instead of using the simple linear 
transformation. Let the present region 0 play the rfllc of the region T in 
Theorem 4, and let the T« have the properties there required. If C is mapped 
onto the interior of T n , the function /(z) is transformed into a function f[xn(z)] 
(notation of Corollary 1 to Theorem 4) which is analytic in C . If c > 0 is given, 
there exists n such that 


\Rz) - /[*(*)] I < e/2 

for z in C, There exists (§1.6, Theorem 8) a polynomial p(z) such that wc have 

I/[X.(*)] - ?>(*) | < e/2 

for z in C, Thus we have 

\f(z) - p{z) | < e, z in C , 
and Theorem 5 is completely proved. 
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In particular, it will be noticed that the mapping function w — <1 >(z) satisfies 
the requirements of this theorem, and hence can be uniformly approximated by 
a polynomial in z . Otherwise expressed, the conformal map of C onto y can be 
performed approximately in C by a polynomial in z . 

The following corollary is needed in §2.5, but is to be broadly generalized in 

§ 11 . 1 : 

Corollary. Under the conditions of Theorem 5, lei the 'point z = a lie in C. 
Then the fund ionf(z) can be approximated in C by a polynomial which takes on the 
value f (a) in the point z = a. 

Lot e > 0 be arbitrary, There exists a polynomial p(z) such that we have 
\f(z) - p(z)\ < e/2, zinC; 

in particular we have 

l/(«) - Vi«) I < «/2. 

Wo may now write 

|/(z) - Ip ( 2 ) - Via) + /(a)] | < e, zinC , 

so the polynomial p(z) — p{a) + f(ct) fulfills the required conditions. 

Theorem 5 extends to the case of a multiply connected region: 

Theorem 6. Let C be a region of the extended z-plane hounded by a finite 
number of Jordan curves J u J 2 , * ■ ■ , J V) no two of winch have a common point , 
Let the function f(z) be analytic in 0, continuous tn C. 'Then in € the function f(z) 
can be uniformly approximated by a rational function of z If points z u z 2 , • • , z v 
arc chosen, separated respectively from the interior of C by the curves J\ y Jt> • • , J vy 
then this rational function can be chosen to have all Us poles in these points z^ 

It is sufficient for us to consider the latter part of the theorem. Let (\ denote 
llmt Jordan region hounded by J k which does not contain Z \ ; then C lies in C k . 
By §1.7, the function /(z) can be expressed in C as the sum of v functions fj(z) 
analytic respectively interior to the regions (\ f continuous in (lie closed regions 
C\. By Theorem 5, the function (z) can be uniformly approximated in C k by a 
rational function whose only pole lies in the point Thu * f(z) can be uni- 

formly approximated in C by a rational function whose only poles lie in the 
points zk , The proof is complete. 

From the discussion just given we can state also the 

Corollary, Under the hypothesis of Theorem 6, the function f(z) can be 
expressed in Cas the sum of v functions f K (z) all analytic inC and analytic respectively 
in a Jordan region C k containing C bounded by J k > In the region C k the function 
fk(z) can be expressed as the limit of a uniformly convergent sequence of polynomials 
in 1 /(z — Zk) [or in z if z k * ]. 

Theorems 5 and 6 admit application to the study of approximation of functions 
merely known to be continuous without reference to analyticity. 
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Theorem 7. Let C be a Jordan curve of the finite z-plane containing in its inte- 
rior the origin . . Then an arbitrary function f{z) continuous on C can be uniformly 
approximated on C by a polynomial in z and 1 /z. 

Weierstrass's theorem on approximation by trigonometric polynomials asserts 
that a function f(0) which is continuous for all 0 and of periodicity 2r can be uni- 
formly approximated for all values of 0 as closely as desired by a trigonometric 
polynomial in 0 of the fom 

2 («u cos nO + b n sin nO) ♦ 

n-0 

Theorem 7 is a generalization of Wcicrs trass's theorem, for on the unit circle 
y: | z | = 1 wo have in polar coordinates 


z n = cos nO + i sin nO , tr n = cos nO — i sin nO } 


sin nO = 


z n — z~" 
2 i ' 


COS 1X0 sa 


Z n -|- 
2 


On 7 a polynomial in 2 and l/z of degree iV* is a trigonometric polynomial in 0 
of order iV, and convcrsoly; a function continuous on 7 is a function of 0 con- 
tinuous for all 0 and of period 2tt, and convcrsoly. To be sure, Weiorstrass's 
theorem is ordinarily stated merely for the case of a real function, but that 
theorem for a real function implies directly the theorem for a complex function, 
and reciprocally. 

Let the interior of C be mapped onto the interior of 7: | w | = 1 by the trans- 
formation w — <I>(z), z - 'I'(w). Let an arbitrary positivo e be given. By 
Wcicrs trass’s theorem there exists a polynomial F(w } l/w) in w and l/w such 
that wc have 


I /['I'M! - F{v>i l/w) \ < e/2, wony, 

that is, 

1/00 - F[3>(2), !/$(*)] | < c/2, zoi) C . 


The function /^[ c I>(z), 1/«I>(2)] is analytic in an annular region It bounded by C and 
by an arbitrary circle interior to C whose center is the origin, and is eontinuous 
in It. By Theorem 6, there exists a polynomial P{z f l/z) in z and l/z such that 
wc have 


I m(z) } 1 /*(*)] - P(z, l/z) \ < c/2, 0 in R. 

This inequality holds in particular for z on C, so wc have 
I f(?) - Pfa l/z) | < e, z on C ; 


the proof is complete. 
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Theorem 7 is to bo used in the proof of 

Theorem 8. Let C be a Jordan arc of the finite z-plane. Then an arbitrary 
function f(z) continuous on C can be uniformly approximated on C by a polynomial 
in Zs 

Theorem 8 is a generalization of Wcicrs trass's theorem on approximation by 
polynomials, which is the special case of Theorem 8 in which C is a segment of 
the axis of reals. Of course, Weicrstrass's theorem is ordinarily stated for the 
approximation of a real function, but the theorem for real functions gives an 
immediate proof of the theorem for complex functions, and conversely. 

In the proof of Theorem 8 it is no loss of generality to choose the origin of 
coordinates to lie off the Jordan arc C . Let C ( be a Jordan curve containing the 
origin in its interior and of which C is an arc; such a curve exists. Lot the defi- 
nition of the function /(z) be extended so that/(z) is defined and continuous at 
every point of C" ; it is sufficient, for instance, to define /(z) at the points of C* 
not belonging to C by the formula 

Wi + (io 2 - Wi) (z - Z\) / (%2 - Zi) , 

where Wi and w* are the respective values of/(z) in the end-points Z\ and z 2 of C. 

Let an arbitrary positive e be given. By Theorem 7 there exists a polynomial 
P(z, \/z) in z and 1/z such that wo have 

I/O) - P(*> 1 A) I < 6/2, z on (V ; 

in particular this inequality is valid for z on (\ Let U he* a bounded Jordan 
region which contains C in Us interior, but to which the origin is exterior. The 
function P(z ) 1/z) is analytic in ft, so there exists a polynomial p(z) in z such that 

[ P(z } 1/z) - p(z) | < e/2, z in R ; 
this inequality is of course valid for z on C. Then for z on C we have 

I/O) - p(z) | < e, 

and llit' proof is complete. 

Theorems 5 8 are due to Walsh [1920, 1926a] ; the special case of Theorem 5 
that (' is convex had been treated previously and independently by llilb and 
Sziisz [1924] and Walsh [1924]. Theorems 5 and 7 for the case of analytic 
Jordan curves were proved by Walsh [1924]. 

§2.5. Applications, Jordan configurations 

Theorem 7 admits a number of applications other than to Theorem 8. 

Theorem 9. Lei C be an arbitrary Jordan curve of the finite z-plane , Then 
any function f(z) continuous on C can be uniformly approximated on C by the sum 
of a polynomial in z and a polynomial in z. 

Let the functions w - <1 >(z), z *= 'I'M* map the interior of C onto the interior 
of y * | w | » 1. The function/ [^(w)] can be uniformly approximated on 7 by the 



40 


CHAPTER II. POSSIBILITY OF APPROXIMATION 


sum of a polynomial in w and a polynomial in l/iv f hence by the sum of a poly- 
nomial in w and a polynomial in A polynomial in w corresponds to a function 
analytic interior to C, continuous in the corresponding closed region, and can 
/therefore bo uniformly approximated on C by a polynomial in z> By taking 
conjugates, a polynomial in w can be uniformly approximated on C by a poly- 
nomial in z, so th<S theorem follows. 

A related theorem [Walsh, 1928; compare also §6.10, Theorem 14] is 

Theorem 10. Let C be an analytic Jordan curve of the finite z-planc or more 
generally a Jordan curve whose interior can be mapped conformally onto the interior 
of y: | w | = 1 by a transformation V) ~ z =* so that exists and is 

continuous throughout the closed interior C of C , Let f(z) be continuous on C* 
Then the following conditions are all equivalent : 



b) f s 0 , z exterior to C ; 

Jc t — Z 

c) J f(z) a }{z) dz - 0 , 

for every function c 0 ( 2 ) analytic on and within C ; 

d) J f(z) o>(z) dz = 0 , 

for every function u>(z) analytic interior to C, continuous in C ; 

e) there exists a function analytic interior to C } continuous in C, which coincides 
with f(z) on C. 

Condition b) seems more analogous to the conditions c) and d) if the notation 
is slightly changed: 

b') [ sO, f exterior to C ; 

Jc * — r 


it is to be noticed that the function 1 j(z — f) is analytic on and interior to C, 
and hence b J ) is a condition of the same form as c) and d). The original nota- 
tion of b) is used because that is the ordinary notation for the representation of 
a function by Cauchy's integral; condition b) expresses the identical vanishing 
of a function defined by an integral of Cauchy typo. 

It is obvious, by Cauchy's integral theorem (sec also Theorem 11 below), that 
e) implies d), and wo sec at once Lhatd) implies c) and c) implies a) and b'). It 
remains merely to show that a) and b) imply c). 

Any function w(z) analytic on and within C can be expressed in C as a uni- 
formly convergent sequence of rational functions (by §1.5, Theorem 7 and §1.4, 
Theorem 5) of the form; 


/1 n\ 




A„k 
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whore the polos a„k lie exterior to C. Condition b y ) now implies e) and hence a) , 
if tho integral in c) is computed by means of the substitution (12) and term-by- 
term integration. 

We now show that a) implies e). The case that C is the unit circle can be 
treated easily. The formal Laurent development of /(z) on C is of the form of a 
Taylor scries, for by a) the coefficients of the negative powers of z vanish : 

/(«) ~ a» + mz + aaz 2 + • • • , an = ^f/^T‘ 

This development is precisely the formal Fourier development of f(z) on the 
interval 0 g 0 £ 2ir if wc sot z = e i0 . The Fourier development, when summed 
by tho method of Cesilro, converges uniformly to f(z) on C , by the continuity of 
f(z) on C (Fcj6r). Each term of the corresponding sequence is analytic on and 
interior to C, hence the limit of the sequence is analytic interior to C, continuous 
in the corresponding closed region, and equals f(z) on ( 7 . This completes the 
proof when C is the unit circle. 

If C is not the unit circle, we study the function [$(z)] n <b'(z) f where n is a non- 
negative integer. This function is analytic within C, continuous in C, hence 
can be expressed 

[$(«)]“ ^ > z in C , 

A- 1 

where the p n {z) are polynomials in z, and convergence is uniform in C. If we 
make use of a), term-by-term integration yields 

J f(z) [<I>(z)]’' *I>'(z) clz = J f[y(w)]iv n dw = 0 , n - 0, 1, 2, ■ • • . 

By the special case already proved, there exists a function analytic interior to 7, 
continuous in the corresponding closed region, equal to /[ 4 'Oej] on 7; this is 
equivalent to e). 

We leave to the reader the analogous proof of the 

Corollary. Let C be a finite analytic Jo, dan curve of the extended z- plane or 
more generally a Jordan curve whose exterior can be mapped conformally onto the 
exterior of 7: | w | = 1 by a transformation w = <t>(z) so that 4>'(z) exists and is 
continuous throughout the closed exterior of C. Let the origin z = 0 lie inleiioi to 
C. Lelf{z)be continuous on C. Then the following conditions are all equivalent : 


a) 

b) 



n ~ — 1 , —2, — 3 , • • • ; 
z interior to C ; 
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for every function <r(z) analytic on and exterior to C and zero at infinity ; 

d) //GO <r(z) dz = 0, 

for every function a{z) analytic exterior to 0, continuous in the corresponding 
dosed region , and zero at infinity ; 

e) there exists a function analytic exterior to C, continuous in the corresponding 
dosed region, zero at infinity , and coinciding ivithf(z) on C. 

In the proof, it is convenient to use the Corollary to Theorem 6. 

Theorem 10 also admits of generalisation# to multiply connected regions; 
compare Walsh [1928], 

§2,6, General forms of Cauchy's integral formula 

In the sequel, wo shall frequently need to use Cauchy’s integral formula in 
rather general situations* and it happens that the methods of approximation of 
the present chapter yield useful theorems, This method (although not the 
theorems) is clue to Walsh [1933a], 

Theorem 11. Let R he a limited region hounded by rectifiable Jordan curves 
Ci, Cz } . . • , C V) of which no two have a point in common. Let the function F(z) be 
analytic interior to R, continuous in the corresponding closed region R . Then nr 
have 

(13) / F(z) dz = 0 , 

where B is the boundary of R. 

Let us first prove (13) for the case that F{z) is n rational function. The 
integral 


(14) 

is defined as the limit of the sum 



£ F(*k) && J = z KH ~ z K , 

when the points z L depend on n and are chowon on C } ho Mmt nmv | ^ k z | ap- 
proaches zero with 1/n, By the uniform continuity of F{z) in a region contain** 
iug C , in its interior, and by the rcctifiability of it follows tha( (141 is also ( ho 
limit of the integral 



where r ( /° is the closed polygon z\z 2 • • . z n Zi\ 
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0 



dz - 2; F(zJ A,z 

k ~ 1 


£ Z„ max [ | F{z) - P(z,) | , z on z k z k+i ] , 


vvhcrci,, is the length of r ( ,"' ; as n becomes infinite i n approaches the length of 
C,. The sum of the integrals (15) for j m 1, 2, • • • , v is zero if the quantities 
A k z are chosen so small that no poles of F(z) lie on the r ( } n) or within the 
region bounded by all the r ( , n) . Hence the sum of the integrals (14) for 
j — 1,2, • • • , v is also zero, and the theorem is proved when F(z) is rational. 

In the more general case, the function F(z) can be expressed in Ti as the sum of 
a uniformly convergent series of rational functions whose poles lie exterior to R. 
For each of these rational functions the equation corresponding to (13) is valid. 
The integral in (13) for F(z) is the limit of the corresponding integrals for the 
rational functions, and hence is zero. The proof is complete. 

A consequence of Theorem 11 is 


Theorem J2. Let Rhea limited region bounded by a finite number of rectifiable 
Jordan curves of which no two have a point in common. Let the function f{z) be 
analytic interior to R, continuous m the corresponding closed region R. Then 
we have 


(16) 


/(*) = 


_1 [ f(0 dt 
27 Tl Jut — Z 


z interior to R , 


where B is the boundary of R. 

Lot C denote a circle whose center is z and whose radius is less than (he distance 
from z to B. We have 


( 17 ) 



But the I unction f(t)/(l - z) is a function of t analytic m the region R' common 
to It and the exterior of C, continuous in the corresponding closed region R 
Theorem 1 1 yields the equation 



where B' is the boundary of R’. Equation (IS) together v llh (17; now implies 
(l(i), if th(> various senses of integration arc taken into account 

It is hardly necessary to add that Chapter I and § §2. 1-2.4 do not require 
general forms of Cauchy’s integral theorem or formula, so that our application of 
Theorem 6 is valid hero. For the proof of Theorem 6 it is sufficient to prove 
Cauchy’s integral theorem and formula for regions bounded by contours, and 
for functions analytic in the corresponding closed regions. 

Theorem 12 extends in the usual way to regions containing the point at in- 
finity in their interiors. Another extension is somewhat less obvious; we merely 
sketch the proof : 
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Theorem 13. Let C be a rectifiable Jordan arc of the z-planc. Let the function 
f(z) be analytic in the extended plane exterior to C, zero at infinity, continuous in the 
plane cut along C. Then we have 

(19) /(g) = J~. f » * exterior to C , 

Jc tj — - z 


.where the integral is taken over the boundary of the cut plane in the positive sense. 


Denote by a and 0 the end-points ol C, and draw circles 71 and 72 with centers 
a and ft respectively and radius { < | a — f) | /2. Denote by Ci tho curve com- 
posed of the two circles 71 and 72, together with tho two banks of the arc of C 
whose initial point is the last point from a of intersection of C with 71 and whose 
terminal point is the first point from a of intersection of C with 72. Transform 
the 2-planc (to which C belongs) by sotting 


( 20 ) 


w — a / g — g W<"l» 

P “ fi) 


where n is an integer that will bo allowed to bocomo infinite. This transforma- 
tion leaves a and 0 invariant, and if we fasten our attention on a suitable sheet 
of the Riomann surface for w, tho exterior of Ct is transformed into the exterior 
of a Jordan curve (fif\ with tho point at infinity invariant. The curve f’V 0 is 
rectifiable, and we have from Theorem 12 

(2!) Mu>)] - — > w l,xl0, ' it,l ‘ t0 (; ' n) > 


where z(w) is the appropriate) brunch of the function defined by (20), When n 
becomes infinite, the points to approach tho correspond mg points z uniformly for 
all values of z, ancl the function /(z(u>)] approaches /(a) uniformly. Tlus tlorivn- 
livc dw/dz approaches unity uniformly at every point of so wo luivo from (2 1 ) 

(22) /(g) - ~ f { ( ~- , g exterior to C t . 

2m Jc t l — z 


When 5 approaches zero the right-hand member of (22) remains unchanged 
in value. But the function /(g) is uniformly limited for all values of z, so the 
part of the integral in (22) which is taken over 7t and 7s approaches zero, and 
the integral over tho remainder of Ct approaches lint integral over ( A given 
point z exterior to C is also exterior to for sufficiently small S, so (19) is 
established. 

Iteration of the method of Theorem 13 yields still inure general results. 


§2.7. Surface integrals as measures of approximation 

We have hitherto considered maximum error as Liio measure of approximation 
of one function to another. Thero arc, however, other important measures of 
approximation, one of which is now to 1)0 treated in 
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Theorem 14. Let C be a limited simply connected region of the z-plane whose 
boundary is also the boundary of an infinite region , Let the function f(z) be analytic 
interior to C and such that 

J J o \f(*)\*dS, p> 0, 

exists. Let e > 0 be given . Then there exists a polynomial P(z) such that we have 

( 23 ) J J o I /(«) - P(z ) \ p dS < € . 

If the boundary of C possesses area, these and later integrals are to be taken 
over the interior of C. 

Let T i, » . . bo a sequence of Jordan regions whose boundaries lie exterior 
to <7, which contain C in their interiors, and which approach C monotonically in 
the sense of Corollary 2 to Theorem 4. In the notation of §2.3, let us set 

/«(*) -/[x*Wl [xiW ) 2/p , 

which is defined and analytic throughout the interior of T n if a particular deter- 
mination of the fractional power is chosen. Let C f denote a closed Jordan region 
interior to C, to be determined in more detail later. We may write 

(24) f f c I /(*) - /■(*) l p dS - j J' | f(z) - f n (z) |p dS 

+ f f c Jfb) ~fn(z) | ’dS, 

and it follows from Theorem 4, Corollary 2 that equation (11) is valid uniformly 
on C f , together with the equation 

lim xl GO = 1 . 


Then the* limit of f n (z) i s/(z) uniformly on C\ provided the appropriate fractional 
power is used in the definition o ff n (z). Hence the first integral m the right-hand 
member of (24) approaches zero with 1 /n. 

The second integral in the right-hand member of (24) can be treated by writing 


(25) 


/ J a _ 0 , I A*) “ /■&> I” dS i A I f c _ c , I /(*) I p dS + -4 j ' j I Uz) |p dS , 


where A is a constant depending on p but not on n. Inequality (25) is a conse- 
quence of §5.2, inequalities (10), which are to be used frequently in the sequel. 
The second integral in the right-hand member of (25) can be transformed by 
writing 

(26) J J c c | f n (z) \ p dS = J J o | /(*') |> dS 1 , dS ' = | x'M | ? dS , 

where D„ is the image of C — C' under the transformation z' — %n(z). 
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Lei 5 > 0 be given. Choose C", a dosed set interior to C, so that 




dS < 5/3 ; 


whenever C contains C" in its interior, wo also iiavc 


/ / 1 S(Z) 

J Jo-C‘ 


\* dS < 5/3 . 


Let C' bo now arbitrary, containing Q" In its interior. For sufficiently largo n 
the point sctZ>„ lies in C - C" } !)y §2.3, Corollary 1 to Theorem 4, so wo have by 
(26) and (27) 


l/7 I/b 

J Jc-c ' 


(*) \* dS < 5/3 • 


We have already indicated that for n sufficiently large the first integral in the 
right-hand member of (24) is less than 4/3, so wo have by (28), (29), and (25) 
for sufficiently large n 


/ \m -aw i ?i ds < s , 


The function f n {z) is analytic throughout the interior of T n} hence is analytic 
not merely in the closed region 0 } but also in every point of the plane separated 
by C from the point at infinity. Hence f n (z) can be uniformly approximated on 
C by a polynomial P(z), therefore approximated in the sense 


Jf g I AW - PW \*dS <5,, 


where 5i > 0 is preassigned. Inequality (23) is now a consequence of (30) and 
(31), again by virtue of §5.2, inequalities (10). 

Theorem 14 is due to Carleman [1922] in the ease that C is a Jordan region; 
the proof given by Farrell [1934] is valid in the more general case. Cnrlemau 
omits the details, simply stating that the theorem follows from results due to 
Lindclof; this seems to be the first application of the modern theory of con formal 
mapping to questions of possibility of approximation. 


§2.8. Uniform approximation; further results 

Certain further results on uniform approximation lie immediately at hand. 
For instance, suppose a function /(*) can be uniformly approximated by a poly- 
nomial on each of two point sets P, and r 2 , contained respectively in mutually 
exterior closed finite Jordan regions Cj and CV Then /(z) can be uniformly 
approximated by a polynomial simultaneously on Pi and r 2l Indeed, let e > 0 
be given. There exist polynomials ? h(z) and p$(z) such that 

I /W - Pi(z) | < e/2, z on Ti ; | /( z) - p»(z) | < e/2, z on r * . 
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There exists also a polynomial p(z) such that 

I Vi(z) — p(z) | < e/2 , z on C\ ; ( p 2 (z) — p(z) | < «/2 , 2 on C 2 , 

and this implies 

I f( z ) — p(z) | < e , z on I\ ; ] f(z) - p(z) | < e , 2 on T 2 , 

as we were to prove. This remark obviously extends to any finite number of 
point sets T lf r 2 , . . . , r„. 

Extension of this reasoning, together with the methods of conformal mapping 
as used in the present chapter, yields various additional results on possibility of 
uniform (and other) approximation. For the sake of economy of space, we 
content ourselves with the statement of a single example [Walsh, 1928a, 1929b]: 

Theorem 15. Let C be a closed point set of the extended plane , hounded by a 
finite number of Jordan arcs or Jordan curves or both, no tivo of which have more 
than a finite number of points in common . Let the function f(z) be analytic in the 
interior points of C, continuous on the closed point set . Let points Zi, z 2 , • ■ • be 
assigned, not necessarily infinite in number , at least one in each of the regions into 
which C separates the plane . Then the function f(z) can be uniformly approxi- 
mated on C by a rational function whose poles he m the points zi. 

In particular, if C is limited and is the complement of an infinite legion , thcnf(z) 
can be uniformly approximated on C by a polynomial 

Chapter I, Theorem 6 and Chapter II, Theorems 5-8 are special cases of 
Theorem 15. 

It is clear that the discussion of §1.10 enables us to state a com erse of Theorem 
15; with the help of Theorem 15 itself we formulate 

Theorem 16. Let Che a closed point set of the extended plane, bounded by a finite 
number of Jordan arcs or Jordan curves or both, no two of which have more than a 
finite number of points in common. Let points Z\, z 2 > not neccssai ihj infinite in 
number, be given exterior to C. A nccessanj and sufficient condition that EVERY 
function f(z) analytic in the interior points of C and continuous on the closed point 
set ran be uniformly approximated on C by a rational function whose poles he m the 
points zk, is that at least one point z k should lie in each of the regions into which C 
separates the plane. A necessary and sufficient condition that every Junction f{z) 
continuous on C can be unifoimly approximated on C by a rational function whose 
poles he tn the points zi, is that C should have no interior points, and that at least 
one point Zi should he in each of the regions into which C separates the plane. 

11 C has interior points, then any function /(z) which can be uniformly approxi- 
mated on C by rational functions whose poles lie in the zl must be analytic in the 
interior points of C, for a sequence of such rational functions converging uni- 
formly on C represents a function analytic in every interior point of C. 

If C is a closed limited point set, and if an arbitrary function f(z) continuous on 
C can be uniformly approximated on C by a polynomial in z, it is clear from the 
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proof of Theorem 16 that C can have no interior points and cannot separate the 
piano. Quite recently, Lavrentieff [1934] has established the important converse 
of this proposition, a generalization of Theorem 8: Let C be an arbitral •y closed 
limited point set without interior points which does not separate the plane. Then an 
arbitrary function f{z) continuous on C can be uniformly approximated on C by a 
polynomial in z. 

The corresponding problem for approximation by rational functions with 
assigned poles is still unsolved, as is the problem of determining the most general 
closed point set C such that an arbitrary function analytic in the interior points 
of C and continuous on C can be uniformly approximated on C by polynomials 
or more generally by rational functions with proassigned polos. 



CHAPTER III 

INTERPOLATION AND LEMNISCATES 


§3,1. Polynomials of interpolation 

One of the most important methods of effectively determining polynomials 
approximating to ft given function is by the use of interpolation. In the present 
chapter wo shall study the more elementary facts regarding interpolation by 
polynomials, and in the present chapter wo deal entirely with the finite plane. 

Theorem 1. Lei the distinct points Z \ , z% f * ♦ • , z n + 1 and values , . . • , w n +\ 

be given. Then there exists a unique polynomial p(z) of degree n which takes on the 
values to kin the points zi. 

The existence of the polynomial 

p(z) = a Q z n + a\Z n ~ l + . . . + a n 

depends on the solution of a system of n + 1 equations for the n + 1 unknowns 


a>k' 

OqZi T a l z l 1 + * 1 

' * + CLn 

=* Wit 

(i) 

a qZ o -\- ai^2 1 + * 4 

' ■ + a n 

- W2 , 


aoz'n t 1 + ^l-»+i + * 

• * + Rii 

- w n[ 


The determinant A hero is a function of the Zi not difficult to evaluate, hut the 
exact evaluation is immaterial for our present purpose. The vanishing of A is a 
necessary and sufficient condition that the homogeneous system corresponding 
to (1) (i.e., with the right-hand members replaced by zeros) should admit a solu- 
tion ao, ai t * 4 * ) a >i °f numbers not all zero, or in other words is a necessary and 
sufficient condition that there should exist a polynomial of degree n whose coeffi- 
cients (u arc not all zero which vanishes in the n -f- 1 distinct points z } . The 
hitter eventuality cannot occur, so A is different from zero, the system (1) 
uniquely determines the coefficients rn» and the theorem is established. 

The proof just given carries over without change to yield the following more 
general result: 

Theorem 2. Lei the distinct points z h • * ■ , z K and values w ( J °\ w \ l \ * • * , 
j = 1, 2, • • * , Jo, be given . Then there exists a unique polynomial p(z) of 
degree n — — 1 + ]C;»i ( m i + 1) which satisfies the conditions 

(2) p { v \z ,) = io\ y) t v ~ 0, 1 , * • * , mi j j = 1 , 2, ■ . • , h . 
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Here (and in the sequel) the notation p ia> {zj) indicates p(zi), and p M {z,), v > 0, 
indicates the r-th derivative of p(z) at the point z — Zj. We frequently describe 
the situation of Theorem 2 by saying that the points z, are given, of respective 
multiplicities vij -j- 1. 

In particular, the values w\ r) may bo given by means of a function f{z ) : 

0 , 1 , ... , m } \ 1 , 2 ,...,*. 


In this case wo say that p(z) coincides with or interpolates to the function /(g) in tho 
points Zf , considered of respective multiplicities W/ + 1. Another way of 
describing this same fact is lo say that the function /(g) — p(z) vanishes in tho 
points Zj } considered of respective multiplicities nif + 1; tho multiplicities of the 
respective zeros of the function f(z) — p(z) may of course be greater than mj + 1, 
and indeed this function may vanish identically. 

There are various formulas for interpolating polynomials. Lei us return to 
the situation of Theorem 1. The polynomial p(z) is known to be unique and is 
dearly the sum of n + 1 unique polynomials of degree n each of which takes on 
the value toi in the point z k and vanishes in the remaining points z Jt These 
latter polynomials arc not difficult to write down in terms of the polynomial of 
degree n which takes on the value unity in the point zk and vanishes in the points 
Zf f j 7* k. Thus we have Lagrange's mterpolalionfor7mda : 


(3) p(z) = 


« + l 
2 


A-l 


W k 


co(z) 

(Z - 2a) «'(2a) ’ 


w(z) = (z - z t )(z ~ Zi) • • • (z - Zn i ,) . 


Of course tho fraction in (3) is not defined for z = z kl but (here and in all similar 
cases in the sequel) wo suppose the function to be defined for the exceptional 
value by allowing the variable to approach that value. Verification of (3) is 
then immediate, for wo have 


lim 


w(g) _ lim f <o(z) - tofa) "] 

z-> i > _ z — z k _j 


^'(za) ; 


the polynomial u(z)/(z - zf) is of degree n. An analogous formula exists for 
the more general situation of Theorem 2, the study o| which is left to tho reader. 

There is a particularly useful formula, dqp to Hcrmile, for tho polynomial 
p(z) of degroc n which interpolates to an analytic function j(z) in the n -{- 1 
points «i, 2 a , • • • , z n( -i not necessarily distinct: 


(4) 

(5) 


/(z) - p(z) = 


_1_ 

27 ri 



l 

L 


os(.z) f(l) ill 

ao (i ~ z) j 


CO (l) — co(z) 

w(0 (t - 2) 


f(t) lit , 


2 interior to C , 


where w ( 2 ) is defined as in (3), and where /(z) is analytic on and within the con- 
tour C containing the points zi, in its interior or more generally is analytic on 
and within each of a set C of mutually exterior contours containing tho points 2 * 
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in their interiors. Equations (4) and (6) arc clearly equivalent for z interior 
to C, by virtue of Cauchy’s integral formula. The proof of thoir validity is 
immediate; from equation (4) we see that /(g) and y(z) coincide in the n -|- 1 
points Zk, distinct or not, for the function 

j_ f m M 

2iri Jo «(0 (l — z) 

is analytic interior to C, hence analytic in each of the points zt. In equation (5) 
we sec that the intogrand has no singularity in z, for the numerator vanishes 
identically for t = g and hence is divisible by t — z. The present numerator in 
(6) is a polynomial in g of degree n + 1, so the function p(z) defined by (6) is a 
polynomial in z of degree n; the proof of (4) is complete. Moreover, since equa- 
tion (5) is valid for z interior to C, that equation is also valid for all values of g; 
wo naturally suppose the integrand defined for z = / by a limiting process as g 
approaches t. 

It is sufficient here in the derivation of (4) and (5) if /(g) is analytic interior to 
C and continuous on and within the contours or mutually exterior rectifiable 
Jordan curves C. More generally — and this remark will find application later — 
it is sufficient if the function /(g) is integrable on C and if Cauchy’s integral 
formula is valid: 

/(g) = ~. f — , z interior to C, 

2n Jc t — z 

irrespective of any interpretation of /(g) on (' as boundary values of the function 
/(g) interior to C. 

Formulas ('I ) and (5) can be motivated as follows. Choose the particular ease 


The formula 

(b) 


/(*) = -1— , 1Hz*. 

i — z 



m(0 

«(0 (l - 0 


can be verified precisely as we have verified (4) and (5), and can in fad be de- 
rived without great difficulty by a study of the system (1). The polynomial 
p(z) in (6) is a polynomial in z of degree n (whose coefficients are functions of l), 
and if that polynomial is multiplied by J(t) cli/('2m) and integrated with respect 
to l over an arbitrary closed contour or set of mutually exterior contours C> where 
f(z) is an arbitrary function analytic on and within the result is still a poly- 
nomial in z of degree n. If C is chosen to contain the points z K in its interior, and 
if the new polynomial is denoted by P(z) } we have from (6) an equation equiva- 
lent to (4) and (5) : 


POO 




q(g) /( Q dt 
C a (.0(1 — z) ' 


z interior to C , 


and it is clear that P(z) interpolates to /(g) in the points Zk. 
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In the study of expansion of analytic functions, it is often of great convenience 
to study first tho expansion of the function 1 /(< — z). That fact appears by 
inspection of tho reasoning used in §§1.4 and 1.6, it will appear in much of the 
later material in the present work, and it indicates the naturalness of comparing 
(4) and (5) with (6). 

§3.2. Sequences and series of Interpolation 

The general problem of the representation of an analytic function by a sc~ 
quence of polynomials found by interpolation is the following. Let the points 
(not necessarily distinct) 


(7) 


Un) -,(n) 
*1 } *2 J 


z (») 

1 *r>4l J 


> 

be given and let tho function/^) be analytic in tho points z*" 1 . Let p n (z) be the 
polynomial of degree n found by interpolation to /(z) in the points z { £\ k — 1, 
2, + 1. The problem is lo study the convergence of the sequence p H (z) lo 

the function f(z). 

If the points (7) arc chosen interior lo a region R within which /(z) is analytic, 
it does not necessarily follow that we have 

lim p„(z) = f(z) 

U-*<& 

for every z interior to R. For instance, wc may choose — 0; the polynomial 
p n (z) is the sum of tho first n + l terms of tho Taylor development of f(z) 
about the origin. If wc sel/(z) = 1/(1 — z) ) then f(z) is analytic; in the ex- 
tended plane except at the points = 1, yet the sequence p n (z) converges only 
for j z | < 1. 

Another instructive example was given by M6ray [1884], Choose f(z) = J /?, 
and let the points z[ n \ ■ * < , z^i bo the (n + l)-st roots of unity. We verify 
directly that the unique polynomial p n (z) of degree n is z'\ for in each point z { * } 
we have z n = 1/z. The sequence p n (z) converges to tho value zero for all 
\z\ <1, diverges for | z | > 1, and converges to tho value J{z) only in the 
single point 3 = 1, which is a point of interpolation for all the polynomials 
Pn(2)‘ 

If the points (7) arc so chosen that *4’° = 2 * docs not depend (for n £ k — L) 
on 7i } the polynomials p„(z) and p n -\-i(z) coincide in the points zi, z 2 , • • ■ , z ti + j. 
Hence the difference Vn\-\{z) - y n (z), a polynomial of degree n + 1, must be a 
constant multiple of the polynomial ( z — z 3 ) (z — z 2 ) * * * (z — Zn+i). This 
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reasoning is valid even if the points z u z 2) • • « , 2 n+ 1 arc not all distinct. The 
polynomial p n {%) is then the sum of the first n + 1 terms of a series of the form 

(8) f(z) « a 0 + ai(z — zi) + a 2 (z - z%) (z - 2 2 ) -f * • • i 

this development is to be considered merely as formal for the present. A series 
( 8 ) is called Newton 1 8 series , a senes of interpolation , or an interpolation series in 
distinction to the more general sequence of polynomials p n (%) of interpolation 
considered in connection with the unrestricted tabic ( 7 ). 

The coefficients in the formal development ( 8 ) can be found in succession by 
an obvious method. For simplicity we still assume/^) analytic in the points 2*. 
Set z = z\ and determine a Q : 


(h *= /Oi) . 

Set now z — Zz and determine a x \ 


a\ ns 


/(g 2) - f{z 1) 
Zi - 2l ’ 


if Z\\ 


if z% =? 21, differentiate ( 8 ) formally and then set z = z x = z 2 \ 

ai “ f'fa) . 

I11 general, let ao, Gq, • • • , a n ^i be known, and let precisely m of the points 
Si, 22, • • • , 2» be equal to z„ +l . Differentiate ( 8 ) formally ?n times and set 
2 = z n +h The new quantity by which a n is multiplied is the value for z = z n+x 
of the m-th derivative of 


(2 - Zi)(z - 22) • (z - Zn) 

and is different from zero, whereas the new quantities by which a n + h a^ } • * • 
are multiplied all vanish. Thus the coefficient a n can be computed in terms of 
a D , «!,*••, hence in terms of the numbers z X) 22, * • *, z, l+ i and the values 
of derivatives of f(z) at those points z K . 

According to this method of determining the coefficients in the formal expansion 
( 8 ), the sum of the first n + I terms of ( 8 ) is a polynomial of degree n which 
coincides with fiz) in the points z\ } 22, • • , z n + 1, distinct or not. Indeed, it is 
clear from the method of determining the numbers a k that the function /(z) — a Q 
vanishes in the point 2 — z 1 , that the function /(z) — — < 0(2 — Z\) vanishes in 

the points 2 = Zi and 2 = z 2 , and (to proceed by induction) that if the function 

/(z) — a 0 - «i(z - *1) - • • • - a n -i(z - zi)(z - z*) • • ■ (2 - 2 H ~i) 

vanishes in the points Zi t z 2) * « • , z„, distinct or not, then the function 

f{z) — a 0 - ai(2 - zf) - • • ■ - a n (z - z x )(z - zi) • ■ • (2 - z n ) 

vanishes in the points 21, 22, • * * , z«+ij distinct or not. 

The two methods of obtaining the formal development ( 8 ), by use of the poly- 
nomials of interpolation p n (z) or directly by successive substitution 2 — Z\ } z% } ♦ • • 
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(with proper allowance for multiple points zj) are then equivalent, for according 
to both methods the sum of the first n + 1 terms of (8) is the unique (Theorem 2) 
polynomial of degree n coinciding with f(z) in the points Zi, Zs, * • • , z n + 1 . The 
actual expression for p n (z) in terms of the values and derivatives of /(z) is called 
Newton's interpolation formula . 

A formula for the coefficients a n in (8) is readily obtained; wo have from (4), 
7**00 - Pn-l(z) « a n (z - Zi)(z - Zi) » • * (z - *») 

_ 1_ / (g - zi)(z — fr) - - (z — g»)/00 (U 1 f (z — Zi)-"(z~ Zn\ i )f(0 dt 

2f7TZ J(? ( t — Z \ ) ( [t — £$) ’ * ' (J Zn) (£ — z) 2 tT£ Jq (£ — Zl) ' ' ' {t “ 

for g interior to a contour or set of mutually exterior contours C containing the 
Zk t the function /(g) being analytic on and within (7. Thus we find 

fla if m di 

2?r i Jo (t —z\) *■•(/ — z n . H ) ' 

In numerical computation, series of interpolation of polynomials have the great 
advantage over sequences of polynomials that the determination of thcj>oly- 
nomial p,i(z), when the polynomial is known, requires the determination of 

the single constant a n instead of n + 1 constants, the coefficients of the powers of 
gin p n (z). 

If a series of form (8) actually converges to/(g) in the points zi (for z = Zk the 
series is a finite sum), and if the Zh are all distinct, then the coefficients a* must 
be those of the formal expansion of f(z)> If a series of form (8) converges to f(z ) 
in the points zi not necessarily distinct, and if suitable derived series converge 
to the corresponding derivatives of /(g) in the multiple points zk (this condition 
is surely satisfied if (8) converges to f(z) uniformly on a point set which contains 
the Zi in its interior), then the series (8) must be the formal expansion of f(z). 

The formal expansion (8) of a given function f(z) surely converges 10 /( 2 ) in the 
points Zl, and may also converge to /(g) in various other points, as we shall see. 

One fundamental problem of interpolation is the representation or expansion 
of a given function, and another is the study of the existence of a function f(z) 
(perhaps with certain auxiliary conditions) which takes on prescribed values in 
given points. If functional values are given in the points (7) or in the points 
z u z 2) * • • , with the usual convention for multiple points, then the sequence of 
polynomials p n (z) or the series (8) can be determined whether /(z) exists or not. 
The convergence of the sequence p n (z) or the scries (8) may be a condition 
(necessary or sufficient or both) for the existence of the function f(z) and the 
sequence or scries may then actually exhibit the unknown function. This is 
familiar if all of the zi lie at the origin, but is true in various other cases; compare 
§§3.4 and 3.5. 

§3.3. Lemniscates and the Jacobi series 

A lemniscate is a locus of the form 

(9) r: | p(z) | = p > 0, p(z) s (z - ft )<2 - ft) ... 0 - ft) , 
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where fi and the fa are fixed, and z varies in accordance with (9); the fa arc not 
necessarily all distinct. If the Pi are fixed and g varies, equation (9) represents 
a family of lcmniscates; through an arbitrary finite point zo of the plane distinct 
from the fa passes one and only one lemniseate of the family, namely the 1cm- 
niscato | p{z) | = | p(zo) |. Wc shall now develop certain properties of the locus 
(9), as well as properties of the family. 

The lemniseate (9) is the image of the circle | to j ~ g under the transformation 
w S3 p(z) } so (9) consists of an analytic arc in the neighborhood of each point z } 
unless we have p*{z) = 0, In the neighborhood of a point z of (9) for which p f (z) 
has an ro-fold zero, the locus (9) consists of tn + 1 analytic arcs passing through 
the point z with equally spaced tangents, In the neighborhood of every point of 
(9) there are points z whore | p(z) [ > \i and also points z where | p(z) \ < p. When 
z approaches fa, the modulus | p(z) | approaches zero; when z becomes infinite, 
the modulus | p(z) j becomes infinite. Every Jordan arc joining a point fa to 
infinity must cut the locus (9). 

It follows that the lemniseate (9) consists of a finite number of finite Jordan 
curves which have a totality of no more than a finite number of intersections, 
roots of /'(«). Every point fa lies interior to one such Jordan curve, and (Prin- 
ciple of Maximum) lies interior to only one such curve. No finite region whose 
boundary belongs to (9) can (Principle of Maximum) have a point of (9) in its 
interior, and no such region can fad to have a point fa in its interior. Eu*ry 
point z interior to a finite region whose boundary points belong to (9) satisfies 
the inequality | p(z) | < g, and every finite point in the infinite region bounded 
by (9) satisfies the inequality | p(z) | > g. The* locus (9) consists of a finite 
number of mutually exterior Jordan curves unless points for which p f (z) — 0 lie 
on tlie locus. In this case the locus (9) consists of a finite number of Jordan 
curves which are mutually exterior except for such points. 

From the monotonic character of the loci U follows that when p is sufficiently 
small, (lie lemniseate (9) consists of one oval surrounding each of the points fa) 
if there are precisely.; distinct points £h, such a lemniseate consists of precisely 
j ovals When p increases, these ovals increase in size, in the sense that the 
locus | p{z) | = p > p is exterior to (he locus (9) and the locus (9) is interior to 
the locus | p(z) | =s g'. When a increases and the variable locus crosses through 
nn m-fokl root of p'(z), its components decrease m number by precisely m\ 
win'll the variable locus crosses through roots of p’(z) of total multiplicity m, 
the components of the locus decrease in number by precisely m. When p is 
sufficiently large, the locus (9) consists of precisely one Jordan curve. No 
more than j ~ 1 lemniscates of the family have multiple points. 

If the region | p(z) [ > p is of connectivity q, then every region | p(z) \ > pi > p 
is of connectivity q or ljss. If n roots of p*{z) he exterior to (9) and none on (9), 
each point counted according to its multiplicity, then the locus (9) consists of 
precisely n + 1 Jordan curves. 

A f ur flier geometric remark is appropriate. All roots of p f (z) lie in the smallest 
convex point set which contains on or within it the roots of p(z) (Lucas). Hence 
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any lcmniscale r which lies entirely exterior to this point sot must consist of £ 
single analytic Jordan curve. Some other geometric properties of loci (9) ant 
also of equipotential loci of Green’s function have recently been dovolopcd by lh< 
present writer [1936], 

Lemniscatcs are intimately connected with polynomial expansions: 

Theorem 3. Lei the function /(z) be analytic on and within the lernniscaU 
r : | p{z) | = n > 0, p(z) = •(? — ft)(z — pi) • • • (z — P\); then interior to I 
the function f(z ) can be expanded in a series of polynomials of which the n-tk tern, 
is a polynomial of degree X — 1 multiplied by the (» — l)-sl power of p{z). Tin 
sumS n (z)of the first n terms of the series coincides with f(z) in the points Pi, pi, 
fix, each counted of multiplicity n. Moreover, for z on the sctC\ \ p(z) j £ mi < M 
we have 

(10) 1/(3) - S n ( z ) I £ 


where Mi, independent of n and z, is suitably chosen. 

The lemniscalc r nmy consist of several mutually exterior contours. The 
function f(z) defined on and within one such contour need have no monogenic 
relation to the functions /(z) defined on and within the other contours. 

Wo define jS„(z) as the polynomial of degree \n — 1 which coincides in the 
points Pi (each counted of multiplicity n) with /(z). Then the polynomial 
S„(z) — <S„_i(z) is of degree \n — 1 and has n — 1 roots in each of the points p,, 
so is the product of [p(z)] n “ l by a polynomial of degree X — 1. That is, the 
formal expansion of /(z) can be written 

(11) /(z) = qi(z) + c/ 2 (z) p(z) + q 3 (z ) [p(z)] a + . . . , 


where q,(z) is a polynomial of degree X — 1. 
We have by (4), 


( 12 ) 


/(z) - S n (z) 


_1_ f [p(z)] n fit) dt 

2-ri J v [p (<)]“(£ - z) ’ 


z interior to r . 


For z on C and l on V we have | p(z) f ^ m < p. = | p(l) j, which implies con- 
vergence as stated in (10). 

Series (11) seems first to have been studied by Jacobi [1866], hut there have 
been many more recent uses of that scries, for instance by Hilbert [1897], 
Kiennst [1906], and Monlcl [1910]. 


§3.4. An analogous series of interpolation 

A series of interpolation which possesses many of the properties of (11) nmy Ire 
found under the same hypothesis as follows. Let S[ n (z) bo the polynomial of 
degree j — 1, 0 < j g which coincides with/(z) in the points Pi, pi, ••• , pp 
let S^\z) bo the polynomial of degree j + X — 1 which coincides with f(z) in 
the points Pi, Pi, • • • , Pi, pi, pi, • • • , in general lot iS ( ^ ! (z) be the polynomial 
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of degree j + (n — 1)X — 1 which coincides with f(z) in the points ft, ft, • • • , ft 
each counted of multiplicity n and in the points ft. h i, ft+s, • • • , ft each counted 

of multiplicity n — 1. The convergence of S[P(z) to f(z) for z interior to r can 

be proved just as before. The equation analogous to (12) is 

ft \ _ q(f)t \ _ J_ f (* - ft)(g - ft) ♦ • • (z - ft)[?j(z)J"~V(t) (U 

J n w ~ 2 ri i,. (< - ft) (< - ft) • ■ • {t - mm *- 1 ( t-z y 

z interior to P, 

and we have as before* 

(13) \f(z) - S\p(z) | jg M<*Wvy, z on C, 
where M {}) is independent of n and z . 

In our present notation, the sequence S n (z) of §3.3 is the sequence S^Kz), 

We denote now by p n (z) the (n + l)-si term of the sequence 

(14) &{'(»),&'<?), ... .S^S^S^z ), ... ■■■> 

so that pn(z) is the polynomial of degree n which coincides with f(z) in the first 
7i + l points of the sequence 

ft, ft, ‘ * • , ft, fih ft) ‘ * * > ft) fib ft) * • * < 

Thus p n (z) is the sum of the first n + 1 terms of the senes of polynomials corre- 
sponding to the sequence (14), which is a series of interpolation : 

f(z) « iiq + m (z - ft) + ao(z - ft)(* - ft) + • • 

(15) +a x (z - ft) ■ - . (2 - ft) + axn(* - ft) * • 0 - ft)0 - ft) 

+a x + 2 (z - ft) - • -(s - ft)(c - fix) (z - ft) + 

This series possesses interesting properties entirely analogous to the properties 
of Taylor’s series, which is the special east* that all the ft coincide, n bother X is 
unity or greater than unity. 

Theorem 4. If the junction f(z) is single-valued and analytic throughout the 
interior of the lemmscatc l w :| p(z) | — ju', p(z) = {z — fi\)(z — ftj) — * (z — ft), 
but is not single-valued and analytic throughout the interior of any Jemni scale 
| p(z) \ ~ n" > n r > then the formal development (15) of f(z) found by interpolation 

in the points ft converges to f(z) interior to T', uniformly on any closed point set 

interior to r', and diverges exterior to l 1 '. Moreover, we have 

(16) lim | a„ |’/ B = l/V) lA , 

n— >oo 

(17) |/(z) - p„(z ) | ^ Mini/ii)" 1 *, for z on C: | p(z ) | < p, 

* Inequality (13) can also bo proved from Theorem 3 by virtue of the remark concerning 
equation (20) below. 
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where M is independent of n and z bul not of pi and p } where p n (z) is the sum of l 
first n + 1 terms of (15) , and where p > p x is ct7i arbitrary positive number less than t 

If there be given an arbitrary function f(z) analytic in the points 0„ the 
exists a greatest number p' (finite or infinite) such that f(z) is single-valued ai 
analytic interior to r': { p(z) | « ju'. Othcnvise expressed, r' has the proper 
that the function /(z) can bo uniquely extended analytically along paths in tori' 
to r' from tho j 3/ to each point interior to r' ; but this property holds for i 
I emniseate | p{z) \ = p" > The function/^) defined in the ncighborhoc 
of one of the points 0, need have no relation to the analytic extensions of tl 
function f(z) defined in the neighborhoods of the other points 0,, Hither 
has on it a singularity of /(z), or r' has at least ono multiple point and the a 
alytic extensions of f(z) to that point from the various points 0, along paths i 
tcrior to V r do not coincide, or both of these eventualities occur, 

The greatest number p' exists, for f(z) is surely analytic interior to some lei 
niscatc | p(z) \ = p \ if p is sufficiently small, the Iemniseate consists of small <•<> 
tours in tho neighborhoods of the points 0„ where f(z) is known to be nnalyti 
If f(z) is single-valued and analytic interior to each of the lcmnisnilos | p(z 
— WU, where m\ < m 2 < w 3 < * * - — * p l t thcn/(«) is single-valued and amilyl 
interior to the Iemniseate | p(z) | = p\ for /(a) can be analytically extended fro 
the 0/ along a path interior to P'; | p(z) \ ~ p' to any particular point z inten 
to F'; such a point z lies interior to some Iemniseate l p(z) | = nu Such i 
extension along paths interior to F' must be unique, for any two paths inter! 
to T' also lie interior to some Iemniseate | p(z) [ = nn. Wo proceed with l 
proof of Theorem 4, 

Inequality (13) can be written in the following form : 

1/00 - Pn(z) | ^ M<’>(p x /p) m « £ MMfai/v)**, z on < 

where n = j + {m — 1)X — 1,0 < j g X, and tins implies (17) if M is chosen 
tho greatest of the X quantities M&. Inequality (17) includes tin 1 assert ion 
Theorem 4 relative to the convergence of (15) interior to F'. 

Let us rewrite (15) in the form 

/(*) = £ a <> ?»(*) • 

»*»0 

By inspection of the sequence <],»\ +) (z) for fixed j, 0 < j £ X, m = 0, 1 , 2, . . 
we have for fixed z 

lim Ifou/z) l u<wH ' ,t = |75(2) [ L, S 

and this limit is approached uniformly for 2 on any Iemniseate t\ Indeed, i 
is not a point (3/, we have 

log | q^+M | ,/(mX+ '> = j-; Log | (2 - ft) ... (2 - 0,) j + - JL- log | p(a) 

which justifies the remark. The remark holds for every j, so we have 
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lim | q n (z) | 1/n = | p(z) | ,ft , 

n~>oo 

for every z, uniformly on any lemniscato T\ [ p(z) | = p. 

It is perhaps most satisfactory in the study of (16) to prove a general theorem : 

Theorem 5. Let us suppose that the limit 

(18) lim | q n {z) | 1/n = | q(z) [ 

t\-+OQ 

exists on some point set C and let us introduce the notation 

lim | a M I 1 '" = 1/A , 

r\—+oo 

where the a n are arbitrary, and where A is finite or infinite. Then the series 
X) ^nq n (z) converges at all points of C at which \ q(z) | < A } uniformly at all points 
of C at which \ q(z) [ q < ,4 and at which (18) holds uniformly, and diverges 
at all points of C at which \ q{z) | > A. 

For points z on the set C at which | q{z) | ^ q < A and at which (18) holds 
uniformly (choose qi and q 2 , q < qi < q* < A), we have uniformly for n suffi- 
ciently large 

| qn(z) | 1/n ^ qi > q t \ a n | 1/n g 1 Ays > 1AI ♦ 

Then for n .sufficiently large we have uniformly 

| a„q„(z) | g (fli/ffs)", <h < <72, 

so the given scries converges uniformly. This proof yield?-* also con verge nee at 
an individual point of C at \\ hich | q(z) | < .1 . 

For a point z on the set | q(z) \ = q > A (choose qi and q%, q > q x > <i 2 > A), 
we have for n sufficiently large 

I <!n(z) | ,/n fe qi < q. 

For an infinity of indices n we have 

| a, I 1 '” § 1 /qt < IAI. 

Then for an infinity of indices n the inequality 

| a„q„(z) | ^ (qi/qt)*, ?i > Qu 

is valid, so the general term of the given series docs not approach zero, the series 
cannot converge, and Theorem 5 is established. 

We add the following 

Corollary. Suppose the functions, q n {z) of Theorem 5 are polynomials, that 
the function q(z) can be chosen some positive power of a polynomial , and that (18) 
is valid uniformly on each locus | q{z) | «= q corresponding to a set of numbers q 
everywhere dense, 0 < q < <® . Then the series ]£ a n q n (z) converges at all points at 
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which | q(z) | < A, uniformly on any closed set \ q(z) | £ a < A, and diverges at 
points at which | q(z ) [ > A and al which (18) is valid. 

Uniform convergence of the given series on a locus j q(z) \ = q implies unifo 
convergence on and within that locus (a lemniscatc if q ^ 0). Theorem 6 sho 
that the given scries converges uniformly on any locus | q{z) \ - q < A, wher 
belongs to the favored sot; if a < A is given there exists such a q, a < q < 
and this completes the proof of the corollary. 

Under the conditions of the corollary, there is consequently a lemniscatc 
convergence y : j q(z) j = A, which degenerates to a finite set of points if A = 
and includes the entire plane if A = °°. Tho given scries converges interior 
7, uniformly on any closed set interior to 7, and diverges at all points exterior 
7 at which (18) is valid. 

For the application of this Corollary to series (16) of Theorem 4, we set q{z) 
p(«) 1,x . Then (15) converges at all points interior to some locus | p(z) | = 
(a lcmniscale if ^ 0, m ^ Vj ), uniformly on any interior closed set, and 1 
verges at all exterior points. We have already proved that (15) converges 
all points interior to | p(z) | = p' . Series (15) can converge uniformly on 
lemniscatc j p(z) \ — p" > p', for /(z) is not single-valued and analytic throng 
out the interior of any such lcmniscale. Hence l 1 ': | p(z) j = p' is the lomn 
cate of convergence of (16), so (16) follows from Theorem 5, and Theorem 4 
completely proved. 

Special typos of series (16) have been considered by various writers, but I 
general series (15) seems first to have been studied by ICicnast [1906]; com pa 
also Martinotti [1910]. Some further properties of such series, particularly > 
the lemniscatc of convergence, arc obtained by Walsh and Curtiss [1935], 

§3,5. A more general series of interpolation 

It seems reasonable to suppose, from the treatment just given of the parlieul 
scries of interpolation (15), that broadly speaking the convergence of an arl 
trary series of interpolation 

(19) /(z) = a 0 + cti(z - Si) + a t (z - zi){z -*») + ... 

depends not on the entire sequence of points z K , but merely on the usymptol 
character of the sequence z k , We shall shortly make this remark more preei 
(Theorem 6), but meanwhile a general fact regarding the arbitrary series (19) 
of importance, 

The series 

/(z) — gq — CTi(z — Zi) — • • ■ — q t -|(z — Z t ) • » • (z — Zji-i) 

(20) (2 — 2l) (z - Zs) • • • (z — Zk) 

— a *- + — Z k\\) + (lk+l{z — Zi + i)(z — Z, _ ( 2) -|- . 

is also a series of interpolation, and if the coefficients a 0 , a 1( • • . , , have be< 

determined from (19) by interpolation, then formal determination of tho coof 
cicnts a*, m.-t-i, • > • by interpolation from (20) is equivalent to formal determin 
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tion of those coefficients from (19), The coefficient a ¥ {v ^ k ) is found from (19) 
by differentiating (19) a number of times m equal to the number of times z„+ 1 
appears in the set z l} z* f • * ■ , z Pf and then setting z ~ z y +u The coefficient a v 
is found from (20) by differentiating (20) a number of times n equal to the 
number of times z v +\ appears in the set z^i, Zk +Z) ♦ • • , z y) and then setting 
z sw z„+ 1 . In the latter ease we have divided by (z — zi)(z— z z ) • ■ • (z — ^^), 
which contains (z — z y + 1 ) as a factor precisely m — n times. In each case, 
whether in (19) or (20), the coefficient a y is so chosen that the expression 

f(z) — cio — <h(z — 3i) — a 2 (^ — Zi)(z — « a ) — ■ * * 

- a,(* - 2l)(z —«»)••• (Z ~ Zy) 

has a zero of order at least in + 1 in the point z — z„ +l , and this condition 
defines a v uniquely (§3.2) in terms of the coefficients ao, cu, ■ • • , a v ~ i. Thus the 
successive determination of the coefficients a*, cik+ i, • * • from (20) is equivalent 
to the determination of those coefficients from (19), 

The great advantage of (20) over (19) in the proof of the convergence of (19) 
is that the points of interpolation z if z z , • • • t zi? no longer appear explicitly in 
(20), yet convergence of the one series implies convergence of the other except in 
the points z — z Jt j k, so it is clear that the convergence or divergence of (19) 
for large classes of functions /(z) depends only on the ultimate behavior of the 
points of the sequence If the function /(a) is analytic at a point or in a re- 
gion, the left-hand member of (20) is also analytic at that point or m that re- 
gion, provided of course a suitable definition of that left-hand member is supplied 
in the points z u z Z} • , z* 

The transformation (20) of series (19) is to be used in proving a generalization 
of Theorem 4 : 

Theorem 6. Let the sequence fi [, fi ' 2 , • * * be asymptotic to the sequence 


fib 02 , • * • , fix, fib 02 , • * • , fix, fib 02 , * * * 

in the sense 

lim fi' yXn = fi l} lim p' yX 4 2 = ft, ■ • ■ , lim fi[ x « 0x . 

y~* so *<o 

If the function f{z) is defined in all the points fi' } and satisfies the hypothesis of 
Theorem 4, then the formal development 

(21) f(z) = cio + Ci (z — fii) a z (z — 0i)(z — 0 2 ) + * • • 

found by interpolation in the points fi\, converges to f(z) interior to V', uniformly 
on any closed point set interior to r', and diverges exterior to T f except in the points 
fi\ exterior to T\ Moreover } we have (16) and (17) satisfied t where the a n arc now 
the coefficients in (21) and p n (z) is now the sum of the first n + 1 terms of (21). 

It is convenient in the proof of Theorem 6 to study the X different subsequences 
chosen from (21) analogous to the X subsequences jS^GO considered in §3.4. 
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The treatment is similar for all the X sequences, so wo lake up in dclail a singl 
sequence, the analogue of the Jacobi sequence of Theorem 3. 

Let n < it 1 and m < p be arbitrary, and lot us choose p a, and mi, such thn 
we have m < ns < m < m < ga/Va = pi/p { our notation is the same as that c 
Theorem 4. Tor l on T: | p(e) \ — p 4 \vc liave uniformly 

(22) lim | 0 1 - p' rW )(l - /?J X+I ) dO | - I p(0 I - w, 

and in particular for suitably large v we have 

(23) i a - ~ js; x+2 ) . . . « - fii, hl)A ) i > nt. 

For 2 on C": | p(z) \ — wo have uniformly 

lim | ( z - 0' fX +i)(* - Pyi+i) ■ • • (* - m) I = I p(«) I = Mt . 

v —kx> 

so for suitably large v we liave 

(24) j (z — /Lx-nX 2 ~ £Lx+a) • • * ( 2 — k+dx) I < Ma • 

We now make the transformation of (21) which corresponds to (20) ; we writ 
(20) in the form 

(25) F(z) — -1- (p/xs-i (z ~ Phi+i) + %x+a( 2 — ■ ftvx-i-iH 2 ~ #wxia J + ■ • • 


where N is so large that for v ^ N inequalities (23) and (24) are valid for t on 
and z on (?'. If S„(z) is the polynomial of degree X>t — 1 which is the sum of ll 
first Xn terms of the right-hand member of (25), wo have for zon (", 


(26) 


T(z) - SM - 


I f (z — S . vf, 1 - 1 ) » • • (z — P(\' I n ) X ) Fit) (It 
2iri Jr ( l — /l jV \ 1 1) • • - (/ — it — z) 


| F(z) - &(*) | g MMixtY = rlliW/O”, 


where Mi is suitably chosen. 

Wc prefer to express (26) in terms of /(z) and the original sequence of (21 
The function (z ~ & ()(z - p t ) < • • (z - jS^), where A r is fixed us above, ishinilt 
on C, so we have whenever (m -j- 1)/X is an integer greater limn N, 

(27) j /(z) — p m (z) | i ^Il(mi/m)~ w+c ’ ,h ' i,,j ' = JW’ , (jui/fi)’" A , z on 

where p„x{z) denotes the sum of the first m + L terms of the. righl-haml memh 
of (21). This inequality clearly holds whenever (m -(- L)/Xisan integer, whelh 
greater than A r or not, if wc permit a suitable modification of M [ and M '. 

Inequality (27) can readily he proved (with possible modification in the eo 
stant M') for the indices m corresponding to each of the remaining A — 1 s 
quencos analogous to ,S'„(z), and hence (27) holds for every m and for z on < 

I p(z) | ^ Mn Thus (17) is established for Theorem 6. 

As a general remark, which is entirely independent of the present situation, \ 
notice that the relation 
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(28) lim [ g n (z) | = | g(z) | ^ 0 
implies the relation 

(29) lim | 0 i (z) -gt(z) • • ■ 0 »(z) | l/, ‘ = | g(z) | , 

It-* oo 

provided the Qi{z) are bounded from zero; and we notice that if (28) is valid uni- 
formly and the (j k (z) are uniformly bounded from zero, then (29) is also valid 
uniformly. The proof is immediate if we make use of the fact that converg- 
ence or uniform convergence of a sequence implies convergence or uniform 
convergence of the sequence of Cesfivo moans; equations (28) and (29) are 
equivalent respectively to the equations 

lim log | 0 „(z ) | = log | g(z) | , 

H — *C0 

lim [ °8 I I + lo E I <72 (*) I H + log I oM 1 = log j g ( z] | 

Jl— >00 W 

Wo wrilo (21) in the form/(z) *» £“_o a n q n (z). By virtue of ( 22 ) and the re- 
mark just made, we have 

lim | | 1/m = | p(z) | , 

m-ioo 

and thi.s implies (the proof is cany if logarithms are considered) 

lim | q u (z) | l/ " - | p(z ) | 1/x , 

?: - *00 

uniformly on any I’: j p(z) \ = n > 0 or on any dosed arc of any 1 ’ which does 
not pass through a point /S'. Kxtenor to any lemniscale T there are at most a 
finite number of points /?'. It follows then from the Corollary to r rheorcm 5 
that, a series ( 21 ) where the tn are arbitrary converges at all points interior to 
a eertain lemniseate | p(z) ( = g (g = 0 or » not excluded) and diverges at 
all points other than the 0 ,' exterior to tins locus. The reasoning used in con- 
ned ion with Theorem *1 can now be applied directly; this proves (16) and com- 
pletes the proof of Theorem 6 . 

It is remarkable that in Theorem 6 any values whatever can be assigned to 
f(z) in the points 0 „ which lie oil or exterior to W, and the scries ( 21 ) con- 
verges to those values in such points ami lo/(z) interior to I w ; this is true even 
if f(z) Ims the lemniseate F' ns a natural boundary. In particular, we may 
choose /(z) as different from zero in points 0 » on or exterior to l 1 ' and identically 
zero interior to F'. Then wc obtain a series ( 21 ) which represents the function 
zero interior to F* but whose coefficients do not all vanish; an explicit example 
is given in § 8 . 2 . 

Let the points 0* satisfy the requirements of Theorem 6 . If f(z) is given 
single-valued and analytic interior to a lemniseate F": J p{z) \ = n", then one 
may care to choose values other than those of f(z) for interpolation at a finite 
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number (but not all) of the points fi' n interior to T". If this is done, lo 
be the smallest of the numbers | p(/3' n ) | for the points ft, in which values ol 
than those of f(z) arc used for interpolation. Then the lenniiscalc T': | pi 
= n 1 is the lemniscate of convergence of (21), for if (21) is written in the f< 
(26), whore N is sufficiently largo, the function F(g) is single-valued and n 
iytic interior to I 1 ' but not interior to any | p(z) | = n"' > n'. 

Let the points fl'„ still satisfy the hypothesis of Theorem 6. A ncccss 
and sufficient condition that a series of form (21) where the a„ arc arbitr 
should converge at even a single point different- from the ft is that lim| a n 
be finite. If this condition is satisfied, the scries converges at all points 
terior to some lemniscate Ift and the series is the unique formal expans 
(found by interpolation in all the ft) of the function represented. 

The situation of Theorem 6 is of particular interest in the case X = 1. Sei 
(21) then has properties quite similar to those of Taylor’s series, and is of intci 
in connection with both the problems of interpolation mentioned at the end 
§3.2. If/(z) is given analytic in the neighborhood of the point ft, the scries (’ 
converges to f(z) in some neighborhood of ft. In particular, two distinct fu 
tions/(z) analytic at ft cannot have the same values in the points ft (all disti, 
or not), for they have the same formal development, and that dcvolopmonl 
valid in some neighborhood of ft. If the functional values arc given in the poi. 
ft (distinct or not), Theorem 0 may be used to give a necessary and sufiieii 
condition ( in terms of either the convergence of the series (21) or condition (l 1 
for the existence of a function /(z) analytic in a given neighborhood of ft taki 
on the prescribed values. Moreover, the exact radius of convergence of 0 
may be found from (16), and this yields information concerning the singularil 
of f(z) if the latter exists. 

This special case X = 1 of (21) has been studied by Bondixson [1886] a 
others. 
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DEGREE OF CONVERGENCE OF POLYNOMIALS. 
OVERCONVERGENCE 

§4,1. Equipotential curves in conformal maps 

Tho oquipotonlial curves for Green's function for an infinite region with pole 
at infinity arc similar in character to tho lcmniscatos that wo described in §3,3: 

Theorem 1. Let Che a closed limited point $et A of the z (~ x + iy) -plane whose 
complement K (with respect to the extended plane) is connected and regular in the 
sense that K possesses a Green l s function G(x> y) with pole at infinity. Then the 
function u) = <h(z) = where H is conjugate to G in K, maps IC conformally but 
not necessarily uniformly onto the exterior of the unit circle y in the w-plane so that 
the points at infinity in the two planes correspond to each other ; interior points of 
K correspond to exterior points of y, and exterior points of y correspond to interior 
points of K. 

Jiach equipotential locus in K such as C«: G(: r, y) « log R > 0, or j <t>(z) | = 
R > 1, either consists of a finite number of finite mutually exterior analytic Jordan 
curves or consists of a finite number of contours which are mutually exterior except 
that each of a finite number of points may belong to several contours, 

Green's function (!(x f y) with pole at infinity for the region K is the unique 
function which is harmonic in K except at infinity, which outside of some circle 
C* can be expressed as log (.r 2 + y 2 ) lfi plus some function harmonic exterior to C' 
mid approaching a finite value at infinity; and which is continuous in the closed 
region K except at infinity and vanishes on the boundary. 

The function <t>(z) is uniquely determined except for a multiplicative con- 
stant of modulus unity. When K is simply connected that constant is usually 
chosen so that we have c//(*>) > 0, 

If K is multiply connected, the function w = <t>(z) cannot set up a one-to-one 
continuous correspondence between the points of K and the points exterior to y, 
so w = (j)(z) cannot be single-valued in K, The branch points of <£(z) can have 
no limit point interior to 7C, as we shall shortly prove. The modulus of 0(z) is 
c° } which is single-valued in K, 

If K is the complement of an arbitrary closed limited point set consisting of 
more than a single point, and if K is simply connected, thfen K is necessarily 
regular ; indeed, this follows from the existence of the mapping function w = 

More generally/ the complement IC of C is regular if it is connected and of finite 
connectivity provided C is closed and limited and has no isolated points. 

* Sco for instance Lobesguo [1907J or Osgood [1912]. 

By successive mapping of K using tho ordinary results on the mapping of a simply con - 
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If C is the point, set 1 1 [ I r, the function <j>(z) is z/r, and the locus Cn is 
circle \z\-rR, If 0 is the point set — 1 S z ^ 1, z real, the mapping func 
w is given by z = \{w + ] /w), and the locus Cn is the ellipse whose foci are 
points +1 and —1, and whoso semimajor axis is $(It + l/R). 

If K is simply connected, it follows directly from the conformal map 1 
Cn is the transform of the circle [ to \ — R, and hence is an analytic Jor 
curve, Moreover, the locus Cn always lies interior to the locus CV, R' > 
The situation is not quite so simple if K is multiply connected. 

In our discussion of the more general loci Cn, wo make frequent use of 
fact that a function harmonic but not identically constant in a region can h 
no maximum nor minimum in thal region, and if identically constant in sc 
subregion is identically constant in the entire given region. 

A critical point of G(x, y) is a poinL (interior to Ii) where both first par 
derivatives of G(x, y) vanish, or if we prefer, a point where <i>'{z) vanishes; it 
be noted that the vanishing of the derivative of any particular branch of <f>(z) i 
point z = z' implies the vanishing of the derivative of every branch of <j>{z 
z = z' . There are at most a finite number of zeros of 4>'{z), bonce at mos 
finite number of critical points of G{x, y) in any closed region in A"; any h 
point of critical points of (7(;r, y) cannot be infinite and must lie on (’. 

Through an arbitrary point (xo, yo) of K passes one and only one locus 
namely, the locus G(x, y) = G(xt>, yo), In the neighborhood of such a point, 
locus Cn is the image of the circle | w | = R under the transformation w — <!> 
and hence C, t consists of a single analytic arc if <!>'( Xo -[• iya) ri- 0 and of in - 
branches through (x 0 , yo) with equally spaced tangents if (,r 0 , y«) is an in - f 
root of 4>'(z) (i.c., an m-fold critical point of G(x, ?/)). In the neighhorliood 
every point of Cn there arc points (.?, ?/) of K where (l(.v, y ) > log R and n 
points (x, y) where G(x, y ) < log R. 

When (,r, y) approaches C, the function G(x, y) approaches zero; when (.r, 
becomes infinite, the function G(%, y) becomes infinite. ICvery Jordan are jo 
ing C to infinity must cut each C n , Wo can now conclude that (’„ consists o 
finite number of finite Jordan curves which hnve a totality of no more Ihai 
finite number of intersections. Every point of C lies interior to one and <n 
one such Jordan curve of a given Cn. No finite region whose boundary I 
longs to Cn can have a point of Cn in its interior, and no such region can fail 
have at least one component of C in its interior. Every point (.r, y) of 
interior to a finite region whose boundary belongs to Cn satisfies the incqunl 
G(x, y ) < log R, and every finite point in an infinite region interior to 
whose finite boundary points belong to Cn satisfies the inequality (!(x, y) 
log R. The locus Cu consists of a finite number of mutually exterior Jord 
curves unless critical points of G(x, y) lie on the locus. In the latter case l 
locus Cn consists of a finite number of Jordan curves which arc mutua 
exterior except for such critical points. 


ncctecl region, we can map K onto a region bounded by analytic Jordan curves; compi 
§4.3. Then other well known methods [Bicbcrbach, 1027; Kellogg, 1929] can bo applied 
prove the regularity of K. 
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It follows from the monotonic character of the loci that when R is sufficiently 
small the locus Cr consists of one contour surrounding each component of C f 
provided K in of finite connectivity, Whether K is of finite or infinite con- 
nectivity, when R increases the contours of Cn increase in size, in the sense 
that Cr is always interior to (V if R < R\ When R increases and the vari- 
able locus crosses through an ?rc-fold critical point of G(x } y) } its components 
decrease in number by precisely m; when the variable locus crosses through 
critical points of £?(#, y) of total multiplicity m } the components of the locus 
decrease in number by precisely m. When R is sufficiently large, the locus Cr 
consists of precisely one contour. 

The point sot G(z> y) > log R lias C n as its boundary and hence must be a 
region. If this region is of connectivity q f then the region G(x, y) > log R f 
> log R is of connectivity q or less. If m critical points of G(: r, y) lie exterior 
to C R and none on Cr, each point counted according to its multiplicity, then Cr 
consists of precisely m + 1 Jordan curves. The region G(x i y) > R is always 
exterior to ( and the point sot G(x f y) < R is always interior to Cr. 

If K is of connectivity (j, the point at infinity considered an interior point, 
then no Cr can consist of more than q contours. The function G(x, y) has pre- 
cisely q — 1 critical points, counted according to their multiplicities. No more 
than q — 1 loci Cr have multiple points, If K is of infinite connectivity, the 
function (t(x, y) lias a countably infinite number of critical points, the loci 
(\ f C Ut7 - • . which pass through critical points of (70, y) are countably infinite 
in number, and R n approaches unity as n becomes infinite. 

The loci Cr will he of much importance in the present chapter and the suc- 
ceeding oik'S We shall consistently use the notation f*; even if a limited 
point sot r consists of a number of Jordan curves or oilier point sets which 
separate the plane, if the exterior of C is denoted by K, then the function 
w = <l>(z) winch maps K onto the exterior of the unit circle in the ic-pluno 
( 0 (w) = k) lends directly to loci | (j>(z) \ - R > 1 in K which we denote as 
before by Cr We add for reference several other remarks concerning the 
loci Cr. 

If the function w = </>(2) maps K onto the exterior of y so that the points at 
infinity in the two planes correspond to each other, the function w ~ (j>(z)/R 
similarly maps the exterior of Cr onto t he exterior of 7 . Thai is to say, the locus 
(r«]/e is the locus | <t>(z)/R | = R r } or the locus C lttt *. 

]f C is hounded by a Icmniseutc and is the point set C: \ p{z) \ £ p > 0 , 
p(z) « (z — Zi)(z — Z 2 ) ■ • • (z “ z\) f then the function <t>(z) can be chosen as 
[p{z)/iA lf)K y and the curve Cr is the lomniscatp | p(z) | = pW. 

Let C 1 be a closed proper subset of the set C of Theorem 1 and let G'(x , y) be 
Green's function with pole at infinity for the complement K' (supposed con- 
nected and regular) of C\ Let C' H denote the locus 6 f (x } y) — log R > 0. 
Then Cr lies interior to Cr. The function G\x } y) ~ G(x } y) is harmonic in /C, 
has only a removable singularity at infinity, is non-negative at each boundary 
point of K } and at some boundary points of K (namely those boundary points 
of K not boundary points of IC) is actually positive. Then the function 
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G'(x, y) — (?(rr, y) is positive at every (interior) point of K, At every po 
of Cn, we have G' — G = G' — log R > 0 t so the value of G'(x, y) is grea 
than log R. That is to say, the locus C‘ n lies interior to G\. 

We add a further remark relative to the critical points of the function G(x, 
of Theorem 1, which may be proved [Walsh, 1935] by the use of Lucas's thoor< 
(§3.3) and the mothods of §4.2: All critical points of G(x, y) lie in the small 
convex point set which contains 0. Consequently, any locus C* which lies c 
tiroly oxlerior to that convex point set must consist of a single contour. T 
locus | <j>(z) | = R, where R is greater than the maximum of | <h(z) | on the boun 
ary of that convex point set, therefore consists of a single contour. 

In the particular caso that tho point set C of Theorem 1 is bounded by a fini 
number of mutually exterior analytic Jordan curves, the function G(x, y) can 
extended harmonically across thoso curves into the interior of C; this follov 
after a conformal map of any; of those curves onto the axis of reals, by Schwav: 
principle of reflection. We proceed to prove that the function G(x, y) can lm 
no critical point on the boundary of C; that is to say, for K tho interior norm 
derivative dG/dn is always greater than zero on C. On C wo have dG/ds ~ 
so the vanishing of dG/dn on C would imply a critical point of G(x, y) on 
In the neighborhood of a critical point of G(x, y) the locus G = 0 consists 
several branches with equally spaced tangents. No point of the locus G = 
can lie exterior to C, and the boundary of C can have no corner; hence; tl 
boundary of C passes through no critical point. 

§4.2. Approximation of Jordan curves by a lemnlscate 

Wc shall apply the results of §§3.3 and 3.4 in the study of approximation I 
polynomials on quite general point sets, and in order to carry out that applicalh 
it will be convenient to maico use of 

Theorem 2. A finite number of arbitrary mutually exterior analytic Junk 
curves of the finite z-plane can be uniformly approximated by the same lonniscal 
that is to say, given a point set G which consists of the mutually exterior analyt 
Jordan curves IC i, Kt , • • • , K,, and a number ij > 0 such that the distance belwei 
any hoc curves K { and Kj is greater than 2y, then there exists a lemniscale ] 
| (z — af){z ~ af) • • . (z — «*) | *= p > 0 exterior to C which consists of v mutual 
exterior contours each containing in its interior precisely one of the curves K„ sue 
that no point of T is at a distance from C greater than y. 

Let G(x, y) be Green's function with pole at infinity for the complement K ( 
C, and suppose in the neighborhood of the point at infinity we have G(x, y ) = 
log (x 1 2 -|~ y 2 ) m A- G a (x t y), where G 0 {x, y) approaches the value — g as (.t, % 
becomes infinite. We shall prove that for the function F(x, y) = G(x, y) + 

(1) V{x, y) — [ Us) log r ds , Us) - ± ^ ^ , 

Jc 2 tt On 

n being the exterior normal for C t where r = | z — f |, ds = | |, and z « x + i 

is an arbitrary point of /f, 
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Lot C' denote a circle whose center is P: (x, y ) which contains C in its interior. 
We have 


(2) G(x,y) = ± 


dn dn 


— f (\ogr— ■ 
2 irj cl \ er dn 


, 3 log n 
dn ) 


where as before r = | z — £ |, ds = | rff |, and n is the interior normal for the 
region bounded by C' and C; equation (2) is valid even though C 1 depends on 
(x, y ). In the second integral on the right-hand side wo make the substitution 
G - log r + (?,. Even though r is not | f (, the function G,($, v ) approaches 
the value — g as f = £ -f iy becomes infinite. By Gauss’s mean value theorem 
applied to the exterior of C' we have 


4f o.Omids, 1 f 0,02*1 ds, 

2ir Jc' dn 2ir J c , ■ dn 


and we have also 


[ log r ^ ds = 0. 
Jc' dn 


If we use the fact that G vanishes on C, we now have 


G Or, y) + g = 




which is equivalent to (l). 

Let K[ f , K f y ]>o mutually exterior Jordan curves in K which contain 

in their respective interiors Uu 1 curves K\ } , K n such that no point of 

K\ is at a distance area l or than the prescribed rj from K } ; such curves K] exist, 
by §1,3, Corollary to Theorem 2. The function V(xj y) is continuous on all the 
K\t and on all those curves takes on a minimum value Q\ > g. Each point of 
tlic I\ \ lies on or exterior to the locus G(x f y) g x — g . Let us choose €, 
0 < c < (ffi — j7)/2. Tins locus V sb g -f e is the locus G(x, y) = e t which 
therefore (§4.1) consists of v contours lying in the respective rings /C y /f ' . 
Similarly, the locus i T = ffi - t is the locus G(x } y) = g x - g - e } which con- 
sists of v contours 7 \ lying in the respective rings y, K' r 

Let us introduce the notation ?<o = ^i(s) ds. The function <j>i(s) is positive 

on C } by §4.1, since it is except for the factor ( 2 tt)~ 1 the normal derivative of 
Green's function for a region bounded by a finite number of analytic Jordan 
curves. We can introduce a new variable 


=f 


^i(s) ds 


defined at all points of C, and «(£) varies monotonically from 0 to u 0 when s 
varies monotonically from 0 to the total length of C. If u is suitably defined on 
C, the one-to-one-ness of the correspondence between points of C and points of 
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the interval 0 3= u 2 = wo fails in at most a finite number of points of C or 
that interval. Then by (1) we can write (this now n has no connection with l 
previous n ) 


FOkj v) 




log ?■ du , 


(3) V(x, y ) = Ilm -- (log n + log r 4 + ■■■ + log r„) , 


where i\ } ra, ,r ft arc the distances from z to n points f,» of C which correHpoi 
to the n equidistant values Ua/n, 2th/n, « • • , Wo of u in tho interval (0, 14 ). T 
points depend of course on n t but for simplicity that dependence is not in< 
cated in the notation. 

Equation (3) is valid uniformly on any closed limited point set K f interior 
K } for on K the function log r is continuous and hence uniformly conlinuoi 
Wo can write 


V(x, y) - — (log n + log n + 
n 


(4) 


4* **) 


/i 

-£/ 

.»«n Jf* 


{m+\)uifn 


0 Jmu 9 fn 


(logr - log | ,) di 


The right-hand member is in absolute value not greater than the maximum ■ 
(5) Fo | log r - log r„ h | 


for z on K', for m = 0, 1, < ■ •, n — 1, and for f on the portion of (' represenh 
by 

muo/n g u sS (»i -(- l)i( 0 /«. 


To be sure, it may occur that £ and £ m lie on different curves K„ but (hat c« 
happen for at most v terms of the right-hand member of (‘I), lerms whose sm 
can be made uniformly as small as we please in absolute value. If we exclud 
those v possible terms, tho quantity (6) enn be made as small us we please uu 
formly for all z on K r , and hence (3) is valid uniformly on K 1 . 

Let us now choose X, g + e < X < g y ~ e, and choose <•' > 0, g e < X- 
«' < X -f «' < jfi — e. Clioosc N so large that for z in the closed rings y,y', w 
have 


V(x, y) - ~ log (n n 


r N ) 


< «' 


Denote bj r F the locus ( u 0 /N ) log (?‘i r s . . . r«) = X, which is a lcmniscalc 

I (2 - £0(2 - £ 2 ) * • • (z — £jv) | = ; 

wo shall prove that F is the lemniscato desired. 

Any Jordan arc (in the ring 7 , 77 ) connecting a point of 7 , with a point of 7 
must intersect F, for on 7 / we have (ua/N) log (r, ?v) < ^ -f e + e' < >. 
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and on y f t we have (uq/N) log (?\ r 2 • • • Tn) > gi — e — e' > X. At a point (is, 
of r in a ring we have ^7 + € < X — e'< V(x } y) < X + e* < ffi — e, so 
P cannot intersect y 3 or 7 ). The points all He on C. Then Y cannot (§3.3) 
consist partly of a contour in y^ which does not contain 77 in its interior, cannot 
consist partly of more than one contour in any ring 7,-7/! cannot consist partly 
of a contour interior to any y } or of any contour exterior to all tire rings y 3 y\, 
and cannot have a multiple point. The lcmnisoatc r consists precisely of v con- 
tours; the y-tli contour lies in the ring 7 , 7 ,’ and contains y } in its interior. The 
proof is complete. 

Theorem 2 is due to Hilbert [1897] in the case k ~ 1 and to Walsh and Russell 
[1934] in the general case. 


§4.3. Approximation of modulus of the mapping function 

The formulas already used can be somewhat simplified, for we have 


Uo = 




d log r 
dn 


ds 


I. 


Then equation (3), which is valid uniformly on any closed limited point set 
interior to K t can also be written in the form 

( 6 ) Mm 1 «„« i*'» = e* i m 1 , «„(*) = (* - rV’x* - rV”) • ■■(*- r'„ n) ) , 

ft— >ao 

where the dependence on n of the points is now indicated. Kqualion (fi) is 
of the precise form we shall require for later application (Chapters VII, VIII, 
IX). 

For (.r, y) interior to a curve K }) the right-hand member of (3) represents the 
function 



where n is now the exterior normal for C". Thus \vc have 


lim | o>*(z) \ Un = e° } 

interior to C, uniformly on any closed set interior to C. This too is a result which 
will find later application. 

Theorem 2 in its present form can clearly be used to prove the corresponding 
result where the Jordan curves K ? are no longer analytic but are the most general 
Jordan curves; it is sufficient to denote the given curves by C and to apply Theo- 
rem 2 as proved to a suitable locus Cn\ indeed this reasoning extends Theorem 
2 even to the case that C is the boundary of an arbitrary closed limited point set 
whose complement IC is connected and regular. The extension of equation (6), 
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however, even to the case that the K, are arbitrary Jordan curves, is more dif- 
ficult. To be sure, all the discussion given of both Theorem 2 and equation (6) 
is valid if each curve K ,■ consists of a finite number of arcs each with continuous 
curvature. But our proof of (6) requires substantial modification to apply to 
the case that the K) are arbitrary Jordan curves. The result itself persists: 

Theorem 3. Lei the point set C consist of a finite number of mutually exterior 
Jordan curves Ki, Kt, • ■ • , K, of the finite z-planc, let K be the exterior of C, and 
let w = map K onto the exterior of \ w j = 1 so that the points at infinity in the 
two planes correspond to each other. Then there exists a set of points m ~ 1, 2, 
• n = 1, 2, ■ • • , which lie on C and arc such that wc have 

( 7 ) Mm KO) r = * 1*00 |, «.(*) - Or - f ( i n) )(* - fV 0 ) •••<*- d"’),. 

n-*» 

uniformly on any closed limited point set in K } whore g is a suitably chosen constant. 

If K is mapped conformally and one-to-one onio a region Q of the r-planc bounded 
by analytic Jordan curves Q\ t Qt } * * * , Q y so that the points at infinity correspond 
to each other , then the points fi"* can be chosen on ike Kj so as to correspond to 
points on the Qj which divide the totality of curves Qj into n equal paris } equal not 
necessarily with respect to arc length but with respect to increments of the function 



where G f is Oreenfs function for Q with pole al infinity , 

The given region K can bo mapped conformally and uniformly onto a region Q 
bounded by analytic Jordan curves, for we can map uniformly in succession onto 
the exterior of a circle the exterior of IC\ } the exterior of the transform of K 2 imdei 
the transformation just made, the exterior of the transform of A% under the (rnns- 
formation just made, and so on. The j-lh of those maps curries K, or its (rans- 
form into an analytic Jordan curve, and the succeeding maps carry the successive 
transforms of K } also into analytic curves, The r-lh transform of K is the 
region Q desired. We can suppose that the points at infinity in the two regions 
K and Q correspond to each other. 

Let K be transformed onto Q by the transformation z = o>(r), r — « + ip. 
As a matter of convenience we assume, as wc may do, that o>'(r) 1ms the value 
unity at infinity: 

lim [ z/r | « lim | w(r)/r | ~ | to'(r) | r «* = 1 , lim [log \ z\ ~ log | t |] « 0 . 

Then Green’s function G{x, y) for K with pole at infinity is the transform of 
Green’s function G'(a, ft) for Q with pole at infinity. Consequently the two 
numbers g (notation of §4.2) for the two regions K and <3 arc equal. 

In the r-planc we denote the points of subdivision of the curves Q f by t*" \ so 
we have the analogue of (6): 
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hm | (r - r<">)(r - r<">) • • • (t - r< n ">) (■/» = ^ | *(,) | , 

uniformly on any closed limited point set in <3, where r and z are related by the 

transformation z = W ( T ). In order to establish Theorem 3, it remains then to 
prove 


(8) lim 


'l/fl 


M r) - co(r< t ">)K«(r) - ■ ■ - [a(r) - »(#>)] 

(r r ( 2 n) ) ... (r-r ( „ nl ) 

uniformly on any closed limited point set in Q, 

.1 ho logarithm of the left-hand member of (8) can be written 




7l> 

find this can clearly be written 

C*j(t) — G>(<r) 

T — (T 


um - l y i oe 4:1 - 

n-»«J n T — T * 


(9) 


r 


log 


du 


2ir Jq- 


log 


o>(r) — io(tJ-) 


dGT 

dn 




where <r is the variable point on the Q, and where r is a point interior to Q. 

The function [w(r) — «(« t)]/(t - a) is a non-vanishing analytic function of 
<r interior to Q (except for a removable singularity at t), wlien r is held fast in- 
terior to Q, and this function is continuous m the closed region Q. The loga- 
rithm of the modulus of this function is harmonic interior to Q, continuous in Q. 
Then by a familiar formula of potential theory,* the right-hand member of (9) 
represents the value of the harmonic function considered as a function of <r 
at the polo of Green’s function G'{a, (3). This familiar formula is valid even 
when (as hero) the pole of Green’s function lies at infinity. Thanks to our 
re(|uireinent that should be unity for a — we have 


lim — — ~ ^ g 1 , 


which implies (8) uniformly as indicated, and our theorem. 


* The umm! formula of potential theory (where G is Green’s function foi the region 
bounded by C) 


(a) 


u(x , y) 


■si* 


dG 

On 


ds 


may ho proved from (2), where in (2) the function G is now replaced by u(x, y) t but (a) is 
ordinarily proved only in case u(x, y) is harmonic m the closed region Q bounded by C, even 
when (us here) C consists of a finite number of analytic curves. It is sufficient, however, 
if u(x y y) is harmonic interior to Q, continuous in 0, and this may be proved l) by studying 
the equation analogous to (a), where the integral is taken over the locus G « log R > 0, 
and by allowing R to approach unity, or 2) by expanding u(x f y) in 0 according to the 
methods of Chapter II in a suitable uniformly convergent series of harmonic rational 
functions; the analogue of equation (a) is valid for each term of the series, hence for the 
function u(x f y)\ compare §2 6, 
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The description in Theorem 3 of the choice of the points is of course inde- 
pendent of the particular region Q chosen. In the case v — 1, ivo may lake Q\ 
as Iho unit circle and may choose the fi"* as the transforms of the n-th roots of 
unity. 

Another method for the proof of (7) is to bo developed in §7.6. 

Theorem 3 was proved by Fcj<5r [1918] in the important case v = 1. 

§4.4. Approximation of modulus of mapping function, continued 
\ 

Theorem 3 is valid, together with its proof, if some or all of the components K } 
of the boundary of C arc Jordan arcs instead of Jordan curves. But there are 
difficulties in extending that theorem to still more general point sets C, for then 
the mapping function o>(r) may fail to bo continuous. Nevertheless, an analo- 
gous result can bo established: 

Theorem 4, Let C be a closed limited point set of the z-plane whose complement 
K is connected and regular (in the sense that K possesses a Green’s function with pole 
at infinity ). Then there exists a set of points m — 1,2, • . • , n\ n = 1,2, 
in K with no limit point except on C such that (7) is valid uniformly on any closed 
limited point set in K, 

It will be noted that the function c° \ <f>(z) | which appears in the right-hand 
member of (7) is iho modulus of a function which maps K onto the oxlenor 
of a circle | w 1 =* r ~ e v so that the points at infinity correspond to each oilier, 
and so that the derivative at infinity of the mapping function has the modulus 
unity; the number r is, moreover, uniquely determined. Indeed, we can write 
e°- $'(<*>) = Urn 9 ^ U) e°ch(z)/z } and we have in the notation of §4,2 

log I e«<j>(z)/z 1 = 0 + 0(x, y) - log (** + i y 2 ) 1 ' 2 - (! a (x, y) + g ; 

the function Go(t, y) + g is harmonic at infinity and has the* value mo l heir 
As a consequence of our present interpretation of the function <•" \ <l>(z) [, it 
follows that if the closed interior of any (’« is allowed to lake the role previously 
taken by C, then the function in the right-hand member of (7) is unaltered, 
for the function e* \ <f>{z) [is continuous on On, and w = c°ct>(z) maps the exterior 
of Cn onto the exterior of the circle | w | = e Q R so that tile points at infinity m 
the two planes correspond to each other; the derivative at infinity of the 
mapping function has the modulus unity. The function which maps the ex- 
terior of Cn onto the exterior of | w | = 1 is of course w = <t>(z)/R, so when 
the closed interior of Cn takes the rdlc previously taken by C , the new number 
c°R takes the r61e previously taken by c". 

This number c« = 1/ [ <£'(«>) | is known as the capacity, or Robin's constant, 
or the iransfinite diameter of either the boundary of K or the complement of K, 
This concept appears frequently in the sequel. 

Lot the number 2? 0 > 1 be arbitrary, and let us choose a sequence R t , R 0 > 
Ri > Rt > • • < — » 1, in such a way that C«, consists of a number of mutually 
exterior analytic Jordan curves. The points can be chosen on C„, so that 
for every n > Ni we have 
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1 1 tfnGO | I/M “ e G \ 4>(z) | [ < 1 , * on or exterior to Cn 0 \z \ £1, 

whoro «»(*) = (z - - f ( 2 U> ) ■••(*- { ( „ n> ). The numbered and the func- 

tion <l)(z) refer to tlio mapping of It. Similarly, the points can be chosen on 
so that for n > N 2 > Ni wc have 

I I «»(*) | l/n — G° I 0 ( 2 ) | | < 1/2, 2 on or exterior to Cn x} | % | g 2 . 

In general, the points can be chosen on C Iil so that for n > Ni > Nj-i we 
have 

I I «n 60 | J/n — & I 0 («) | | < l /l, 2 on or exterior to Cr^ X) \ z | g l. 

Points chosen as follows now satisfy the requirements of Theorem 4, For 
values of n not greater than N* } the points shall be the points £i ft) just con- 
sidered on r* ( . For values of n greater than JV 2 but not greater than 1 V 3 , the 
points shall be tlio points £f rt n) just considered 011 C« a , For values of n greater 
than N\ but not greater than N w , the points shall be the points just 
considered on The numbers are thereby determined for all values of n, 
for wo have N\ < JV 2 < A r 3 < - * ■ * 

The capacity of the set is AV°, which approaches c°> It is therefore clear 
from the corresponding discussion (§T3) for analytic curves that these points 
fJ fJ n) can be chosen so that {7} is valid uniformly on any closed limited point set 
in K and so that we have simultaneously 

iini 1 as k (c) j l/ " = c° 

n ->to 

interior (o (', uniformly on imy closed sc I interior to C. 

A slight modification of the proof just given enables one to include in the 
totality of points f '; 0 an arbitrary set interior to K having no limit point in the 
extended plane except perhaps on ('. 

Without going into the details of the proof, we remark (lint under broad con- 
ditions on the point, set (', Green’s function G,{x, y) for 1 lie complement of a 
suitably chosen variable point set f' (A ^ interior to (' approaches Green’s function 
(j(x, y) for Hie complement of C; compare §2.1, Theorem 2 for the case that K is 
simply connected. This fact may be employed in a manner analogous to the 
proof of Theorem 4, to determine points fil 0 interior lo C such that (7) is valid 
uniformly on any closed limited point set in K. 

If C is composed of a finite number of mutually exterior analytic Jordan 
curves, the function G(.r, y) can lie extended harmonically into the interior of C. 
A suitable point set C interior to C is the interior of a locus G{. r, y) = - e < 0, 
and by Theorem 3 points fj,"' can bo chosen on C' (hence interior to C) such that 
(7) is valid uniformly on any closed limited point set exterior to C'. 

§4.5. Degree of convergence. Sufficient conditions 

Wo shall now apply the results of §4.2 in the proof of 

Theorem 5. Let C be a closed limited point set whose complement K is con- 
nected and regular. If the function f(z) is single-valued and analytic on and within 
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Cr, there exists a sequence of -polynomials p n {z) of respective degrees n — 0, 1, 2, • > ■ 
such that we have 

(10) I/O) - p„(s) | g M/R n , z on C, 

where M depends on R, hut not on n or z. 


The function f(z) is single-valued and analytic on and within Cr, hcncc (§1.6, 
Theorem 7) is single-valued and analytic on and within some Cr>, R' > R, and 
we can suppose the locus Cb< to have no multiple points. There exists some 
lemniscate r containing C in its interior which lies interior to CV/nJ in fact such a 
lemniscate exists (Theorem 2) between C {»+«<>/ ca») and C7«v«. The curve T : | p(z) \ 
= J“i > P( z ) s (z — Zi) (s — *»)■•> (a — Zk), lies interior to Cr-iu, so the curve r«: 
| p(z) j = m R h lies interior to [CV/bIb = Cr'. Then f(z) is single-valued and 
analytic on and within r s , By §3,4, Theorem 4, there exist polynomials p n (z) of 
respective degrees n such that we have (10) valid for z on r. But inequality 
(10), valid on r, is also valid on C interior to F, so Theorem 6 is established. 

Theorem 6 is due to Faber [1903] (implicitly), Bernstein [1912], Szegfj [1921] 
(explicitly), and Walsh [1926b] in the cases respectively that C is the closed in- 
terior of an analytic curve, a lino segment, the closed interior of a Jordan curve, 
or an arbitrary closed limited point set whoso complement is simply connected, 
and is due to Walsh and Russell [1934] in the general case. 

In the special case that C is a circle, Theorem 6 follows directly from Cauchy’s 
inequality for the coefficients in the Taylor development of/(z). 

We have in Theorem 5 a new proof of §1.6, Theorem 8, for the case of approxi- 
mation by polynomials; this proof is a generalization of Hilbert's original 
proof [1897] for approximation in a Jordan region. The present Theorem 6 
is dearly more specific than the previous result of §1.6. 

An obvious lack of completeness in Theorem 5 as just proved is that the poly- 
nomials p„(z) depend on R, whereas 11 is not in any way uniquely determined 
from /(z) and C. We shall prove in §5.1 from Theorem 5 the existence of poly- 
nomials p n (z) which satisfy the conditions of Theorem 5 and which depend on 
/(*) and C but not on the number R. Another proof of the existence of such 
polynomials p„(z) can also be given by the use of Theorem 4, as we shall now 
indicate, 

Under the hypothesis of Theorem 5, lot p„ (z) be the polynomial of degree 
n (n = 0, 1,2, • • •) which coincides with /(z) in the points fV' H) , fa"" 1 • • • , flVi 0 

of Theorem 4. The function f(z) need not bo defined in all of those points, but 
the totality of points f l n+1> lias no limit point except on C, so /(z) is surely defined 
in if n is sufficiently large. We have 


( 11 ) 


/(z) - Pn(z) 


1_ f onMfiO dl 
2 iri Jc> w B+ i(<) (( — z) ' 


z interior to C', 


where C' is an arbitrary set of mutually exterior contours on and within which 
/(z) is analytic, provided that C' contains the points in its interior. 

The polynomial p»(z) is independent of C' under these conditions. 
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Let now f(z') be single-valued and analytic on and within Cn', then f(z) is also 
single-valued and analytic on and within some CV, R' > R. We suppose the 
locus Cn> to have no multiple points. Choose Ri, 1 < Ri < R'/R, and choose 
Ri, RRi < Ri < R r . Choose C as the locus C«<. 

It follows from (7) that wo have uniformly for n sufficiently largo 

l «.*(*) I S {c°Ri/R)*', z on Ck, , 

| w»i-i(t) i § (c»RiY> 1 , l on C K '. 

Then for z oil C Jti and hence for z on C wc have by (11) 

(12) \f(z) - p n (z) | £ M/R", 

provided merely n is sufficiently large, and where M depends on 22 but not on 
n or 2 . 

The polynomials p n (z) may bo defined only for n sufficiently largo because the 
function f(z) nmy bo defined in the points f [ n M * only for n sufficiently large. For 
the excluded values of n } lot us arbitrarily define p n (z) as identically zero. In- 
equality (12), hitherto also proved only for n sufficiently large, will then be valid 
f for z on C for all values of n, provided the number M (naturally depending on 22) 
is appropriately modified. This completes our application of Theorem 4, proof 
of the existence of polynomials p n (z) which satisfy (12) but do not depend on 22. 

If the point set <7 consists of a finite number v of mutually exterior closed 
Jordan regions, wo may use the points ( >f Theorem 3 instead of the points 
fi"* l) of Theorem 4 in defining the polynomials p n {z). These polynomials wore 
introduced and studied hy FejGr in the ease v = 1, and in that case were used 
by ttzego to establish (12). It, will be noticed that the essential difference be- 
tween the methods of Hilbert and FejGr for approximation to a given function 
in a given Jordan region is that Hilbert first approximates the Jordan curve 
bounding the given region by a lemmseate and then uses the Jacobi series (§3,3) 
or its equivalent (§3.4) corresponding to the Ienmiscate, whereas FejGr considers 
interpolation directly in points on the given Jordan curve, equally distributed 
(or more generally uniformly distributed, §7.6) with respect to the parameter u, 

§4,6, Degree of convergence. Necessary conditions. Overconvergence 

In order to study the converse of Theorem 5, it will be convenient to have 
for reference the 

Lemma, Lot C be a closed limited point set whose complement K is connected and 
regular. If the polynomial P(z) of degree n satisfies the inequality j P(z) | £ L for 
z on C ) then we have 

(13) | P(z) | S LR n i z on or within C*. 

The function P(z)/[<l>{z)] n (notation of Theorem 1) is analytic exterior to C 
except possibly for branch points and although the function is not necessarily 
single-valued its modulus is single-valued exterior to C, This function is analytic 
even at infinity if suitably defined there. No maximum of the modulus of this 
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function can occur in the extended piano exterior to C, unless that modulus is 
everywhere constant, When z approaches C, the modulus can approach no 
limit greater than L, for the modulus of $(g) approaches unity. Thus the in- 
equality | P(z)/[<j>(z)] n | 5s L is valid for a exterior to C, and (13) is valid on 
Cn. The modulus of P(z) can liavo no proper maximum interior to C n , so in- 
equality (13), valid for z on Cn, is also valid for z on or within Cn. 

The Lemma is due to Bernstein [1912] in the case that C is aline segment, to 
Faber [1922] in the case that C is bounded by a finite number of contours, and to 
Walsh [1920b] in the general case; the present method of proof is duo to M. 
ItiesE [1916], and is similar to the now usual method of proof of .Schwarz’s Lemma. 

The following theorem is a kind of converse, although not exact, of Theorem 6 : 

Theorem 6. Lei C he a closed limited point sol whose complement is connected 
and regular, Lei the polynomials p„(z) satisfy inequality (10) for z on C, where M 
is independent of n'and z, Then the sequence p„(z) converges for z interior to Cn, 
uniformly on any closed point set interior to Cn. The function f(z) can he extended 
from C along paths interior to Cn so as to be single-valued and analytic, at every 
point interior to Cn. 

From the inequalities for z on C 

l/(«) - P«(z) I S M/ll\ |/(2) - p„n(z) | g 

we have for z on C 

[ p n 1-lfe) — Pn(t) | ^ . 

For z on Cn, we have by the Lemma, 

(14) |p«+iW -?>..(*) I S -p[il/ + ~ . 

Inequality (14) implies the uniform convergence of the sequence p„(z) on and 
within every Cn„ R\ < It; by inequality (10) the limit of the sequence p„(z) on 
C is/(z); Theorem 6 follows at once. 

This theorem was proved in the special case that C is a line segment by S 
Bernstein [1912], and in the general case by Walsh [1926b], 

Theorems 5 and 6 are oonoerned entirely with regions of annlyticity of the 
function /(z). Quite recently Sowell [1935a] has obtained more specific results 
for the case that K is simply connected by relating a more precise inequality 
than (10) to the properties of f(z) on Cn itself. 

In Theorem 6 we have supposed for simplicity that inequality (10) is given for 
all values of n. It is clearly sufficient if that inequality holds merely for n 
sufficiently large. The conclusion of the theorem holds also, ns the render will 
easily prove, if (10) is valid for a sequence of polynomials p n {z ) of respective 
degrees n = )h, ?ia, • • * , with ni > n , provided ?i/ ; — iik-x is bounded. 


§4.7* MAXIMAL CONVERGENCE 


We shall use the term overconvergence for the phenomenon illustrated by 
Theorem 6, namely that certain sequences known to converge sufficiently 
rapidly on a given point set C necessarily converge on a point set containing C in 
its interior. The term ovcrconvergcnee is used by Ostrowski with a somewhat 
different significance, 


§4,7. Maximal convergence 

Theorem 7. Let C be a closed limited point set whose complement is connected 
and regular , If the function f(z) is single-valued and analytic on C, there exists a 
greatest number p (finite or infinite) such lhatf(z) is single-valued and analytic at every 
point interior to C p . If It < p is arbitrary , there exist polynomials p n (z) of respective 
degrees n = 0, 1, 2, • . . such that (10) is valid for z on C\ but there exist no poly- 
nomials p n (z) such that (10) is valid for z on C where R > p. 

The existence of the number p can be proved by the method used in §3.4. The 
remainder of the theorem follows from Theorem 5 and Theorem 6. Theorem 7 
is due to S. Bernstein [1912] in the case that C is a line segment, to Walsh [1926b] 
in the case that the complement of C is simply connected, and to Walsh and Rus- 
sell [1934] in the general case A simpler but somewhat less specific theorem, an 
immediate consequence of Theorems 5 and 6, is: 

Let C be a dosed limited pond set whose complement is connected and regular, A 
necessary and sufficient condition ihatf(z) be singlc-vahud and analytic on C is that 
there exist polynomials p n {z) of respective degrees n such that (10) is valid for z on C, 
where R is some number greater than unity. 

Lot the point sot ( T of Theorem 7 consist for definiteness of two mutually exte- 
rior Jordan regions ( tf and C". Approximation of f(z) on C can he studied hy 
considering tho two now problems, of approximating on (' l ho two now functions 
fi(z) equal to f{z) on C f and zero on T", and f>{z) equal to zero on C f and f(z) on 
C n . Study of 1 1 io.se two new problems (Midi a ^tudy has boon made \>y a num- 
ber of writers) will obviously yield a sequence of polynomials converging uni- 
formly to f(z) on C like a convergent goomotnc series, m tho sense that an in- 
equality of form (10) is valid with R > 1, but may yield favorable results 
than Theorem 7 relative to degree of convergence, and lienee less fawmiblc 
relative to regions of overconvergence. We illustrate this remark hy 
choosing an extreme case, that f(z) is an entire function of z Let R i lie so 
chosen that the locus C» t 1ms a double point. Each of the two inequalities 

I m - pl%) I ^ M/R ” , I Mz) - p<?>(*) | g M/R" , zone, 

where p[ l \z) and v\V( z ) ftrc sequences of polynomials of respective degrees n, 
can be satisfied for an arbitrary R < Ri but neither of them can be satisfied for 
any R > Ri. Nevertheless, the inequality 


|/(2) - Pn(z) | ^ M/R% 


z on C , 
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whore p„(z) is a sequence of polynomials of respective degrees «, can bo satisfied 
for an arbitrary R, 

The polynomials p n (z) contemplated in Theorem 7, when C and /(«) arc given, 
depend on R. But wc have already proved (§4.5) and shall prove again later 
(§5.1) that under the hypothesis of Theorem 7 on f(z) there exist polynomials 
p n (z) independent of R of respective degrees nsuch that (10) is valid for z on C 
for every R < p, where M depends on R but not on n or z. Such a sequence 
of polynomials p„(z) is said to converge to f(z) on C maximally , or willi the 
greatest geometric degree of convergence. This concept [Walsh, 1933c, 1935c] is of 
much importance in the sequel, particularly in Chapters V and VII, It follows 
from Theorem 6 that such a sequence p„(z) converges to /(z) at every point 
interior to C p , uniformly on any closed sot interior to C p . The concept has 
moaning only for approximation to a function f(z) single-valued and analytic 
on a closed limited point sot C whose complement is connected and regular. 
It is sufficient, however, if the polynomials p„(z) are not defined for every n 
but merely for n sufficiently large; the fundamental properties of the sequence 
persist. We shall consistently use p to indicate the number defined in Theorem 7. 

Another way of expressing the requirements on the sequence /),,(z) which con- 
verges maximally to/(z) on Cis 

lim yl ,n - 1/p, p„ = max [| f(z) - p»(z) | , z on C]; 

fl— *co 

from (10) wc have lim a _ w yj/ n 1/R for every R < p, and the in- 
equality lim,,-,* y\ /n < 1/p is impossible, ns follows immediately from The- 
orem 7. 

Inequality (17) of §3.4 expresses essentially the maximal convergence of the 
sequence p„(z) involved to the function/(z) on every C: J p(z) | g pi < ffi, p, > 0 

Theorem 8, Let the function f(z) be single-valued and analytic on Ihe closed 
limited point set C whose complement is Connected and regular. A necessary and 
sufficient condition that a sequence p„(z) of polynomials of respective degrees n con- 
verge lof(z) on C maximally is that the sequence p„ (z) converge to f(z) maximally on 
ihe closed interior of every 6V, 1 < a < p. 

The sufficiency of the condition is immediate, for let li < p be arbitrary and 
choose <r, 1 < o < p/Jl. The function /(z) is single-valued and analytic interior 
to C p = fC 0 ]p/„ , and we have R < p/o-, so for z on and within CV wo havo 

(15) \M -Vn(*)\ £ M/R\ 

This inequality, being valid on and within CV, is valid for z on C, so the sequence 
pn(z) converges lo/(z) maximally on C. 

The necessity of the condition is also easy to prove. LeL <r < p be arbitrary, 
or > 1, and also R < p/a; we have C p ~ lC,],,/ c and hence arc to prove the va- 
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lidity of (15) for z on C„. From (14) obtained as in the proof of Theorem 6, wo 
have by setting R\ — a and by replacing R by all < p , 

| Vn+ 1 ( 2 ) - ?>n(z) | ~ ^ J , 2 on or within C„ . 

Let us now write f(z) = p„,{z) + [p,„ +l ( 2 ) - p„,(z)] + [p m+a (z) - p, n +i(z)] -+■••• 
for 2 on or within C„: 


|/(2) - pm(z) | = 


co I r co 

2) i(«) - PMJ £ I oM + ^ 2 ~ 

k*=vi ^ 


M + a MR 
R m (R - 1) * 


The proof is complete. 

It is appropriate to remark that this last method of proof yields the following 
Corollahy. If (10) is valid for z on C y for a 'particular R > 1, then we have 
I f(z) - p n (z) | £ Mi(a/R) n f z on C a) a < R, 
where M\ is suitably chosen. 


Maximal convergence persists in certain cases after differentiation: 


Tiieohem 9. Let the function f(z) be single-valued and analytic on the closed 
limited point set C (not a single point ) whose complement is simply connected. If 
the sequence p tl {z) of polynomials of respective degrees n converges maximally to f(z) 
on C } then the sequence p n (z) converges maximally to f f {z) on (\ 


Let R < p l)e arbitrary, and choose <r, 1 < u < p/R The sequence p n (z ) con- 
verges maximally to f(z) on C Ci so we have as in (15) 

(16) I /(c) - p n ( z ) | ^ MfR\ z on (\ . 

For z on C we have 


/'GO ~ p'GO 


J_ f f(() - pjt ) , 

2 Wljr. {i-zy 


By virtue of (16) ne find now 

I /'GO - ?>',G0 I ^ Ml/R n , 2 011 C, 

where jJJi does not depend on n or on z. 

The polynomial p' n (z) is of degree n — 1. The function /0) is single-valued 
and analytic interior to C p but has a singularity on C P) hence the same is true of 
f f (z). The theorem is established. 

Theorem 9 does not extend to the case that the complement of C is multiply 
connected, as we show by an example. Let C be the closed interior of the lem- 
niscate | z 2 — 1 | ~ 1/2, which consists of two ovals, containing respectively the 
points 1 and —1. Let f(z) be unity in the right-hand oval and zero in the left- 
hand oval. The curve C p is | z 2 — 1 | = 1, and the value of p is 2 1/2 . The func- 
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tion /'(z) is identically xoro on C and the value of p for f(z) is infinite, Let 
the sequence of polynomials p n (z) convorgo maximally to f(z) on C. The 
sequence p' n (z) cannot converge maximally to /'(z) on C, for if it did, that se- 
quence would converge at every finite point of the plane, uniformly on any dosed 
limited point sot. The sequence p«(z), being convergent at a single point (for 
instance a point of C ), would also converge uniformly on every closed limited 
point set, and could not represent /(z) on C . 

If, however, the complement of C is multiply connected, and if the function 
f(z) (considered interior to C fi ns one or more monogenic analytic functions) 
actually has a singularity on C Pi then Theorem 9 and its proof are valid to 
show that the soquonco p n (z) converges maximally on C to f(z). In any case, 
whether /(z) actually has a singularity on C p or not, the sequence ?/„(z) exhibits 
the phenomenon of ovcrconvcrgenco, 

Maximal convergence may persist even after integration: 


Theorem 10. If the sequence p n (z) converges maximally to f(z) on the dosed 
limited point set C which contains move than one point and whose complement is 
simply connected, then the sequence P*(z) converges maximally to F(z) on C, where 
zo is a point of C and we introduce the definitions 

(17) P*n(0- [‘pn(z)dz, P«(z)s 0, F(z)^ j‘f(z)dz. 

Jt 0 jz 0 

If /(«) is analytic interior lo C p but has a singularity on (\, l, he same is (me 
of F(z), when the path of integration in (17) is chosen interior lo (\, hel 
12 < p bo arbitrary and lot v > 1 be less than p/R, For z on or within (\ wo 
have (Theorem 8) 

|/(s) - p n (z) I g M/Jt», 


where M is suitably chosen, If the number L is suitably chosen, there exists a 
path interior to C, from z a to an arbitrary point z interior to whose length 
(independently of z) is less than L. Then we have for z on or wilhin C„, 


I F(z) - P, Ml (z) | 


r 


[/(z) - p„(z)] dz 


ML/ li" , ii >- 0 , 


In particular this inequality holds for z on C, and it is immaterial whether (lie 
inequality holds for the polynomial I\(z), so the proof is complete. 

Iteration of Theorems 9 and 10 obviously yield more general results. 

Theorem 10 likewise fails to hold if the complement of C is not simply con- 
nected, as we now illustrate. Let C he the point set \ z i - 1 1 £ 1/4, and let 
/(z) in the left-hand oval be identically zero and in tiie right-hand oval a function 
analytic interior to but having a singularity on the right-hand oval of the curve 
| z 4 — 1 1 = 1/2. Let the expansion of /(z) on C be that of §3.4, Theorem 4 : 

QO 

(18) /(z) = 23 = do 4- Gi(z + 1) + o 2 (z a -1)4- a 3 (z 4- 1 )(** - 1) + . . . ; 
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the corresponding sequence of polynomials p n (z) converges maximally to f(z) 
on C } and we have I | 1/n = 2 l/2 . We shall integrate (18) term by term 

from the point zq = —1 on C to the point s ~ 1 on C . We have 


J 0 s 2 — 1)" ch 

^ | 2 J (z — 1)" dz 

J i (2 + 1 )(z i - 

1)» dz | s | j (z - ] 


2/(n 4* 1) j 


; cfe 


- 1 / 0 * + 1 ) * 


Thus we have 


lim 




1/n 

(^l) ^ 1 , 


which implies the divergence of the series 



q n (z) dz , 


for the n-th term of the series fails to approach zero with 1/n. It follows that 
term-by-term integration of the sequence p n {z) is not valid between any two 
points which lie interior to different ovals of the locus C or C fi , 


§4.8. Exact regions of uniform convergence 

Under the hypothesis of Theorem 7, a sequence of polynomials p n (z) of respec- 
tive degrees n which converges maximally to }{z) on C can clearly converge uni- 
formly in no region containing (\ in its interior. Such a sequence can converge 
at isolated points exterior to (' P) as is illustrated by the sequences of §3 5. Never- 
theless, Theorem 7 does give an accurate indication of the situation so far as 
concerns regions of uniform convergence: 

Theorem 11. If C and f(z) satisfy the hypothesis of Theorem 7, « sequence 
p n (z) which converges maximally to f(z) on C converges uniformly in any closed 
region interior to C fi but can converge uniformly in no closed region containing in its 
interior a point of C p . 

In preparation for the proof of Theorem 11, we prove the following theorem 
due to Hadamard; this particular proof is due to Polya and Szogo : 

Three-Circle Theorem, Lei the function f(w) not identically zero be 
analytic in the annulus )'i | w | S r 2 and lei M\ and be so chosen that ive have 

| f(w) | ^ Mu when \ w | « n ; \f(w) | ^ M 2 , when \ w | = n. 

If M denotes 

max |/(u>) |, when \ w | = r, ri 5 r S r* , 

log r — log r 4 log r — log r t 

M g i¥ 1 1 0gr ‘ _l0Er,_ - M j og ~ 108 r ‘. 


ft 


then we have 
(19) 
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The function w a f(w) is analytic in the given annulus, although not necessarily 
single-valued, but its modulus is single-valued. Then (Principle of Maximum) 
r a M is not greater than the larger of the two quantities r^M, and Those 

two quantities are equal for the value 

_ log Mi — log Mi 
~ log ?’2 — log r, ’ 

and the corresponding inequality for r°M is precisely (19). 

More generally, it is sufficient in the hypothesis to assume /(w) analytic inte- 
rior to the annulus, and 

lim |/('«0 | S Mi, lira J f(w) | g Mt. 

We shall use the Threc-Circlo theorem to prove 

Ostrowski’s Theorem. Let the analytic Junctions fifz), k = 1, 2, • • • , con- 
verge uniformly to the function f(z) ^ /*(«) in a simply connected region B, and let 
B' and B" be closed subregions interior to B, If in',, and m'[ denote the maximum 
of l fix) — fi(z) | in B‘ and B" respectively, then there exist two ( finite ) numbers 
q and q\ dependent only on B, B', B", such that we have for Ic sufficiently large 

(20) 0< ? <|m4< 5 ,. 

log m'k 

Map the region B onto the interior of the circle y\ | w | = l so that an interior 
point of B' is transformed into the origin. Let the circle y'\ \ w | = r, lie inte- 
rior to the transform of B' , and the circle y“\ | w | = r > n contain the Irun.s- 
form of B" in its interior. Apply the Three-Circle theorem to (he functions! 
fix) — fdz) considered as functions of w, the three circles being y\ y", y, and 
k being chosen so large that in y we have | f(z) — fdz) | < 1. The maximum 
modulus of |/(2) — fi{z) | on y' and y" respectively is not greater limn m[ 
and not less than By (19) we have (M s < 1) 

loR r 

«'/ < «) ,ogr S 

which implies the fust part of (20). The second part of (20) follows by reversing 
the rfiles of B' and B", 

The restriction of the theorem that f{z) — fi(z) not bo identically zero is 
ordinarily not a serious one. It is clearly a consequence of the theorem that if a 
sequence converges in B r like a convergent geometric series, then the sequence 
also converges in B" like a convergent geometric series. The theorem is readily 
extended to include the case that B is multiply connected. 

We are now in a position to prove Theorem 11. Let B, be a closed region 
which contains a point of C P in its interior, and suppose the sequence p„(«) con- 
verges uniformly in £, ; wc shall reach a contradiction. Let B" bounded by an 
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analytic Joidan curve be a closed region interior to Bi also containing a point of 
C p in its interior. The sequence p n (z) converges uniformly on and within every 
c’r? < ^ C11CC converges uniformly in some region B composed of the points 
of B\ and the points on and within a contour of some locus CT The present 
regions B and B n are to be chosen as the corresponding regions of Ostrowski's 
theorem. lor the closed region B f we may use the closed interior of any con- 
toiu of a C,i interior to B t and the sequence p n (z) is known to converge in B' 
like a convergent geometric series. It follows that in B n also the sequence 
p,>( 2 ) converges like a convergent geometric series. We may continue to represent 
the limit of the sequence by/( 2 ): 


(21) 1/(2) _ Vn (z) | g M/d>\ z in B", 6 > 1 . 

Choose t, p > t > p/0. Then by Theorem 8 we have for an arbitrary 
0i < p/r <0, 


(22) | f( z) _ Pn (*) | g MJ01 , z on C T . 

Modify B ,f if necessary by removing points so that B n is bounded by an analytic 
Jordan curve exterior to C T ; inequality (21) persists. Denote by C' the point 
set composed of the new B n plus the closed interior of C T . The complement of 
C' is connected and regular. For an arbitrary 0 l < p/r , we have by (21) and (22) 

I/to - P»tol S'i»/«/*i> zonC'. 

By Theorem 6 the sequence p n (z) converges throughout the interior of C p r and 
represents a function /(s) single-valued and analytic throughout the interior of 
f'p /r * r rhe point set C T is a proper subset of ( T/ , so (§4.1) the curve [C T ] P / r = C p 
lies interior to C p/r . Then f(z) is single-valued and analytic throughout the 
interior of some ( ' p #i p' > p } in contradiction to the definition of p 
Our method of proof yields incidentally the following: 


If C and f(z) satisfy the hypothesis of Theorem 7, no sequence p n (z) which con- 
verges maximally lof(z) on C can converge like a convergent geometric scries in any 
region or on any Jordan arc (or indeed on any continuum consisting of more than a 
single point) exterior lo C p . 


§4.9. Approximation on more general point sets (irregular case) 

We have hitherto considered approximation on a closed limited point set C 
whose complement K is connected and regular . We now indicate a few similar 
results for the case that C is closed and limited but that its complement K 
although connected is not regular. 

Let the closed limited point sets C (n) (compare §1.3, Theorem 3) each consist 
of a finite number of mutually exclusive Jordan regions, C (n+1> interior to C (n) , C 
interior to every C (K> , every point of K exterior to some C (n> . Denote by K n the 
complement of C {rx) and by G n (x f y) Green's function for IC n with pole at in- 
finity. At every point (x, y ) of 7f, the functions G n (x , y) increase monotoni- 
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cally; compare §4.1. It follows from a well known theorem duo to Harnact 
that the harmonic functions G n (x, y) either become infinite at every point oi 
K or converge uniformly on every closed limited point set interior to K to a 
function Q(x, y), necessarily harmonic interior to Ii except at infinity. The 
function G(», y), if oxislent, is expressible in the neighborhood of infinity a? 
log r + g(x, y), where y(x, y) is harmonic at infinity and r — (x 1 + ?/) 1/2 . 
Indeed, in some closed neighborhood interior to K of the point at infinity 

we have for n sufficiently large Q n (x, y) — log r g„(x, y), where g„(x, y) is 
harmonic in N»\ the functions G n (%, y) converge uniformly on the boundary 
of iV«, hence the functions g n (x, y) likewise converge uniformly on that bound- 
ary, hence uniformly in the closed neighborhood JV» and the limit function g{x, y) 
is harmonic interior to iV„. The function G(x, y) is called the generalized Green’s 
function for K with pole at infinity. 

The function G(x, y) is positive at every (interior) point P of K, for at ('very 
such point the sequence G n (x, y ) is defined and positive for suitably largo n, and 
the sequence G n (x, y ) increases monolonicnlly. 

The function G(x, y) is independent of the particular sequence of point self 
C<»> used in defining it, for let us consider any similar sequence Q M with the re- 
spective complements IC' n whose Green’s functions with pole at infinity are flu 
functions G„(x, y). There exists some C (#l) interior to any given Q (n) so we have 
(§4.1): G(x, y) > G m (:c, y) > G' n (x, y) on every closed finite point set in A - ', 
On the other hand, there exists some Q lr) interior to any given C (m) , so if m if 
given wc have G' p {x, y) > G m (x, y ) on any closed finite set in K m . On any 
given closed limited point set interior to K, wo have for an arbitrary posi- 
tive e 


G(x, y) - t < G m (x, ij) < G(x, y ) , 

where vi is suitably chosen, and thus we have for suitably chosen p 

G(x, y) - t < G m (x, y) < G'(.r, y) < G(x, y), 

and this implies the corresponding inequalities where p is replaced by any Invgei 
subscript. That is to say, the function G(x, y) is not only the limit in J\ of flu 
sequence G n (x, y) but also of the sequence G ! n (x, y). It can be proved similarly 
that if the G n (x, y) become infinite in K so also do the G' n (x, y), 

Whenever K is regular, the functions G„(x, y) approach uniformly on any 
closed limited point set in I( the Green’s function G(x, y) (in the usual sense of 
the term, §4.1) for K with pole at infinity. For we may choose the sets C (n) as 
the closed interiors of the loci Cn„, R n — * 1, the R„ naturally being selected so that 
the Cn„ have no multiple points. Then wo have G„(x, y) = G(.r, y) — log R n 
1 which approaches G(x, y) uniformly. This limit G(x, y ) is known to be inde- 
pendent of the choice of the point sets C (B) . 

We return to the case that K is not regular. It follows from the reasoning 
used above that the loci where R is fixed, vary monotonically, When the 
sequence <?„(*, y) becomes infinite at every point of K, the loci C*,"* approach 
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the boundary of C. When G n (% } y) approaches the limit G(x, y) uniformly in 
every closed region interior to K } the loci C^ ] may approach boundary points 
of C as well as curves in K . In any case, we denote by C R the locus which is the 
limit of the loci C in K, The locus C n is then a closed set and consists of the 
locus G(x } y) = log R (if existent) interior to K together with possible points 
of C itself. The locus Cn is independent of the particular regions G n (x } y) 
chosen. The approach of to C R is monotonic and hence (§1.3, Theorem 4) 
uniform. 

Each locus G(x, y) = log R consists of a finite or infinite number of Jordan 
arcs; every Jordan curve composed wholly of such arcs contains points of C in 
its interior. 

In connection with the function G(x f y) and the point set C R) it is worth while 
to refer to the work of Kellogg [1923, 1929] and Myrberg [1933] relative to the 
nature of the function G(x , y) in the neighborhood of a point of C ) for instance if 
P is an isolated point or if some neighborhood of P contains only a set of points 
of C of capacity (or transfinite diameter) zero. 

The analogue of Theorem 5 is valid even if K is not regular: If f(z) is single- 
valued and analytic on and within C H) there exist polynomials pn(z) of respective 
degrees n such that (10) is valid for z on C, By the interior of C n we mean here 
tiie totality of points separated from the point at infinity by C n . For suitable 
choice of m, the function /(z) is single-valued and analytic on and within C R n \ 
Then (Theorem 5) polynomials p n {z) exist such that (10) is valid for 2 on C (m) , 
hence for 2 on 0. In particular, we note the following: Let C be an arbitrary 
closed limited point set and let f(z) be analytic on C ; then there exist R > 1 and 
polynomials p n {z) of respective degrees n such that (10) is valid for z on C. 

Reciprocally , if (10) is valid for z on C, then the function f(z) is single-valued and 
analytic for z interior to C n . In the case that 2 is separated from the point at 
infinity wholly by points of the analyiicity of f{z) 111 z follows from §1.10, 
Theorem IG. In any other case the sequence <?«(.r, y) approaches a function 
(7 (.t, y) not the infinite constant. In the latter case we can still introduce the 
function w = <h(z) = c 0+UI , where // is conjugate to G in Jv, and tins function 
maps K onto the exterior of y: j w | = 1 so that the points at infinity corre- 
spond to each oilier, but now boundary points of K may lie transformed into 
points exterior to 7, When z interior to K approaches points of C , every limit 
value of | <t>(z) | is greater than or equal to unity. The discussion of §4.0, in- 
cluding both proof of the Lemma and proof of Theorem 6 is valid without 
change under the present circumstances, and shows that the given sequence 
p n (z) converges uniformly on the part of any locus G(x f y) — log Ri < log R 
interior to K y and indeed on the entire locus C Rv A point Zo of K which is 
separated from the point at infinity by C R is also separated from the point at 
infinity by a suitable C» x% Ri < R] it is sufficient to choose R x > \ 4>(z 0 ) |. A 
point z 0 not in K which is separated from the point at infinity by C R must be a 
point of C or separated by C from the point at infinity; it is sufficient for us 
to consider the former case. The point zo is not on C R so we have lim* ; n k, z~** 0 
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! <f>(z) | = Rt < R. Then zo is separated from the point at infinity by the locu 
Ci* Rt < Ri < R, so the proof is oomplcto. 

The analogue of Theorem 7 applies now directly under the present condition! 
Moreover, the concept of maximal convergence can be introduced hero also, an' 
the fundamental properties of a sequence which converges maximally are valt 
under these now conditions. The existence of a sequence of polynomials con 
verging maximally on C to an arbitrary function analytic on C follows as in §5.1 

Degree of approximation is of particular interest when the given function f{z 
is analytic on the point set C such that O n (x, y) becomes infinite at every poin 
of K. In that case every C n coincides with the boundary of C, the function f(z 
is analytic on and within every C rtl so there exist polynomials p n (z) such that (1C 
is valid for z on C for every R, whore M depends on R but not on n or 2 . Th 
polynomials p n {z) of degree n exhibited in Theorem 6 depend on R, but (comjmi 
§§4.5 and 4.7) the Tchcbychcff polynomials (§5.1) for approximation to f(z) 0 
C have the property mentioned for every R and these polynomials do not depen 
• on R, A necessary and sufficient condition that this properly (i.o. that (10) b 
valid on the given set C for every R for suitably chosen polynomials p»{z), o 
in other words that lim n _. My" = 0, p n = max [ | f{z) — p n (z) | , 2 on C' 
should hold for every f(z) analytic on C is that the O n (x, y) should become infinite 1 
every point of K, and a necessary and sufficient condition for the latter (Myrbort 
Ioc. cit.) is that C lie of capacity or Iransfinltc diameter zero. 

It is readily proved from §3,5, Theorem 0 that the property just mcnlione 
holds for nn arbitrary closed limited point set C which has only a finite mnnlx 
of limit points. 

The remarks made relative to degree of convergence arc of significance in cm 
nection with the problem of interpolation in prescribed points exterior to a give 
point set. Let C denote the given set plus the exterior points of iuterpolatiot 
and let/(z) bo the given function (assumed analytic) 011 the given set and (1 
interpolated values in the exterior points. By the present methods one ea 
study convergence to/( 2 ) on C, and the remaining gap to the study of inlerpoh 
tion is easy to fill (§§11.1 and 11.2). 

In the sequel we shall ordinarily restrict ourselves to the study of closed limit c 
point sets C whose complements K are connected and regular. Many result 
particularly on the convergence of Tchcbychcff polynomials, are stated only i 
the restricted case, but hold equally well for the more general ease. 


CHAPTER V 

BEST APPROXIMATION BY POLYNOMIALS 
§5.1. Tchebycheff approximation 

The polynomials of approximation to a given function f(z) considered in 
Chapters I and II arc not uniquely determined and are indeed largely arbitrary. 
Unique polynomials with extremal properties nevertheless exist and have im- 
portant properties, as wo shall indicate in the present chapter, 

Lot C be a closed limited point set and let the function f(z) be continuous on C. 
The Tchebycheff polynomial i r n (z) of degree n for approximation lof(z) on C is the 
polynomial tv h (z) of dogreo n such that 

(1) = max [| f(z) ~ ir n (z) |, 2 on C] 

is not greater than (-he corresponding expression when 7 r n (z) is replaced by any 
other polynomial of degree n. Wo shall prove later (§§12,3 and 12.7) the exist- 
ence of the polynomial ir n (z), and the uniqueness provided C contains at least 
n H- 1 points. Such polynomials were first introduced by Tchebycheff, in the 
case of approximation to a real function on an interval of the axis of reals. 

Tiieoukm l. If C is a closed limited point set consisting of infinitely many 
points, and if the function f(z) can be uniformly approximated by a polynomial on C, 
then the sequence ir n (z) of Tchebycheff polynomials of respective degiees n for ap- 
proximation lof(z) on ('converges uniformly tof(z) on (\ 

The polynomial ttJz) is a polynomial not only of degree n but also of degree 
n + 1, so it follows from (he definition of p* that we have 0 S m>hi S Pn- Let 
us set Iim n _ t co m« - p ^ 0; (he limit necessarily exists, I( remains to prove 
p = 0. Let us assume p > 0; wo shall roach a contradiction. There exists by 
hypothesis a polynomial ]),Jz) of some degree m such that we have 

\f(z) - pm(z) | g /i/2, zonC . 

Consequently p m is not greater than p/2, and the limit of the p n is not greater 
than m/ 2, which is a contradiction. 

Theorem l clearly has applications to the various situations treated m Chap- 
ters I and II. In any case in which the hypothesis of Theorem 1 is satisfied, it 
might 1)0 said that the sequence 7 r»(z) converges to/(z) on C more rapidly than 
any other sequence of polynomials of respective degrees n. 

The concept of Tchebycheff polynomial can be somewhat generalized by the 
introduction of a weight or norm function n(z), which for the present we take as 
positive and continuous on C, The Tchebycheff polynomial 7 r n (z) of degree n 

80 
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for approximation to/(z) on C with norm function n{z) is the polynomial ir„(z) ol 
degree n such that 

(2) fin = max (ft(z) |/(s) - tt„(z) |, z on C] 

is not greater than the corresponding expression when ir„(z) is replaced by any 
other polynomial of degree n. If /(«) and n(z) are continuous on the closed 
limited point set G consisting of an infinity of points, such a polynomial tt„(z) 
exists and is unique (§§12.3 and 12,7). The case n(z) = 1 is the case already 
mentioned. 

Theorem 1 easily extends to the ease of general positive continuous norm 
function n(z). If wo use tho notation (2), we have as before 0 g m#ii g p ni 
so the quantity p„ - p ^ 0 exists, Wo prove p = 0 by assuming the 

contrary, If we have for z on C the inequality 0 < IVi g n(z) g Ni , there 
exists a polynomial p»,{z) of some degree m such that we have 

|/(z) - p m (z) | g p/iWi), n{z) \f{z) - p m (z ) | g m/2, for z on C , 

Then we have p m g m/ 2, an impossibility. The approach lo zero (which is now 
established) of the quantities p„ implies the approach to zero of the quantities 
Pn/Ni, hence the approach to zero of the quantities 

max [ |/(z) — tt u (z) j , z on C ] , 

and the proof is complete, 

A more specific statement than Theorem 1 (cither in its original or in il^ gen- 
eralized form) can be made in the situation of §4.7 : 

Theorem 2. Lei the function f(z) be single-valued and analytic on llw closed 
limited point set C whose complement is connected and regular. Then the sequence 
of Tchebycheff polynomials i r„(z) of respective degrees n of best approx i mat ion lo 
f(z) on C converges maximally tof(z ) on C. Hence the sequence w„(z) eonrcrgcf , to 
f(z) interior to C p , uniformly on any dosed set interior lo C p , where p is the hugest 
number finite or infinite such that f(z) can he analytically extended from (' (dong 
paths interior lo C p so as lo be single-valued and analytic throughout the interior of{'„ 

Let 11 < p he arbitrary. There exist (§4.5, Theorem 5) polynomials p„(z) 
depending- perhaps on R of respective degrees n such Hint we have 

(3) |/(z) - p„(z) 1 g M /R." , z on C . 

For the Tchebycheff polynomials tt h (z) of corresponding degrees we have a 
fortiori 

(4) |/(z) — n„(z) | g M/R n , z on C , 

and the proof is complete. 

Wo have used in the proof of Theorem 2 only polynomials p n (z) which may 
depend on R and which satisfy (3), so we have given a new proof (compare §§4.5 
and 4.7) of the existence of a sequence of polynomials converging maximally lo 
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f(z) on C ) when f(z) is analytic on the closed limited point set C whose comple- 
ment is connected and regular. Indeed, the present proof holds (§4.9) also when- 
ever C is closed and limited and its complement K is connected, whether or not 
K is regular, 

Theorem 2 is duo in somewhat less general form and without the concept of 
maximal convergence, to S. Bernstein [1912] for the ease that C is a segment of 
the axis of reals, and to Taber [1920] for the ease that C is a Jordan region 
bounded by an analytic curve, 

Theorem 2 easily extends to the ease that the polynomials i r»G0 are the 
Tchobycheff polynomials for approximation to f(z) on C with the positive con- 
tinuous norm function n(z). Let us suppose 0<iVi^ n{z) £ Under the 
new conditions, inequalities (3) mid (4) may be replaced by the inequalities for 
z on C 

«(*) | f(z) - vM \ £ Mi/Ii n , ?i(z) | f(z) - t r n (z) \ £ M x /R" , 

and the last inequality yields the desired conclusion: 

(5) (/GO - t r»(«) [ fi Mi/WiR *) , zone. 

In the study of ap])roximation in the sense of Tchcbycheff vith a norm func- 
tion n{z) to a function f(z) analytic on and within a closed region C, U is clearly 
immaterial (Principle of Maximum) whether host approximation is considered 
on C or on the boundary of (\ provided n(z) is either unity or more generally 
the modulus of a function analytic interior to C, continuous m the corresponding 
closed region. 

The Tehebycheff polynomial i.s a polynomial of best approximation, in the 
sense that the expression (J) is a minimum for t ho Teliebyeheff poIjuioimaL 
Approximation of a polynomial p n (z) lo a fiiiielion/(^) ean also lie measured by 
various other (expressions, particularly by the use of integrals of the error | f(z) ~ 
p u (z) l 7 '; p > 0. The corresponding polynomials of best approximation have 
various advantages over the Teliebyeheff polynomials, notably ease of 
computation when p = 2, so it is appropriate to study the eomergence of such 
polynomials. The new polynomials of best approximation vhirh we shall study 
exist in every case, and are unique m the ease p > I, as we prove in ( ’lmpler XII. 
The phraseology “the polynomial of best approximation” often used in the 
sequel is lo bo understood in the sense 'any polynomial of best approximation” 
if such n polynomial fails to be unique. Tor the sake of generality we permit the 
use of norm functions in the now measures of approximation. For the present 
the norm functions are taken positive and continuous where defined, blit those 
restrictions will later (§5.7) be somewhat lightened. 

§5.2. Approximation measured by a line integral 

Theorem 3. Let the function f{z) be single-valued and analytic on the point set 
C which consists of a closed limited Jordan region bounded by a rectifiable cum V, 
Let ir n (z) be the polynomial of degree n of best approximation lo f(z) on C in the 
sense of least p4h powers as measured by the integral 
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(6) n(z) |/{z) - w n (z) | p | dz j , p > 0 , 

where n(z) is positive and continuous on r. Then the sequence ir„(z) converges 
maximally to f(z) on C. 


In the proof of Theorem 3 we shall find it convenient first to prove the 

Lemma. If T is a rectifiable Jordan curve, if P(z) is a polynomial of degree n, 
and if we have 

f\P(z)\ p \dz\^L p , p> 0 , 

then we have 

| P(«) | £ LL'R n , z on V K , 

where L' depends on r, R, and p but not on P(z ) nor n.* 

Let on, at, • ■ • , cu be the zeros of P(z) exterior to r, and let the function 
u> — <f>{z) map the exterior of r onto the exterior of y : | w | = 1 so that the points 
at infinity correspond to each oilier. The function <#>(z), if suitably defined, is 
continuous at every point of r. Let m ^ n be the order of the polo of V{z) af 
infinity, that is, the smallest degree of the polynomial P(z) . The function 

f 7 \ Qf.\ _ P{z) [1 - jKgi) <ft(z)] [1 — 0(«a) •■■[!- 0( «t) «A(z)l 

K J ; mr ’ m - *(«.)] [*<*) - *(«oi • • • i m 


is single-valued and analytic! and different from zero in the extended plain 
exterior to T; the function f = (1 — @u>)/(iv ~ 0), | /3 | > 1, maps | to | > l onlc 
| £ | > 1 and maps | w | < 1 onto | f | < l.| The function Q(z) is eontimimiH ot 
T if appropriately defined on r, and on r wo have | P(z) | = | Q(z) |, whence 


( 8 ) 



dz | g J> . 


Tlie function t Q(z)] p /<t>(z) is analytic in the extended plane exterior In I’, zerc 
at infinity, and continuous on 1\ hence is represented by Cauchy’s integral 


m)V = ± f [Q(t)]r dl 
*(*) 2 an Jv - z) > 


z exterior to I’ . 


It follows now from (8) that for z on r B : | (z) | = R we have | Q(z) | g LL, 

where Li depends on R but not on n nor on Q(z). 


* A suitable number L‘ can in fact bo expressed ns the 71-th root of a number which de 
pends on V but not on p, 

t To be sure, this function is not literally defined at infinity or in tlie points af. Here mu 
in the sequel we tacitly assume that the obvious definition is to be supplied in such isolatcc 
points. 

t This function f obviously maps | w | » 1 onto I 1 , for | w | - l implies ff ■= 
(1 - - pw)](w - />)(© - /}) ~ (1 - j3u>)(w - p)/{v> - JT)(1 - #w) = 1. 
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i ^ °L iha , moc ^ u ^ Us of the factor [<f>(z) — <j>(a,)]/[ 1 — <f>(a,)<j)(z)] is unity on r, 
honcc (Principle of Maximum) is less than unity on r*. Then on T* we have 

! , ~ \ I Rm > ^'om which the lemma follows. The case that P(z) van- 

ishes identically is exceptional for the proof but trivial. 

W o nio now in a position to prove Theorem 3 . Let R < p be arbitrary and 
choose /Ci, li < lii < p - here and throughout Chapter V we use p to denote the 
number defined in §4.7. There exist (by §4.5, Theorem 5) polynomials p„(z) of 
respective degrees n such that we have 


J n (z) I f(z) - pn(z) \ p \dz I ^ M/BV , 

where 3 / is suitably chosen, and this inequality implies by the definition of the 
t n (z) 

(°) f »<*) | f(z) - 7 r„(z) |” \dz\S M/RV . 


The vvpII known general inequalities* 


( l0 J I Xi + Xi I" g 2P-1 I XI I" + 2 p ~ l | X2 K V> 1 » 

t xi + Xi l p ^ | xi l p + I X 2 I s , 0 < p s 1 , 

yield from ( 9 ) by virtue of the boundedness of l/[«(z)] 



*»(z) |" [clz\g MJR7 . 


Iiy the* Lenuun wo now find 


( 11 ) I (z) ~ ir„(z) | g Mi/R", z on Cr,,r . 

This inequality, being valid on C Kl «, is also valid on C. The sequence ir„(z) 
converges uniformly on C to some function fi(z), and we have by (11) for z on C 

(12) |/l(z) — 7T n (z) I ^ | 7T„ + i(z) — 7T n (z) | + I 7T„ + 2(z) — JtVpiCO | 


whence 


+ • • • £ M i /R’'~ l (R - I) , 



ir„(z) |p | dz | S M3/R’' 1 ’ , 


* The first of those inequalities expresses essentially the fact that the curve y — z*> f 
V > a > 0, is concave upwards; more explicitly, the point |(xi + X2)/2, (xi + xa) p /(2 p )l 
of the curve lies below the line joining the points (*i, * 1 *), (* 2 , xt p ) of the curve. The 
second inequality expresses essentially the fact that the function y =* \ ajp — (1 + x)*, 
&>0,0<p<iis positive. The proof can be given by showing the positive charac- 
ter of tho derivative y f . 
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where A'U is suitably chosen. By moans of (9) and (10) wo may now write 

j T I /GO - AGO | p \dz\S Mi/R’*, n = 0, 1, 2, • • • , 

which implies the vanishing of this integral and the identity on P of the continu- 
ous functions /(*) mdf\(z ), Inequality (12) expresses the maximal convergence 
of the sequence Tr fi (z) to f(z) on C, and Theorem 3 is established. 

In the proof of Theorem 3 wo have not made use of the fact that the n n (z) are 
polynomials of best approximation except in the derivation of (9). Our conclu- 
sion on the maximal convergence of the ir n {z) holds whenever (9) is valid for 
every Ri < p] more generally, wa may stale the 

Corollary, Inequality (9) implies inequality (12) for z on l\ where fjz) s= 
f{z), provided merely R < R\, 

If the point set C is not a Jordan region as required but is a rectifiable Jordan 
arc, the conclusion and proof still hold. Nothing is to be changed in the proof 
except that the function <j>(z) is not now continuous on C } but becomes continuous 
if the plane is cut along C. More generally, the reasoning holds under still 
broader conditions. Let us prove 

Theorem 4. Let the junction f(z) be single-valued and analytic on the closed 
limited point set C which consists of the mutually exterior closed point sets l 1 ', T", 

• • * , r< K) , where V (J) is a Jordan region bounded by a rectifiable Jordan curve , or a 
rectifiable Jordan arc , or a configuration composed of a finite number * of such Joi dan 
regions or arcs or both which does not separate the plane and whose complement is 
simply connected Let w n (z) be the polynomial of degree n of best approximation to 
/GO as measured by the integral (6) taken over the boundary r of C, where n{z) is 
positive and continuous on the boundary of C. Then the sequence ir u (z) converges 
maximally iof(z) on C. 

We prove inequality (9) precisely as before, where It < p is arbitrary, R < 
R\ < p: 

j r *(*) 1/(2) - wM l- } | £ M/HV . 

By the Corollary, we have inequality (12) (where f x {z) and f(z) are identical) for 
z on each component P< 7) , where depends on j. The corresponding in- 
equality is valid for z on C where does not depend oil j. Theorem 4 fol- 
lows at once. 

Theorem 4 is valid in particular if C is a finite segment of the axis of reals, or a 
finite number of finite segments of the axis of reals. 

Theorem 3 is due in slightly less general form to Szogo [1921] in the case that 

* It follows from a theorem duo to Seidel |1934] that oven an infinite number of arcs or 
regions may he used here, provided tho boundary is recti liable, 
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P is analytic, ;; = 2 and n(z) ss 1, and to Smirnoff [1928, 1932] in the case that 
I 1 is rectifiable but with an auxiliary condition, p =■ 2 and n(z) = 1. Szcgo has 
also studied [1921b] approximation oil the unit circle, p « 2, and on a segment 
of the axis of reals, p 2, with more general weight functions than we consider 
here. Jackson [1930a] has also studied approximation on a circle, with arbitrary 
V > 0, and has obtained less precise results on over convergence. Of course 
approximation on a single segment of the axis of reals has been widely studied in 
the case p = 2; compare §5.7. The situation of Theorem 4 was studied by 
Lindemann [1881] in the case that the T <?) are segments of the axis of reals and 
v = 2, p ~ 2, n(z) 33 1 (the polynomials are those of Lam6); by Faber [1922] in 
the more general situation, p = 2, n(z) s l;by Shohat [1933] in the case llmt 
the r<*> arc segments of the axis of reals, p =* 2, without proving overcon ver- 
gence. In none of these special cases under Theorem 4 was the precise region 
or regions of overconvergence determined. 


§5.3. Approximation measured by a surface integral 

Theorem 5, Let the function f(z) be single-valued mid analyticin a closed limited 
Jordan region C\ Let w n (z) be the polynomial of degree n of bed approximation to 
f(z) on C in the sense of least p-lh powers as measured by the integral 

(13) j jn(z) | f(z) - t r n (z) j*r5S, p > 0, 

where n(z) is positive and continuous on C . Then the sequence tt h (z) converge# 
maximally to f(z) on (\ 


As m the proof of Theorem 3, some preliminary propositions are convenient. 

Lemma I. Let the function P(z) be analytic on and inlerioi to the curie u>; 
| z | — tu If p > 0 is arbitrary, ire have 

~-[i m i' i* i a im I-. 


Lot the points ai, «•>, • • • , <xl l)o tho zeros of P(z) intenor to Tlio lunrtmii 


(14) 


Q(z) = Hz) 


(« 8 — at\z)(a 2 — a?z) • ■ (u i — cuz) 
u k (z — a,)(c — a- s ) • ■ • - aj 


is analytic* and different from zero interior to u, and is continuous on and w itliin 
w, as is also the function [Q(2)] p . Then ive have Cauchy's mtegial 


[0(0)]* 


= ± [ 
2m 


[Q(l))> dt 

t 


from which follows 


| 0(0) 1' S ~ Jj Q(z) |- | elz | 
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On « wo have | P(z) | = | Q(z) |, and the inequality | P{z) | 5 | Q(z) | for z 
interior to to follows directly from (14) and the Principle of Maximum. The 
ease that P(z) vanishes identically is exceptional for the proof but trivial. 
Lemma I is established. 


Lemma II. If the function P(z) is analytic interior to a limited region C, if we 
have 

(15) j j Q \mVdS £IA p > 0, 

andif C' is an arbitrary dosed point set interior to C, then we have 

(16) | P(z) | ^ LL', z on O' , 
where V depends on C but not on P(z ) nor on L. 


Let us introduce polar coordinates (r, 0 ) with origin at an arbitrary point z„ of 
C‘. By Lemma I we have 

(17) |P(z 0 ) l' 1 j*' I p ( z * + I" d0 > 

where the circle [ z - z B | = r and its interior lie interior to C. If wo multiply 

(17) through by r dr and integrate from zero to b, wo obtain 

(18) \P(z«) — a | P(z) l»d{j, 


where 11 is the region | z - Za | £ b, assumed to lie interior to C. 

The right-hand member of (18) is not greater limn (15) Then 

we have established (16), where V - provided merely l> is chosen less 

than the distance from C to the boundary of C. 

The method of proof follows now to some extent the method used for Theorem 
3. Let R < p be arbitrary and choose Ri, R < Jti < p. There exist (§1.5, 
Theorem 5) polynomials p„(z) of respective degrees n such tlmt we ha\ e 


This implies 
(19) 


f J c n(z) |/(z) - pM |» t IS £ M/RV . 
f f n(z) I /(z) - 7T n (z) |r dd g MJRV\ 


from which in turn by the use of Lemma II, wo have 


(20) 1 /(*) - 7r„(z) | g Mi/ III, 2 on C" , 

where C' interior to C is arbitrary, 

If we choose C' suitably, C lies interior to the locus Cn,w (§2.1, Theorem 2), 
and for z on Cn,in wo have (§4.7, Corollary to Theorem 8) from (20), 
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(21) \f(z) - tt „<*) | ^ 

This inequality, being valid for z on C'h,/k is also valid for z on (7, so Theorem 
5 is established. 

The measure of polynomial approximation used in Theorem 5 was considered 
by Carloman [1922] in the case p » 2, n(z) ss 1, but without the proof of 
overconvergenco. 

In proving Theorem 5 we havo used only inequality (19) for the polynomials 
t r M (z). If (19) is valid for every Ri < p, then the polynomials ir n (z) converge 
maximally to/(z) on C . More generally, wo state the 

Corollary, Inequality (19) implies inequality (21) for z on C, provided merely 

li < Ri. 

Our derivation of (21) for z on C is valid without change if C is no longer a 
closed Jordan region but is an arbitrary closed limited simply connected region, 
whether or not the boundary of C separates the plane into more than two regions, 
and whether or not pari of the boundary of C separates other points on the 
boundary of C from the point at infinity; the point set K the mapping of which 
defines the curves (' H is now no longer the complement of C , but is that one of the 
regions into which C separates the plane which contains the point at infinity; 
the region K is simply connected and necessarily regular Moreover, we must 
assume f(z) analytic not merely in the dosed region (\ bill, in every point of the 
complement of A, or what is the same thing, in every point belonging to C or 
separated by (' from the point at infinity. Then a largest p exists such thal/(z) 
is analytic interior to the curve (\. AVe extend the concept of maximal con- 
vergence in the 1 obvious way to include t he present situation. 

Mon* generally, C may here consist of n funic number of dosed limited simply 
connected regions l 1 ', P", - • , r°°, which may or may not have points in com- 
mon. Inequality (21) for each region P (;t (where M> depends on j) is then 
proved from (19) hy llu' Corollary, lienee inequality (21) holds in its present 
form on C; under suitable restrictions on f(z) t inequality (21) therefore holds 
at all points separated by (' from the point at infinity. 

Tiikokem 6 Let P be a closed limited point set consisting of a finite number of 
closed simply connected regions. Let K (necessarily regain) ) denote that one of the 
regions into which the plane is separated by (' which contains the point at infinity . 
Let the function f(z) be analytic at each point of the complement of K. If ir n (z) 
denotes the polynomial of degree n of best approximation to }(z) as measured by the 
integral (13), where n(z) is positive and continuous on C t then the sequence ir n (z) 
converges maximally lof(z) on the complement of K. 

It is not essential here even to suppose the given regions simply connected, 
provided they are of finite connectivity, for a region G* used in the proof of (21) 
and interior to a region F<*> may contain in its interior points not belonging to 
the sot C . 
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§5,4, Approximation measured by a line integral after conformal mapping 

of complement 

For certain interesting point sots <7, such as non-rootiflablo Jordan arcs, the 
convenient measures of approximation (6) and (13) nmy not apply, so we intro- 
duce a new measure of approximation; the new measure of approximation can be 
used for very general point sets; if the boundary of C is sufficiently smooth, this 
new measure of approximation is identical with (6) provided the norm func- 
tions involved arc suitably related to each other. 

Theorem 7. Let C be a closed limited point set (not a single point) whose com- 
plement is simply connected , and let the function f(z) be analytic on 6\ Let ir n (z) be 
the polynomial of degree n of best approximation to f(z) on C as measured by the 
integral 

(22) n(w) | /(g) - ir„(z) I* | dw |, p > 0 , 

where n(w) is positive and continuous on 7, and where the exterior of C is mapped 
onto the exterior of y\ \ w | ~ 1 so that the points at infinity correspond to each other . 
Then the sequence ir n (z) converges maximally to f(z) on C . 


To be sure, the functions /(*) and ir n (z) may not actually be defined on 7, but 
they are analytic exterior to 7 and limited exterior to 7 in the neighborhood of 7. 
The values used in (22) are to be the boundary values [Fatou, 1906] assumed 
almost everywhere on 7 by normal approach to 7, and are integrablc on 7 in the 
sense of Lebcsguc. Denote the mapping function by iv = z ~ ^(w). 


Lemma, Let the function P(w) be analytic ex tenor to 7: | it» | — 1 except for a 
pole at infinity of order not greater than n t have at most a finite number of zeros c de- 
nar to y* and be uniformly bounded exterior to 7 in the neighborhood of 7, Then 
the inequality 


implies 



dw \ g L p , 


I P(w) | £ LL'R * , 


where L f does not depend on P(w) or h. 


V > o, 


1 1» I - n f 


The proof of this lemma is precisely the same as the proof of the Lemma of 
§5.2. Wc proceed to establish Theorem 7, 

Let R < P be arbitrary, and choose R x and <r u R < R t < p, J < ^ < p /h\. 
There exist (§4.7, Theorem 8) polynomials p n (z) of respective degrees n such that 
we have uniformly for all n and for all <r S <n < p/R\ t e > 1, 


* This condition is unnecessary for fcho truth of the Lemma, but is a convenience in the 
proof, If this condition is not made, the use of the Blaschko product (§10.1) is natural. 
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/ 


I tO I “ <3 


n(w/cr) \f(z) - p n (z) \ p | dw I g M/R'i v > 


where M is suitably chosen; by allowing a- to approach unity (the integrand is 
uniformly bounded and approaches a limit) we obtain 


L 


n(w) |/(z) — p„(z) I" | dio | g M/R * p . 
This inequality implies by the definition of the polynomials irjz) 
(23) 


n(w) 1/(2) - tt„(z) |” | dw | g M/R” p , 
which by the use of (10) yields 

1 T.+1 Of) - *»(*) |" I dw | £ Ml/R 1 P . 


I 


The conditions of the Lemma are now fulfilled except in the trivial case that 
7T nl 1 (z) find 7 r n {z) an* identically equal, so we have 


(2-1) | 7r r\ {-i (z) — 7 r»(z) | ^ Mz/R n + l f 2 on Cnjn * 

This inequality, valid on (»,/«, is also valid on C. Hence the sequence 7r ri (z) 
converges uniformly on C to some funetion f\(z) analyiie on (\ The identity 
oil C of the functions f(z) an d/i(z) remains to he established, 

Overeon verge nee of the sequeneo ir n {z) lakes place, so the function /i(c) is 
analytic in some neighborhood of C exterior to C. Tor the houndnty values on 
y of the two function* J(z) and/](z) (analytic in some neighborhood of y exterior 
to 7) we prove as in §5.2, 

J I ■/¥(«>)] - J'Mw)} I'’ I dw 1=0, 


whirl) implies (lie vanishing almost everywhere on 7 of Die fund ion /[^Odl - 
The* funetion \p(w) approaches 11 limit ns ie exterior to 7 approaches 7 
rndmlly, except for a sol of values of w of measure zero, the values of ir foi a liicli 
(he limit, exists eorrespond to points of C neeessible from the exterioi of C 
Almost, all values of «> on 7 are points at whieh/f^(w)] and/ihK»')] are ('(pud and 
which correspond to accessible points of C. Any are of 7 necessarily contains 
points at which /[)/'(?<>)] and /i[^(u')l are equal and which correspond to accessible 
points of (’. Tf 2 = « is an arbitrary point of the boundary of any circle C\ 
with « as center which cuts (' possesses one or more arcs which together with 
part of the boundary of V bound a simply connected region D exterior to C bul 
interior to C\. The region D corresponds to a region exterior to 7 but bounded 
in pari by 011c or more arcs of 7. The circle Cj therefore contains in its interior 
(an arbitrary neighborhood of a) accessible points of the boundary of C at which 
}{z) and f\{z) are equal. Then f(z) and j\(z) are equal in points everywhere 
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dense on the boundary of C, and hcncc are identically equal. The proof is 
complete. 

Corollary. Inequality (23) implies inequality (24) for z on C, where R < R \ ; 
if also the given function /(«) is analytic on C, inequality (24) implies 

| /(z) - 7 r»(z) | g M 3 /R" , z on C . 

The following is a generalization of Theorem 7 : 

Theorem 8. Let C he a closed Untiled point set whose complement is connected, • 
which consists of the components V', T", • • • , each of which consists of more 
than a single point. Let the function f(z) he analytic on C and let ir n (z) he the poly- 
nomial of degree n of best approximation to /(z) on C as measured by the sum 

2 f I /(*) “ I” I dv> 1 1 V > 0 ) 

fc-l Jfh 

where ni(w) is positive and continuous on yk and where the exterior of I nfc) is 
mapped onto the exterior of | vo | = 1 so that the points at infinity correspond 
to each other . Then the sequence n n (z) converges maximally to f(z) on C. 

Precisely as in the proof of Theorem 7, wo can establish 

t f n K (w) | f(z) - ir»(z) |” | dw [ g M/llV , 

t = i J n 

and by the Corollary this implies inequality (24) which now holds (with 
depending on j) on each T {i K Then (24) holds in its present form for z on (\ 
and the remainder of the proof proceeds ns before. 

§5.5. Approximation measured by a line integral after conformal mapping 

of interior 

Another measure of approximation somewhat similar to (22) is obtained by 
mapping the interior of a given region onto the interior of the unit circle y of I he 
w-plano. This measure of approximation may apply when the measure of §5.2 
cannot be used, and may apply (see §5.8; the measure of §5,4 is not applicable) 
when the function is not analytic in the given closed region. 

Theorem 9, Let C be an arbitrary closed limited simply connected region, and 
let the function f(z) be analytic at every point either on C or separated by C from the 
point at infinity . Let i r n (z) be the polynomial of degree n of best approximation to 
f(z) on C as measured by the integral 

(25) n(w ) | f(z) - tt„(z) | p \dw\, p > 0 , 

where n(w) is positive and continuous on 7 , and where the interior of C is mapped 
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1 


onto the interior of y: \ tv | = L Then the sequence tt w (z) converges maximally to 
f{z) on C< 


The measure of approximation (25) obviously depends on the particular point 
Zq interior to C which is made to correspond to the point w =* 0, but this measure 
of approximation with a given choice of z 0 and a given norm function n(io) is 
equivalent to the corresponding measure of approximation with an arbitrary 
choice of Zo ancl a suitable norm function. 

The functions /(z) ancl 7r«(z) need not be defined on 7 by the conformal map, 
but they arc analytic ancl uniformly limited interior to y } so their boundary 
values exist; the integral (25) is to be understood as involving those boundary 
values. 


Lemma. If the function P(w) is analytic and uniformly limited interior to 7: 
| w | = 1, and has only a finite number of zeros interior to 7,* then the inequality 

| P(w) \ p J dw | < L v , p > 0 , 

implies for z on an arbitrary set 7' interior to 7 
(26) | P(w) | SLL\ 

where L' depends on 7' but not on P(w). 

Let the zeros of P(w) interior to 7 be a h or 2 , - * • , a*. The function 


(27) 


Q(u>) = P(w) 


(1 — a-iitf) (1 — a 2 u>) 
(«> - oti) (w - ar s ) 


(1 - Ct k w) 
(U) ~ a k ) 


is analytic, uniformly limited, and different from zero interior 107; on 7 we have 
| Q(w) | = ] P(w) |. Cauchy's integral formula is valid: 

rn/ \i n 1 f lQ(t)] p dl . , . . 

IQ(io) ] p = 5-7 / -7 — > w interior to y , 

2tCI Jy l — W 

where the values of [Q(0] ,) used in the integrand are the boundary values taken 
on by normal approach. We have immediately | Q(w) | g LL* for z on 7', and 
from (27) we have | P(w) \ g | Q(u>) [, z on y'. The proof of the lemma is 
complete. 

Let R < p be given; choose i?i, R < Ri < There exist polynomials p n (z) 
of respective degrees n sucli that the integral (25) with w n (z ) replaced by p n (z) 
is not greater than M/Ri p > where M is suitably chosen, Hence (25) in its 
present form is not greater than Each function f(z) — r n (z) either 

vanishes identically or has at most a finite number of zeros interior to C (or 7). 
By the use of inequalities (10) and the Lemma we have 


* This restriction is merely for convenience in proof; compare § 10.1 on the Blaschke 
product. 
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l/W-ir.01 SMt/W, z on C f , 

whom C* is an arbitrary point set interior to C. If C* is suitably chosen, the 
locus C'jti/R lies exterior to C (§ 2 . 1 , Theorem 2 ), so (§4.7, Corollary to Theorem 8 ) 
for z on &n x jR } and therefore for z on C f we havo 

| m -ITnWI ^ 

The proof is complete, 

The following theorem can now bo proved by the method already used 
several times: 

Theorem 10. Let C be an arbitrary closed limited point set consisting of the 
dosed simply connected regions P', I 1 ", • • * 3 PW, and let K denote that one of the 
regions into which the plane is separated by C which contains the point at infinity . 
Lei ike function f(z) be analytic at every point of the complement of and lei ir tl (z) 
be the polynomial of degree n of best approximation to f{z) on C as measured by 
the sum 

y) f njiC w) I f(z) - TT,Xz) I" \du)\, p > 0 , 

ft=i J n 

where ni.(w) is positive and continuous on 7 * and where the interior of l’ {i) is mapped 
onto the interior of y k : | w \ — 1. Then the sequence ir n (z) converges maximally to 
/(z) on C. 

Results similar to Theorems 9 and 10 exist, where u simply connected region 
C or r<" is mapped onto the interior of 7 : | w | = 1, and where approximation 
is measured by a surface integral taken over the interior of 7. There is now no 
difficulty in proving these now results; the treatment is left to I lie render, 

Theorems 2 (complement of (? simply connected), 3, 5, 7, 9 are due to Walsh 
[1930a, 1931]; Theorem 2 (general case), and Theorems 4 , (5, 10, in a less non- 
era! form, are due to Walsh and Itussoll [1934]; the present formula! ions are due 
to Walsh [1933o]. 

§5.6. Point sets with infinitely many components 

The Tchcbychcff measure of approximation (§5.1) is applicable whether the 
point set involved has a finite or infinite number of components, hut our other 
measures of approximation (§§5.2-5. 5) can in (heir present forms he applied 
only in the case of a finite number of components. In certain eases, howexcr, 
our methods can Ido extended to apply to the more general ease, ns we proceed to 
illustrate by a single relatively simple example; for definiteness and for the sake 
of generality in the kind of point sets allowed we choose the measure of approxi- 
mation considered in §5.4. 

Theorem 11, Let C he a closed limited point set whose complement is connected 
and regular, and let C consist of a denumerably infinite set of components r', V", ■ • • . 
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Let C have the property that given R > 1, there exists v depending on R such that 
(r 7 + r" -|- r (k) )« contains C in its interior . Lei approximation of a 

polynomial p n {z) of degree n to a function f(z) analytic on C be measured on by 
the integral 

<4”’ = f n k (w) | /(«) - p n (z) I 1 * | dw |, p > 0, 

J ik 

% 

where the exterior of r tt> is mapped onto the exterior of 7*: | w | =* 1 so that the 
points at infinity correspond to each other and where ni{w) is positive and con- 
tinuous and not greater than unity on 7 a; any particular r* l) which consists of 
merely a single point is simply to be omitted in considering the We introduce 
as measure of approximation of p n (z) to f(z) on C the quantity * <w) — ^2 4" 7^ U 
f(z) is an arbitrary function analytic on C and if 7r n (z) is the polynomial of degree 
n of best approximation tof{z) on C, then the sequence ir n (z) converges maximally 
tof(z) on C, 

By the method already used a number of times, we have for an arbitrary 
Ii < p, li < R x < Hi < P , 

e'f'ZM/Rl, * in) g M/Rl , 

for the measure of approximation of tt u (z) to f(z). Then we have also 

c[ n) g ^ 2 k M/R'L 

so (by 1 he Corollary lo Theorem 7) on each component we have 

\f(z) - t u (s)\ g 

By §1.7, (’orollnry lo Theorem 8, wo tmve on the on tin* set [V + V" -f • • • 
+ and therefore by suilable choice of v for z on C 

\f{z) - w n (z) | g Mi/K% 

where M 1 is suitably chosen. The proof is complete. 

It is not. essential that all the components of C be included in the sequence 
V iK > pnnided the property already mentioned persists, nor is it even essential 
that the r (A) be components of C. 

Various point sets which are of interest satisfy the requirements of Theorem 11; 
for instance we may choose r 7 ns the segment — 1 S x V // = 6 , and r u) 
(lc > l) as the segment ~ L g .r g 1 f y — 1 /k. The curve v\t\k > 1) is the 
ellipse whose foci arc the points (—1, \fk) and (1, \/k) and whose semi major 
axis is l(R + 1/R). The curve r ( / } is interior to the locus (l 17 + I 1 " + * * * 
+ r w )*j v > k } and hence if R is given the number v can be determined so that 
the latter locus contains C in its interior. 

The method wo have used in the proof of Theorem 11 is in reality the iteration 
of the method previously used in the proof of Theorem 5 and elsewhere. The 
iteration can naturally be repeated any finite number of times, and a corrc- 
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spondingly more general theorem can be stated. Compare in this connection 
Theorem 14 and its method of proof. 

One interesting application of Theorem 41 and the method of its proof is the 
study of approximation whore the given norm function is not assumed different 
from zero; the point sets r w belonging to Cmay still exist such that the reasoning 
can be applied, The significance of this remark appears in the following section, 

§5.7, Generality of weight functions 

In §§5.2-5. 6 wc have supposed for simplicity the norm function n(z) or n{w) 
positive and continuous on the point sot on which it is defined. For some 
purposes it is desirable to lighten this restriction, particularly by admitting 
points where n(z) or n(w) vanishes; wo need merely remind the reader of the large 
variety of important polynomials orthogonal on a segment of the axis of reals 
with respect to a weight function which may vanish at various points; these 
polynomials are intimately related to the polynomials ir n (z) already studied, as 
we shall establish later (Chapter VI). Wo now indicate briefly how our previous 
requirements can be modified. 

Weight functions have entered into our reasoning at two points: first, the 
inequality 

\f(z) - Pn(z) | S M/R n , s on C, 
is used to prove the inequality 

J n{z ) |/(2) - p n (z) | p \dz\ g Mi/R np 

or a similar inequality for some other integral taken over (' or its boundary or 
over y. It is clearly sufficient here if the function n(z ) for n(w )] is integrable in 
the sense of Lebcsguc, a restriction which is relatively moderate. 

The weight function also enters our reasoning in deriving an inequality such 
as 

(28) J | f(z) - 1 r „(z) |r | tlz J < Mi/ll”" 
from the inequality 

(29) Jn(z) | f(z) — 7 r n (z) \ p \dz\ g M 2 /lt" p . 

A sufficient condition for this conclusion is clearly that 1 /n{z) should bo bounded, 
or that n{z) should be bounded from zero. 

Theorem 12. In Theorems 3-11 it is sufficient if the non-negative norm func- 
tion n{z) is integrable and bounded from zero, 
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Still another method of 
inequality (which for a = 


concluding (28) from (29) is by means of the Haider 
1/2 becomes the Schwarz inequality) 


(30) 


/m-|s(/|?|)'(/|«|)— 0<«<1, 


whose validity requires merely tile existence of the integrals on the right. Under 
the present hypothesis of (29) and if [„«]-», 0 > 0 , I, intestable, we can set 
« = 1/(1 + 0 ): 


(3i) / 1/« - *.<*> I...-., , a (/. [ -^l s )-(/. - mM _ ,„ WI , , * ,)- 

g M 4 /R n v(l-a)_ 

lo be sine, inequality (31) is not precisely the same form as (28), for (31) in- 
volves the p(l - a)-th power, not the p-th power of |/(z) - )r„(z) j Neverthe- 
less, the reasoning we have previously used (§§5.2-5.6) is effective when applied 
to (31) instead of (28). 


1 iieorhm 13. Ill Theorems 3-11 it is sufficient if the non-negative norm func- 
tion n(z) is intcgrable and if some negative power of n(z) is integrable. 

The condition that some negative power of »(z) be mtegrable has been used 
by Jackson [ 1933] ui the study of approximation in the real domain. Theorems 
12 and 13 apply to all ( lie cases previously studied in which an integral measure 
of approximation is used. Still further results can be obtained in some of those 
cases, l-’or instance, m Theorem 5 (a similar remark applies to Theorem 6) it is 
sufficient if for every & > 0 the function n(z) is non-negative, integrable in C, 
and is bounded from zero (or more generally if some negative power of n(z) is 
integrable) in some Jordan region interior to C which contains all points interior 
to C at a distance from the boundary of C not greater than 5. We proceed to 
discuss in more detail the situations of Theorems 3 and 4 


Theorem 14 . Let C be an aibitrary rectifiable Jordan arc, Id the non-negative 
function n{z) be integrable on (’, and on every dosed Jordan subarc of C containing 
no point of a certain closed reducible set S on C let some negative power ( depending 
on the subarc) of n(z ) be integrable. Then the sequence of polynomials ir„(z) of 
degree n of best approximation on C to the function f(z) analytic on C as measured by 
the integral 

n(z ) | /(z) - tt„(z) \ f \dz\, p > 0 , 
converges maximally to f(z) on C. 

The reasoning to be used in proving Theorem 14 is well illustrated by a special 
case. Lot C be a closed limited interval of the axis of reals, and let the function 
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n(z) be continuous on C, positive at interior points of the interval, zero at both 
ends of the interval. Let R < p be arbitrary and choose Ri and lit, R < Ri < 
lit < p. There exist polynomials p„(z) of respective degrees n such that \vc have 

jf n(z) | /(z) - p„(z) \dz\£ M/R7 , 

so the corresponding inequality holds for the polynomials tt u (z) of best approxi- 
mation. If C * is a variable subinterval of C7, wo have 

f n(z) | f(z) - r v {z) I" \dz\S M/ll ? . 

Jc> 

By the Corollary to Theorem 3 (applied lo a Jordan arc rather than a Jordan 
curve) wc have for z on C* 

I/M - *■»(*) I ^ ATi/*J ■ 

Then for z oil Ch^a we have (§4.7, Corollary to Theorem 8) 

|/M -*■„(*) | 

The curve Ca t m is an ellipse whoso foci are the end-points of C" and whose 
eccentricity depends only on Ri/R, so if C' is suitably chosen the interval C li<\s 
interior to The inequality valid for z on Cnjtt is also valid for 2 on C 9 

so the sequence 7 t u (z) converges maximally lo f(z) on C, as we were to prove. 
We turn now to the proof of Theorem 14 in Us general form. 

Let R < p be arbitrary and let C' bo any closed set consisting of n finite num- 
ber of subarcs of C but containing only a finite number of points of S. We shall 
prove the inequality 

(32) | /(*) - r H (z) | S M/fl n , 2 on C' . 

Let r be a variable closed subset of ( T/ which consists of a finite number of arcs 
belonging to C and contains no point of ,S\ Choose and R 2) Ji < R { < Ri < />. 
The inequality 

jf n(z) \f(z) - n n (z) |p | dz | g 

is valid, and by virtue of the method used in Theorem 13 and the Corollary io 
Theorem 3 we have 

I f(z) — 7 r„C0 | g M«/R * , z on F . 

Let P be chosen as C" with neighborhoods of the points of >S r belonging to V* 
deleted. If these neighborhoods arc chosen sufficiently small, the locus Y lhj n 
contains the point set C' in its interior (§2.1, Corollary to Theorem 2), from 
which we conclude (§4.7, Corollary to Theorem 8) inequality (32) for z on r Wl /« 
and hence for z on C ! as indicated. 
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By use of the result just proved valid on a variable point set C J , and by a new 
application of the method used (i.e. involving the results of §2.1) ; it follows that 
for an arbitrary R < p and for an arbitrary closed set C n consisting of a finite 
number of subarcs of C but containing only a finite number of limit points of S, 
wc have 

\f(z) - ir n (z) | g *onC". 

The entire theorem [Walsh, 1934c!] is similarly proved by renewed application 
of the method given. The formal proof may be given by induction, and is now 
readily supplied by the reader. 

Precisely the same method may be used to prove 

Tiieohem 15. In Theorem 4 it is sufficient if the non-negative function n(z) is 
iniegrahle on P, and if on every closed Jordan subarc belonging to V and containing 
no point of a certain closed reducible set S on V som-e negative power {depending 
on the subarc) of n(z) is iniegrahle. 

10 ven Theorem If) may be extended, in the spirit of Theorem 11 . 

Theorem 15 is of particular interest when C is a subset of the axis of reals. 
The corresponding situation for p = 2 with various other restrictions on the 
weight function has been studied by many writers, for instance C. Neumann 
[1802], Mzego [1921b], Fuller [1922], H. Bernstein [1930], Shohat [1933], anti others. 
In east* V 1ms more Ilian one component, (he present results are more specific than 
any previously published results concerning the regions of convergence of the 
sequence of polynomials of best approximation; for the case Unit V is a single line 
segment the weight functions admitted by Hzego and Bernstein are more general 
m some respects and less general in other respects limn those admitted in Theo- 
rems 1 l and 1 5. Faber has also proved some results (p = 2) on approximation on 
several line segments or m several Jordan regions analogous to Theorems M and 
15, but with conclusions loss specific than the present ones. 


§5.8. Approximation of functions not analytic on closed set considered 

The general study of approximation to arbitrary functions not assumed 
analytic on the given closed sets, as measured by the methods of approximation 
tlmt wo Iuimj used in §85-2—5.5, is not yet in a completely satisfactory state in 
the literature Nevertheless, many of our preceding results and methods arc 
applicable with little or no modification, as wo now proceed to indicate. 


TriKOW'JM 16. Let C be an arbitrary rectifiable Jordan curve , and let the f unctions 
\j/{z) and \ p n (z) be represented interior to C by the integrals 


\p{z) - 


1 f 9(0 dt 
2iri Jo i-t 1 



l 


'l'n(l) dt 

l — Z 


i 


(33) 
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the functions 'I' ( 2 ) and '^(s) need, not be boundary values of P(z) and ^»(z) respec- 
tively.* Then the equation 

lim / [ - t'„(t) | p | dt | = 0 , p > 1 , 

H~><» JC 

implies 

(34) lim 1 p n (z) = f(z) 

for z interior to C f uniformly on any closed set interior to C, 


In inequality (30) we sot 

m - Mt) - *«(*)]* , 0(i) « (l - *)*'«-*, 

By means of (33) wo have directly for 2 interior to C 


I 'Pi*) — ^«(z) I ^ ^ 


*(«) - %ft) \* I 


= 1 (v< 


| dt I V 

_ z \pKv-d) 


from which the theorem follows. 

It is clear that the method of proof used for Theorem 16 can also be used in 
the proof of Theorem 3. This present method of proof is somewhat simpler than 
the one previously used, but has the disadvantage of applying only for values of 
p greater than unity, and of requiring the application of §2.1, Theorem 2. 

The method of proof of Theorem 16 applies with little modification in the proof 
of the 


Corollary. Let C\ C ", * - * , C {v) be mutually exterior rectifiable Jordan 
curves and let the function f(z) be analytic interior to each C iK) } continuous in the 
corresponding closed region. Let ir n {z) be the polynomial of degree n of best ap- 
proximation to f(z) on the set Cl C { + C n + . ■ ■ + in the sense of least p-(h 
powers (p > 1) with a positive continuous norm function, (is measured by a line 
integral over C, Then the sequence tt h (z) approaches f{z) interior to (\ uniformly 
on any dosed set interior to C, 

There exists (by §2,8, Theorem 15) some set of polynomials p n (z) not neces- 
sarily of respective degrees n such that we have 


lim j n(z) | f(z) - p n (z) p' [ dz | = 0 . 

n-»oo JC 

Then the monotonic non-increasing set of numbers 
(35) J c *00 [ /(«) - n(z) j" | dz j 

* For example, wo' may lmve 'V(t) = 1 /l, where tho origin is inlorior to C. It is thon 
readiiy computed, for inafcanco by separating the integrand into partial fractions, that ^( 2 ) 
is identically zero for 2 interior to (7, Compare also §§6,10 and 0.11. 
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also approaches zero; compare §5,1. The Corollary is now a consequence of 
Theorem 16. 

In the case that the curve C of Theorem 16 or the curves C (A) of the Corollary 
are sufficiently smooth, certain other results can bo established by the use of 
conformal mapping, Such a measure of approximation as (36) can be written as 

(36) f **< w >l /(*) - ir.fr) H dw | , 

n-i Jy k 

where the function w « fa(z) maps the interior of C (Jc) onto the interior of 
| w | s=s 1, and where we set ni{w) — n(z) | dz/clw |. . Under suitable restric- 
tions on the curves C {K) , this function Uk{w) is positive and continuous on the yb y 
or more generally satisfies the hypothesis of Theorem 13. The expression 
(36) is in the precise form for the use of Theorem 18 below and its Corollary, 
We proceed with the analogue of Theorem 1 6 whore a surface integral is used as 
a measure of approximation : 

Theorem 17. Lei C be an arbitrary limited region and lei the functions $(z) 
and \ l/ n (z) be analytic interior to C . Then the equation 

Inn j j [ y fr(«) - 'I'niz) | p dS = 0 , p > 0 , 

n-no J Jr 

implies 

lim i„(z) = ^(?) 

K -►« 

for z interior to V, uniformly on any closed sd interim lo C, 

This theorem is an immediate consequence of §5.3, Lemma II. The same 
method of proof yields 

Corollary 1. The equation 

lim j f | \"<IS =0, p > 0, 

where the functions are analytic interior to the limited region (\ implies the uniform 
convergence of the sequence ^„(z) on any closed set interior to C. 

Corollary 2. Let C C" , * • - , (! {v) be mutually exterior Jordan curves, and 
let the function f(z) be analytic interior to eachC (l \ its p-lh power (p > 0) integrablc 
in the corresponding open region . Let ir n {z) be the polynomial of degree n of best 
approximation lof(z) on the set C {consisting of the interiors of the C <k) ) in the sense 
of least p4h powers with a positive continuous norm function as measured by a 
surface integral over C . Then the sequence tt„{z) approaches f(z) interior to C, uni- 
formly on any closed set interior to C. 
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The proof is the direct analogue of the proof of the Corollary to Theorem 16, by 
the use of §2.7, Theorem 14 nnd the method of §2.8. The hypothesis of Corol- 
lary 1 implies (method of §6.3) for p = 2 the existenco of a function Hz) satisfy- 
ing the hypothesis of Theorem 17 . 

Theorem 18. Lei y be the unit circle \z\ = 1, lei the Junctions Hz) and J„(z) 
be analytic interior toy, and lei the functions Hz) — 'Pn(z) have the property that 

lim r I Hre <0 ) - H(™ <$ ) \ r dO = L\\, p> 0, 

r~-> I Jo 
r <1 

exists. If the quantities L n approach zero with l/n } then (3d) is valid for z interior to 
y, uniformly on any dosed set interior to y. 

The functions $(z) - ^*(«) may have an infinite numbor of Keros interior to y; 
nevertheless, the corresponding Blaschko product (sec §10.1) converges [F. llicsz, 
1923], and the functions \f/(z) - $ n (a) have boundary values (found by normal 
approach) almost everywhere on 7, The proof of Clio Lemma of §5.6 applies now 
with only obvious modifications, and Theorem 18 follows at once. 

Corollary. Let C", C r/ f * . » , C 00 he mutually exterior Jordan curves and let 
the function f(z) he analytic interior to each C ik \ continuous in the corresponding 
dosed region . Lei ir n (z) be the polynomial of degree n of best approximation to 
f(z) on the set Cl G* + C" + •**-(- C {v) in the sense of least p4h powers (p > 0) 
with a positive continuous norm function as measured by 

2) f ndw) | f(z) - 7 r„(s) \ p [ dw | , 

where the interior of C lk) is mapped onto the interior of 7*,: | w | — 1. Then the 
sequence ir n {z) approaches f(z) interior to C , uniformly on any closed set interior to C 

The proof follows the proofs previously given. 

It is worth remarking that the Lemma of §5.5 and its proof extend to the ease 
that 7 is an arbitrary rectifiable Jordan curve instead of a circle. Jhil Ibis exten- 
sion involves proof of the existence of boundary values on 7 and of the validity 
of the corresponding Cauchy integral [compare Heidcl, 103*1], and is beyond the 
scope of the present work. Such extension yields the proof of the Corollary of 
Theorem 16 with the restriction p > 0 instead of ;; > 1. 

It is not difficult to establish results analogous to the Corollaries to Theorems 
16-18 where a double integral i a used as the measure of approximation, after con- 
formal mapping onto the interior of a circle; the reader can supply the details. 

In Theorems 16-18 and their Corollaries we have supposed for simplicity the 
norm functions positive and continuous. This restriction may clearly be some- 
what lightened by the methods of §5.7. 
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ORTHOGONALITY AND LEAST SQUARES 


§6.1. Orthogonal functions and least squares 


Lot G bo a rectifiable Jordan arc or curve and let each of the finite or infinite 
set of functions p»(z), Pi(z), ■ • • belong to the class L- on C, that is to say, let each 
function pk{z) be integral tie (Lebesguc) together with its square on C.* The set 
of functions pk(z) is said to bo orthogonal on C if wo always have 

Phiz) p„(z) | dz | - 0, k 7* n, 
and is said to be normal on C if we have 


L 


phiz) Phiz) I dz I 


1 . 


If the functions Po(z)> p 1(2), * * are normal and orthogonal on C } ancl if f{z) 
belongs to U on C, then 


( 1 ) f(z) ~ a Q p Q (z) + (hpi(z) + a>p 2 (z) + • • • , 





is called W\o formal expansion of f{z) on ( i in terms of the functions Pk{z). lien* 
tho sign ~ is used simply to denote formal correspondence, If the function 
f(z) is equal on C to some series Xa - 0 and if it is allowable to integral 0 

that senes over (/ term by term after multiplication through by p K (z) \ dz [ (it is 
sullieient if (lie given series converges uniformly on O, (lien the coefficients 
bk are uniquely determined and are equal to the u k in ( 1 ). 

The coefficients m have another important property: 


Thkoukm I, If the functions pu(z), ;a(-), , ]> n ( z ) tire nonnal and orthogonal 

on C } and if f{z) belongs in I ? on C, then the linear combination of the functions 
p^{z) } P\i z )> ' ' ' 1 P » ( 2 ) which approximates best to f{z) on C in the sense of least 
squares is given by 

(2) «„(«) = Oopoiz) -\- aipiis ) -I- • ■ • + a n p n {z) , a„ = ff(z) p k {z) \ dz \ . 

Tho linear combination which yields best approximation to f(z) on C is the 
linear combination X*/>jl(£) in which the X* are chosen so as to minimize 

the integral 

* We frequently use tho fact that the sum of two functions of class h 2 also belongs to L z } 
and that the product of two functions of class TJ is integrable 111 the sense of Lebesguc. 

Ill 
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(3) f c I /(*) - S ^(z) |« | * I - j[ [/ “ S * m]l ? ~ 2 %kpk] 1 d 9 1 

= f o f?\ dz \ - S ^ Jj pi \ dz i ~ S^jC>m*i+ 2 X ^ 4 
= y // 1 i - 2 <**& + 2 ^ ~ ^ ~ ^ • 

This last expression, considered as a function of the At, is clearly a minimum 
when and only when we have A*. = <u, k = 0, 1, 2, • • • , n. 

Corollary 1. In Theorem 1 , the measure of approximation to f(z) on C of the 
linear combination s n (z) of best approximation is the non-negative number 

[ |/(*)-s»<*)|M<fe|= / l/( *)?\dz\- 

JC Jo 

The obvious fact that this number is non-negative is known as Bessel* s in- 
equality] the inequality implies at once 

Corollary 2. If the functions pa(z), Pi(z) } • • - are normal and orthogonal on C } 
and if the function f(z) belongs to IJ on C t then the series 

\ct k \ 2 f a k = 

L°=0 

is convergent. 



L 


/(») Pk(z) | dz 


S i • 

k-Q 


Corollary 3. In Theorem 1, the difference f{z) — s n (z) is orthogonal to each of 
the functions po(z)> p\(z) f • * ■ } p n (z); this property completely characterizes the 
linear combination s,fz). 


Corollary 3 may ho verified directly from the definition of orthogonality, or 
may be proved by Corollary 1. 

Theorem 1 is noteworthy not merely in giving a simple formula for the linear 
combination of best approximation in the sense of least squares, but also in the 
fact that the coefficients X* = a k for best approximation by the sum o 
do not depend on n } provided merely n ^ k. 

It is a well known fact that the functions 1, z y z 2 , • * - arc mutually orthogonal 
on. an arbitrary circle C\ \z \ = R whose center is the origin. We have (Ic ?i) 


J z k z n | dz | « J , 


IV" ltdz 
z n iz 



z k ~ n ~ l dz ss 0 . 


Consequently, if /(^) is an arbitrary function analytic on and within C y then the 
polynomial 
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a« + a* + a*» + .. • + a n z\ a k = jV*) **l*l « ^ /^TF. & 

is both the polynomial of degree ?i of best approximation to/(2) on C in the sense 
of least squares, and the sum of the first n + 1 terms of the Taylor development 
of f(z) about the origin. 


§6,2. Orthogonalization . 

A finite or infinite set of functions q*{z) } q x {z) } £ 2 (z), • • ■ of class L 2 on the 
rectifiable arc or eurvo C is said to be linearly independent on C provided an equa- 
tion of the form 

(4) | V?oO) 4- biffite) + • • • + M»00 r 1*1-0 

implies the vanishing of every b k . It is clear that no function qi{z) of a linearly 
independent set can be a null function (i.e., zero almost everywhere on C). If 
the <7a(z) are normal and orthogonal on C, they are necessarily linearly independent 
on C, for the integral in the left-hand mepiber of ( 4 ) is precisely | &o | 2 + | M 2 + 

■••-HM 2 . 

If the functions q 0 (z), qfz), ■ • • , q n {z) are of class L" on C, and ll equation 
( 4 ) is valid with the not all zero, then those functions are said to be lineaily 
dependent on C. 

Tiikoukm 2. If the finite or infinite set of functions r/ 0 (z), </i(z), 53(2)) • • ■ of 
class L 2 on V is linearly independent on C, then there exists a set of functions 
}>o(z), l>i(z), fh(z), • • • u'hich are normal and orthogonal on C ; mot cover p n (z) is a 
linear combination of the functions 1/0(2), qfz), • • • , qn(z), and q n (z) is a linear 
combination of the functions po(z), Piiz), • • • , p n (z)- 


Let us define l»(z) as identically equal to q 0 (z), and let us set 


po(z) - lo(z) 


f 1 - 1/2 

/ | I 2 I dw | , 

Jr J 


<i(z) = qi(z) - poto J c ffi(») M») I dw 1 » 


pi (z) = h(z) 


■ f * 1 — 1/2 

J | h(v>) I 2 I dio | , 


k {z) _ q f z ) _ p 0 ( 2 ) jT qfw) p„(«i) 1 dw | - Vi(z) J c «*<»> p,(w) | dw 
Pl(z) s= h{z) L£ [ Uw) | 2 [ dw | J , 



114 


CHAPTER VI, ORTHOGONALITY AND LEAST SQUARES 


t„(z ) ~ q n ( z) - po(z) (7»(io) po(w) \dv>\ - p t (z) J q n (io) p, ( w ) | dw | 

- ■ • • - pn~i(z) q»(w) p„-iO) \dw I , 

P n (») = tn(z) ^ I <n(w) [ 2 | dw | J ' , 


In these defining equations, wo have defined po(z) as a constant multiple of qo(z) 
which is normal on C. Tho function h (z) is equal to q { (z) diminished by the 
formal expansion of qi(z) in terms of po(z), lienee (Corollary 3) t,(z) is orthogonal 
to po(z). The function pi(z) is a constant nniltiplo of t\(z) which is normal on C, 
hence pi(z) is also orthogonal to p 0 (z), Similarly, the function l„(z) is equal to 
q„(z) diminished by the formal expansion of q„(z) in terms of po{z), ]h (z) , • • • , 
Pn-i(z ) ; hence (Corollary 3) l„{z) is orthogonal to pt(z), pi(z), ■ • • , p„-i(z), and 
therefore p„(z) (a constant multiple of l„(z) which is normal on C) is also orthog- 
onal to these functions. Thus each function p„(z) is orthogonal to the func- 
tions p 0 (z), pi(z), ■■■ , p„-\(z), and hence tho set p n {z) is normal and orthogonal. 
The function p„(z) is obviously a linear combination of tho functions p 0 (z), 
pi(z), • • • , p„_i(z), ( z„(z), hence (since po(z) is a multiple of jo(z)) a linear com- 
bination of the functions q n (z), ffi(z), . - • , qjz); tlio function r/„(z) is obviously a 
linear combination of the functions p a (z), pi{z), > ■ • , p n {z). 

In order to justify the procedure just used, it remains merely to show dial no 
function l„(z) is a null function. The function t 0 (z) is identical with the given 
function q 0 (z), hence not a null function. If n is the smallest subscript for which 
t n {z) is a null function, it follows from the definition of /„(z) that the functions 
Po(z), pi(z), , p»-i(z), q„(z) are linearly dependent. In (ho corresponding 
relation of form (4), the coefficient of q»(z) is different from zero; hence the 
functions ffo(z), < 7 i(z), • • • , q„(z) are also linearly dependent, contrary to hypothesis. 

The actual formulas for the p„(z) directly in terms of the rp(z) are not difficult 
to derive, and are well known; see for instance Kowalevski (1009]. 

Since every linear combination of the functions q 0 (z), </, (z) , ... , q„(z) is a 
linear combination of the functions p„(z), p,(z), ■ . . , p n (z), and conversely, it 
follows that the linear combination of the former set of functions of best ap- 
proximation to an arbitrary function /(z) of I? on C in the sense of least squares 
is identical with the linear combination of the latter set of functions of host 
approximation to /(z) on C in the sense of least squares, for which a convenient 
formula is given in Theorem 1. In order to study approximation by the func- 
tions q k (z) it is sufficient to study approximation by the functions p k {z). Herein 
lies tho chief importance of orlhogonalization, 

A simple interpretation can be given for tiie orlhogonalization process. The 
function f»(z) is (Theorem 1) tho function of the form 

tf»(z) -f- CN>po(z) + CiPi(z) + •••-(- Cn-|p„_i(z) 
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whose norm (integral over C of the square of the modulus) is least, and hence 
also the function of the form 

q n (z) + c»?o(a) + o[qi(z) + • • • + c'^qn- 1(2) 

whose norm is least. Let us show that the function p„(z) is the normalized 
function (i.e., of norm unity) of the form 

d„q n (z) + dopo(z) + dip\(z) + • ■ • + d n ~iPn—i(z) 


or 

d n q n (z) + d' 0 qo(z) + d[qi(z) + • ■ • + d'.-itfn-ifc) 

such that d n is real and maximum. Denote by d£ the coefficient of q n (z) in 
p n (z). Any function of the prescribed form which is a multiple of p n (z) whose 
coefficient of ?„(z) is greater than d“ has a norm greater than unity, and the 
norm of any other function of the proscribed form whose coefficient of q„(z) is 
greater than d° n is still greater. 

Suppose a given function q n (z) is linearly dependent on C on the functions 
qo(z), ?i( 2 ). * • • < <Z»-i(z)i all of class L\ in the sense that numbers h exist such 
that ( 4 ) is valid, with b n different from zero. Then any measure of approxima- 
tion of the form 

J | f(z) — « 0 '/o(z) — atfiOO — ■ • • — dnqJz) | 8 | dz | 
can also bo written in the form 


J J(z) — a 0 q 0 (z ) - ai?i(z) — • • • — 


T— [frof/oCO + biqi(z) + * + l(/n— 1(2)] 


dz 


since the functions q n (z) and 


— — biQl(z) ~\~ * * ’ “ 1 “ bn-lQn-l(z)] 

b n 

arc equal almost everywhere on C. Hence approximation on C to an aibitiaiy 
function f(z) of class L 2 by a linear combination of the functions </o(^), • ■ * j 

q n (z) is equivalent to suitably chosen approximation to f(z ) on C by a hneat 
combination of the functions qo(z) f q\ (z) f • * * , q n - 1(^)> h* sense lhat the 
measure of approximation in the latter case is the same as the measure of ap- 
proximation in the former case, In this sense we are justified hcncefoith in 
suppressing any function q n {z) linearly dependent on the preceding functions 
q k (z)) that is to say, we are justified in assuming the functions of the given set 
q k (z) linearly independent, and the given set q k (z) can be orthogonalized, 



116 


CHAPTER VI. ORTHOGONALITY AND LEAST SQUARES 


§6.3. Riesz-Fischer theory 

Corollary 2 to Theorem 1 immediately suggests the question of the existence 
of a function f(z) when the coefficients a k arc given arbitrarily. Wo shall prove 
the Riesz-Fischer theorem : 

Tiieorem 3. If the functions po(z), pi(z), ps(z), • • • are normal and orthogonal 
on C, and if the numbers « 0) «i, at, • • • are given such that X) I I 2 converges , 
then there exists a function f(z) of class l? on C such that we have 

(6) a k = f f(z) p k (z) \dz\, ft 83 0, 1, 2, ... . 

One such function f(z) is the limit in the mean on C of the series 

(6) i a k p K {z ) . 

*■« 

A natural method of proving the existence of such a function f(z) is to study the 
series (6). This series need not be convergent, but is nevertheless convergent in 
the mean on C. A series s 0 (z) + [si(z) — s«(z)] -f [$t(z) — Si(z)] + • • • or the 
corresponding sequence s k (z) is said to bo convergent in the mean on C provided 
we have 

(7) lim [ j s,„(z) - s„(z) | 2 1 dz | = 0 . 

Such a series or sequence is said to converge in the mean on C to the limit function 
f(z) provided we have 

(8) lim f | /(z) - s»(z) I 1 1 dz | = 0 . 

n-*w Jc 

It is by no means obvious that condition (7) implies the existence of a function 
f(z) of class L 2 such that (8) is satisfied; the proposition is true, however: 

Lemma, If the sequence of functions sk(z) each of class IJ on C converges in the 
mean on C } then there exists a function f(z) of class I? to which the sequence 8k(z) 
converges in the mean on C. 

This lemma is due to Woyl, but the present formulation of the proof is essen- 
tially due to vou Neumann, 

Let an arbitrary positive e be given. Choose A r = N(t) so that 

(9) J | s m (z) - s n (z) | 2 | dz | < e, whenever m > N , n > N . 

Choose N P > N( 1/8*0, AVh > It then follows from (9) that the sot of 
points on which | s* (; z) - $^(a) | £ 1/2* is of measure not greater than 1/2*. 
Lienee all the inequalities 
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I S +1 ( 2 ) - s * P ( a ) I < V2 p , | s Nt Jz) - S„ p+i (z) I < 1/2 *+« , . . . 

arc valid on a set such that mcas (C—E p ) ^ 1/2“ = l/2*~ l . The set 

is a subset of E p |.i for every p> Then the sequence s Nn (z) converges uniformly 
on every E V} for the condition m > n p implies on E p 

*»-* 1 m~- 1 

I 8„Jz) - s Nn (z) I g D I «#.„(*) - s N («) I g E 1/2“ < 1/2-1, 

a = n a = » 

which approaches zero with 1/n. The sequence s* B (z) therefore converges at 
every point of the set Eq — Ei Ei -|- E a -j- ■ . . , and we have meas(C'-Eo) = 0. 
We introduce the allowable definition 

/(s) = lim s.v„(z) , 2 on E 0 , 

11 >00 

f(z) = 0 , z on C — Eo ; 

we shall prove that this function satisfies the conditions of the Lemma. We 
clearly have for m > N{t), N p > N(e), 

| 8 m (z ) - 8„ p (z . ) | 2 [ dz | g Jc ! 8 m (z) - S/tfe) | 2 | dz | < 6 . 

The sequence s jYj> 60 converges uniformly to f(z) on E k) whence we conclude by 
the Schwarz inequality [§5.7, inequality (30)] or the triangle inequality (§11.4) 

f | Sir. GO - f(z) I 2 I dz I S e , m > N(e) , 

jE k 

and this inequality holds for every k. The set E K is monolonieally non-decreas- 
ing as k increases, so we may allow k to become infinite. There follows the 
inequality 

(10) | S tn (z) - f(z) | 2 | dz | g 6 

provided merely ?n > iV(e); inequality (10) is equivalent to (8), and the existence 
(just established implicitly) of the integral in (10) implies that f(z) is of class L 2 
on C) the Lemma is established. 

CoBOLL/VttY. The function f(z) of the Lemma is essentially unique on C. 

If another such function exists, say/i (z), wc have for arbitrary positive e and 
suitably chosen n 

[ I Sn(z) - /(*) I 2 [ dz | < € , f I Sn(z) ~ fl(z) \ 2 \ dz | < € . 

Jc Jc 

By §5.2, inequality (10) wo have 

I /GO - /iCO | 2 \dz | < 4 e , 
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so f{z) and f\{z) can differ on C at most on a set of measure zero, which is to say 
that/(z) and/ifc) are essentially identical on C, 

We return now to the proof of Theorem 3. The convergence of the given 
series X) I | 2 implies the condition (m > n) 


lim [ | | 2 + | a n+ 2 [ 2 + • • * + | [ 2 J 0 , 

m t n-»eo 


which is precisely the condition (7) for the convergence in the mean on C of the 
series (6). It remains to show that the function /(*), whose existence is now 
asserted by the Lemma and which belongs to L 2 , satisfies equations (5). By the 
Schwarz inequality [ §5.7 inequality (30), « 1/2] we can write 


(ID 


l 


Vk{ z) [/GO - s«(z)] I dz 


/ I/O) - «»(*) I 2 \dz\- jj p k (z) 


I dz I 


The second factor on the right is unity, and the first factor on the right ap- 
proaches zero with l/n> The expression whose modulus is squared in the left- 
hand member has the value (for n £ 1c) 

//0) P*0) \dz\- <h, 


which by (11) approaches zero with 1 fn and therefore 1ms the constant value 
zero. That is to say, equation (5) is esta blish ed, and lienee also Theorem 3. 

It is clear that in (11 ) we may replace p k (z) by any function of class L 2 } with a 
corresponding conclusion : 


Corollary 1. If 4>{z) is of class L 2 on (\ that we have 

lim / <f>(z) 8 n (z) \dz\ » / <j)(z)f(z) \ dz | , 

»-ko Jc JO 

Indeed , this equation is true whenever the sequence s n {z) of class L* on C convert vs to 
f(z) m the ?nean on C, 


In a similar way we may write 


L 


*„(*) IM ~ «*(*)] I dz | g / I/O) ~ Sn(z) | 2 | dz 


l 


■L 


Sn(z) I 2 I dz 


The second factor on the right approaches £)?„„ I «/. 1 2 . «<» Hus lofl-lumd member 
approaches zero. But the leff-haml member approaches (by Corollary 1) the 
square of the absolute value of 



dz\- 2 I «* I 2 . 
0 


so we have established 
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Corollary 2, For ihe function f(z) of Theorem 3 exhibited by the Lemma we 
have 


l i/go n*i- Si* I 2 * 


Corollary 2 is a special case of a more general result that can be proved in a 
similar way: whenever the sequence s n (z) of class L 2 on C converges to f(z) in 
the mean on C t then wc have 

lim f | s n (z) \ 2 \dz\ = f | /(*) | 2 \dz\. 

n-t oo JC Jc 

It is naturally possible for the function f{z) of Theorem 3 not to be unique 
For instance, if the function P(z ) of class L 2 is orthogonal to all the p k (z) on C, 
then by Corollary 1 the function f(z) + XPfc), where X is constant, also satisfies 
the requirements of Theorem 3. The particular function exhibited in the proof 
of Theorem 3 has, however, a characteristic property. 

Corollary 3. If /( z) is ihe limit in the mean on C of series (6), under ihe 
hypothesis of Theorem 3, and if F{z ) is any function of class & differing from f(z) on 
C on a set of positive measure and such that 


then we have 


(12) J F(z) p } (z) | dz | = a k} h « 0, 1, 2, . . • , 

then we have 

f c \M ndz\< f c \F(z) IM dz\. 

Otherwise expressed, of all functions F(z) of class L 2 such that (12) is valid, the 
function /(z) is the essentially unique one of minimum norm on C 
By (5) and (12) wc have 


[/-'(z) - f(z)] Pk{z) I dz | = 0 , 


[ F{z ) - f(z)] s„(z) I dz | = 0, 


whence by Corollary 1, 

^ [F(z) - f(z)]f(z) | dz I = 0 , f lF(T) - J(z)] f(z) \dz\ = 0 . 

Since F(z) differs from/(z) on C' on a set of positive measure, we may write 
0 < j [F(z) - mm ~ f&U dz \ = J c I Hz) I 2 ! dz | - J c | f(z) I* I dz\ , 


as we were to prove. 
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We can state immediately from the inequalities just used 

Corollary 4. Under the conditions of Corollary 3 we have 

[ M&l- f I F{z) I 1 1 * | - f \M\ 2 \dz\. 

Jo Jo Jo 

In particular if F n (z) is a function which satisfies the hypothesis made on F(z ), and 

if 

lim [ | F„(z) M dz | = [ | f(z) \ l \dz\, 
n-»*> JO Jc 

then the sequence P n (z) converges to f{z) in the mean on C . 

A consequence of Corollaries 2 and 3 is 

Corollary 5, If F(z) is of class A 2 on C } if equations (12) are valid } and if we 
have 


(\m n*i-Si*i , » 

*' C k-o 


then F(z ) is equal almost everywhere on C to the function f(z) exhibited as the limit in 
the mean of series (6) ; series (6) converges in the mean to F(z) on C, 

§6.4. Closure 

Theorem 4. Let the functions pi(z) be normal and orthogonal on C, and Id 
F{z) be of class L 2 on C. A necessary and sufficient condition that we have 


(13) 


1 1 m I 2 I dz I - g I a, |», a, - jf F 


00 pk (z) I dz I , 


is the following-. Given an arbitrary positive e, there exist numbers n, be, b t , 
such that toe have 


b n 


i 


F(z) — bo?}oOO — bflhiz) ~ — b n p n (z) | 2 | dz | < e . 

If this condition is satisfied, wo have a fortiori (by Theorem 1) 

I F(z) - a B po(z) - aipi(z) - ... - a„p n (z) | 2 | dz \ < e , 


L 


[ IfOO IM*I - Sl«,| 2 <e. 

Jc ft- o 


This summation increases or remains unchanged when n increases, and the entire 
left-hand member is never negative (Theorem 1, Corollary 1). Equation (13) 
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follows immediately, We have proved incidentally (by Theorem 3, Corollary 
5) the 


Corollary. If the condition of Theorem 4 is satisfied , then F(z) is the limit in 
the mean of the series * 


Conversely, if (13) is satisfied and if e is given we have for suitably chosen n 
* > f I m M dz | - J) | a, I’ 

JL = 0 

| F(z) ~ a Q po(z) - aipi(z) - ■ • ■ - a n p n (z) | 2 | cfe | , 
and the proof is complete. 

Equation (13) is called ParsevaVs equation , or the equation of closure. 

Another form of Parseval's equation is sometimes useful: If the function F(z) 
satisfies the hypothesis of Theorem 4 and if G(z ) belongs to A 2 , then we have 



f F{z) G(z ) | dz | = a k cu c,. = f G(z) p k {z) \(lz\. 

J c Jc 

The proof is immediate, for F(z) is the limit in the mean of its formal ex- 
pansion : 

[ F{z) G(z) | clz | = T) [ tf(i) I dz I = y) Oiti ; 

J° i=o Jc 


we apply Theorem 3, Corollary 1. 

Let § be a class of functions on C which belong to L 2 and perhaps satisfy other 
conditions. The class § is said to be linear if h(j>i(z) + X 2 </> 2 (z) belongs to $ 
whenever <f>i(z) and fc(z) belong to £>, where Xi and X 2 are arbitrary constants. 
The class § is said to be closed if the limit in the mean on C of every sequence of 
functions of convergent in the mean is also a function of $ The sot of func- 
tions pq(z), P\(z)> is said to be closed or complete on C with respect to the func- 
tions of class § (linear and closed) provided the functions p k (z) belong to $ and 
provided no function of £> not a null function is orthogonal to all the p k (z). 


Theorem 5 If the normal and orthogonal set pi{z) is closed on C with respect to 
all functions of class £ (a linear closed subset of L 2 ) f then for any function F{z) of 
class § equation (13) is valid. 

Conversely , if equation (13) holds for every function F(z) of class § ( a subset of 
class L 2 but not necessanly linear or closed ) , then there exists no f unetton of class $ 
not a null function orthogonal to all the p k (z ). In particular if the functions p k (z) 
belong to and if & is linear and closed , then the set {p*(z)l is closed on C with 
respect to the functions of class 
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Let the set {}>),•(«)} be closed on C with respect to class .£>, and lot F(z) be an 
arbitrary function of Let f(z) denote the function (necessarily of class $) 
which is the limit in the mean on C of the series 
« 

I 

a*pi («) , = 

k~ 0 

Then the function F(z) - f(z) belongs to is orthogonal to all the ]n(z), hence 
is a null function. Equation (13) is a consequence of Corollary 2 to Theorem 3. 

Conversely, let us suppose (13) to hold for every F(z) belonging to If a 
function F(z) of $ is orthogonal to all the pi(z) on C, then all the coeffleionts «/. 
in (13) vanish, so we have 

jjFiz) n*i-o, 

and F(z) is a null function as we were to prove. 

Corollary 1. Let the set p K (z) normal and orthogonal on C belong to some linear 
and closed class ©. A necessary and sufficient condition that the formal expansion 
in the pk(z) of every fimclion F(z) of © converge in the mean to F(z) on C is that the 
set pk(z) be closed on C with respect to the functions of class ©. 

The condition is necessary, for if the formal expansion of F(z) of © converges 
in the moan on C to F(z) f the equation of closure follows from Corollary 2 to 
Theorem 3 and the closure of the set ph(z) with respect to © follows from the 
second part of Theorem 5. 

The condition is sufficient, for otherwise the formal expansion of some F(z) of 
© converges in the mean on C to some function f(z) of © which is not equal 
almost everywhere to F(z). The difference F(z) — f(z) belongs to and is not 
a null function; its formal expansion in the pi{z) vanishes identically, so (13) is 
not satisfied, in contradiction to the first part of Theorem 5. 

Corollary 2. Let the set pi{z) be normal and orthogonal on C t and lei © be 
the set of all functions f(z) on C each of which is the limit in the mean of a senes 
Xa-o OkPk(z)> with X)r»o I I 2 convergent. That is to say , © is the set of all 
functions f(z) on C for which we have 

! «A I 2 , <u = f /(*) JhJz) | dz I . 

Then the set © is linear and closed , The set pi(z) is closed on C until respect to func- 
tions of class 6p, 

The identity of these two conditions on f(z) follows from Theorem 3, Corol- 
laries 2 and 5. Moreover, the first of these conditions is equivalent to the con- 


/ I /(*) N*l-S 

J° fTo 





§6,4, CLOSUIIE 


dilion that /(z) should bo the limit in the moan on C of its own formal devc 
mont in terms of the set pk(z). 

The class $ is called the closed extension on C of the set ?n(z); this concept ap- 
pears frequently in the sequel. Wo proceed to the proof of the theorem. 

The linearity of the sol $ is obvious [§5.2, inequality (10)], and the closure is 
not difficult to establish. Let the sot of functions /i(z), / 2 (z), • • • of converge 
in the moan on C to the function f(z) ; it remains to show that /(z) belongs to £>. 
Let e > 0 be given. There exists / w (z) such that 

l |/(z) - Uz) | a | cite | < e/4 . 

By Theorem 4 there exist numbers n, bo, b i} « • • , b n such that 

J c | /m 0) - bopo(z) - bipiGO - • • • - bnVniz) I 2 [ dz I < c/4 f 
Consequently wo have by §5,2, inequality (10) 

J I /(*) - b 0 po(z) - bipt(z) - • • * - b n p n (z ) | 2 | dz | < € , 

and it follows from Theorem 4 that/(z) belongs to §. 

The closure on C of the set pk(z) with respect to functions of class $ is a conse- 
quence of Corollary 1. 

We state for reference a result which is essentially contained in the proof of 
Corollary 2.* 

Corollary 3, Let each of the two sets p K {z) and r k (z) be normal and orthogonal 
on 0. If each function r n {z) belongs to the dosed extension of the p k (z), and if each 
function p n (z) belongs to the dosed extension of the r k (z), then the tiro sets p k (z) and 
i\(z) have the same dosed extension. 

We have already proved that corresponding to any normal orthogonal M*t 
Pk(z) there exists a linear Hosed set fo, the Hosed extension of the set pk(z). As a 
consequence of the diseussion of §() 2, we may start with any set 70 ( 2 ), 

^( 2 ), ' • • of functions of class L 2 on C , wind her orthogonal or not Bet us prove 

Corollary 4. The set § of functions f{z) each of which is the limit in the mean 
on C of a sequence of linear combinations of the functions q k (z) is linear and closed 

Indeed, the set § is identical with the set §' of functions /(*) each of which is 
the limit in the mean of a sequence of linear combinations of functions p k (z) t 
Where the functions p k (z) arc found (§6,2) by orthogonahzation and normaliza- 
tion of the sot qi{z). Any function g n (z) which is linearly dependent on the 
functions q*(z), <71(2), • ■ • , q n -i(z) may obviously be omitted from the original 
enumeration of the qtfz), or may be omitted in the process of orthogonalization; 
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ch arc limits in tho mean is independent of such omission; 
, the end of §6*2. The closure of the set $' and hence of 
v^uiuuary 2. The set § may be called the closed extension also 

uy ouuiuining Corollaries 3 and 4 we have now 

Corollary 6. Lei $ and $ be the closed extensions on C of the respective sets 
of functions cjk(z) and q k (z) of class L 2 < If each qk{z) belongs to $ f t then $ is con- 
tained in if each qk(z) belongs to and each q k (z) belongs to then $ and 
are identical. 

We prove a further result concerning classes § essentially a generalization of 
Theorem 1 ; 

Theorem 6. If F(z) is of class U on C> if f(z) is the limit in the mean of the 
fornal expansmi of F(z) in terms of the normal and orthogonal functions pk(z) } and 
if $ denotes the closed extension on C of the set ph(z), then f(z) is the essentially 
unique function of § such that 

f c i f(z) - /(*) n&i 

is least. The function f(z) (of class $) is completely characterized by the facl that 
F(z) — f(z ) is orthogonal on C to all the functions Pl(z), hence orthogonal on C to all 
the functions of class 

The proof is similar to that of Theorem 3, Corollary 3. Wo shovy that if g(z) 
is a function of ig different from/(z) on a set of positive measure, then wc have 

jf I F(z) - 0 (z) \*\dz | > Jj F(z) - f(z) |* \dz\. 

The function F(z) — f(z) is orthogonal on C to every p k (z), so we have (Corollary 
2 to Theorem 5 and Corollary 1 to Theorem 3) 

J c IH*) - /(«)] ( /(*) I dz | = 0 , ^ [F{z) - f(z)] g(z) | dz J » 0 , 

l l^to ~ /(«)] m I * I = 0 , (FfT) - 7 (T)]/(z) I dz | = 0 . 

The obvious inequality 

0 < l I /W - 0(z) I 2 I dz | = J e i [F(z) _ f(z)] - [Fto - g(z) \ | 2 \ dz \ 
now reduces to 

0 < J e | F(z) - g(z) |* | * ) _ jf | F(z) - f(z) | 2 \ dz\, 
as we were to prove. 
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Corollary 1. Under the hypothesis of Theorem 6 and if g(z) is an arbitrary 
function of we have 

jf 1/(2) - I 2 \dz\ = J o \ F(z) - g{z) | 2 | dz | - J c | F{z) - f(z) \'\dz\. 
In particular, if g„(z) is a function of $ such that 

lim [ | F(z) - g n (z) | 2 | dz \ = f | F (z) - f(z) | 2 | dz\, 

H~»co JC JO 

then g n (z ) converges io f(z) in the mean on C. 

Corollary 2, Let F(z) be of class L 2 on C } lei @ be the closed extension on C of 
the normal orthogonal set pjt(z), and let the numbers a ni) a n „ < . . be given so that 
| a nk | 2 is convergent , ni < ?z 2 < • ■ • . Denote by <f>(z) the function which is 
the limit in the mean on C of the series a nk p nk {z). Then the essentially 

unique function f(z) of class $ such that f c /CO P^Jzj I dz | = a nk and such that 

f c I F(z) - f(z) | 2 | dz | 

is least is <fr(z) plus the limit in the mean on C of the formal development of F(z) — <j)(z) 
[or of F(z) itself] in terms of the set p 0 (z)> pi(z), - • ■ , p n} - i(z), /v,i(z), . • ■ , p ni - i(z) f 
P».hWi 

Denote by £>' the closed extension of this latter set of normal orthogonal 
functions. Any function of class $ whose coefficients with respect to the p nk (z) 
are the a is equal to </>(z) phis some function of class the given problem is 
equivalent to that of minimizing 

[ I im - *(*)] - \f(z) - $(*)] | 2 1 dz I 

where f(z ) — 0(z) is an arbitrary function of class The solution of t his prob- 
lem is as indicated in Theorem 6 

The minimizing function f(z) is therefore the limit m the mean of the series 
c H p n (z), where we set 

c n - a n if » « nji , c n ~ J F{z) p n (z) dz if n ¥■ hk ■ 

Corollary 2 contains essentially both Theorem 6 and Corollary 3 to Theorem 3. 

§6.5. Polynomial approximation to analytic functions 

Let C be a rectifiable Jordan arc or curve and let n (z) (not a null function) be real, 
non-negative, and uniformly limited on C; more generally, it is sufficient for our 
purposes if the symbols about to be considered have a meaning. The functions 
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p k (z) of class L 2 on C arc said to be orthogonal on C with respect to the weight or 
norm function n{z) if we have 

J c n(z) Vkiz) pTGO I dz | = 0 , k n , 

and are said to be normal on C with respect to the weight function n(z) if toe have 
j n(z) | pk(z ) I 4 1 dz | » 1 . 

The concept of orthogonality with respect to the weight function n{z) 1ms the 
same relation to approximation in the sense of least squares with respect to the 
weight function n{z) as 1ms orthogonality in the usual sense (n(z) « 1) to ap- 
proximation in the sense of least squares in the usual sense ( n(z ) si). A set of 
given functions of class L 2 and linearly independent with respect to n{z) can be 
orthogonalized and normalized on C with respect to n{z). All the discussion of 
§§6.1— 6.4 can be generalized to apply to the present situation. Indeed, the 
present results can be obtained from the preceding results: the functions 
{pt(z)j arc orthogonal on C with respect to n{z) if the functions {[ n(z)] ll2 pi.(z)} 
are orthogonal on C in the usual sense; the given functions |(/a(z)) can be 
orthogonalized on C with respect to n(z) by orthogonalizing the functions 


least-square approximation to /(z) on C by the functions q„(z) with respect to 
the norm function n{z) is equivalent to least-square approximation to the func- 
tion [n(z)]' l2 f(z) on C by the functions [n(z)] [l2 q„(z) in the usual sense: 

j n(z) | f(z) ~ b 0 ?o(z) - 1>i?i(z) - • • • - b n q n (z) | 2 | dz \ 

- J I [n(z)] U2 f(z) - M«(z)) 1/2 <7(,(z) - bi[n(z)) li2 qi(z) - 

- b„[n(z)]' l2 q„(z) | 4 J dz | . 

The new analogue of (5) is 

(14) a,. = J'' n(z) f(t) p K (z) \ dz \ , 

and the new analogue of (13) is (in the present notation, ineluding (14) ) 

(16) f n(z) | /(z) p | dz | = | at \ 2 ; 

•* c K “ 0 

we leave to the reader the verification of all these facts. 

The functions 1, z, z 2 ; • ■ ■ are clearly linearly independent on an arbitrary 
rectifiable Jordan arc or curve C f or on y: [ w | — 1 after conformal mapping as 
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in §5.4, even with a positive continuous norm function. For instance, the 
relation 

J n(z) | b Q + b x z + . * « + b vl z m |* | dz | = 0 

implies 

bo + h\z + ■ . * + b m z m ^ 0 , z on C , 

and hence implies the vanishing of all the coefficients by; in the situation corre- 
sponding to §5.4 the same conclusion is an immediate consequence of the Lemma 
of §5.4. Then the functions 1, z t z 2 , • • • can be orthogonalized and normalized 
on C or on 7, The normal orthogonal functions ph(z) thus obtained are poly- 
nomials in z of respective degrees k =* 0, 1, 2, • • * . 

The general study of polynomials orthogonal on u curve C was first undertaken 
by Szego, in a brilliant paper [1921], Szego studies asymptotic properties of the 
polynomials and coefficients, convergence and divergence of the expansion of 
analytic functions, roots of the orthogonal polynomials, etc.; Szego proves in 
particular the major part of §5.2, Theorem 3 for the case n{z) ss 1, p s= 2, C an 
analytic Jordan curve, and also studies [1921b] in detail the case p = 2, n(z) 
arbitrary, C the unit circle or a finite line segment. 

We have thus far (§§6. 1-6.4) considered orthogonality with respect to a norm 
function (which may or may not be unity) as measured by a line integral. The 
entire theory discussed is applicable with only formal change if the line integrals 
are replaced by surface integrals taken over an arbitrary limited region, whether 
the functions p k {z) are polynomials or more general functions of class L 2 . The 
functions 1, 2, z 2 > * • • arc linearly independent with respect to any posit no con- 
tinuous norm function, integration being taken over any finite region of the 
plane. Orlhogonalization and normalization of this set yields normal orthog- 
onal polynomials p*(z) of respective degrees n — 0, 1, 2, ♦♦ . Such poly- 
nomials were first studied systematically by Oarlrman [1922]. In particular 
the polynomials 1 , z, z 2 , • • themselves are orthogonal ( n(z ) = l) in every 
legion | 2 | < It or the corresponding closed region, as the reader may verify. 

The polynomials orthogonal as measured by a line or surface integral 

with a norm function, have immediate application to the cases in §§5.2-5. 7 of 
approximation in the sense of least /Mil powers w itli a norm function, with p = 2. 
In every such ease, the polynomial 7r„(z) of degree n of best approximation is the 
sum of the first a + t terms of a senes of the form 

(10) f(z) ~ « 0 po(z) + <hpi(z) + * • • ; 

the polynomials Pk{z) are polynomials of respective degrees k normal and orthog- 
onal on C or 7 with respect to the norm function, and the coefficients a* arc given 
by (14) or by a similar line or surface integral taken over C or 7. In each case 
(p = 2) studied in §§5.2— 5.7 where the given function /(z) is analytic on the giyen 
closed point set, the relation (16) is an actual equation , and the right-hand member 
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converges to f(z) on C or y like a geometric series. If we multiply each member 
by its conjugate into n(z) and integrate term by term (for definiteness let us 
choose a line integral over C ), we have the equation of closure 

f n(z) | f(z) | J | de | =» ^ ] o* | s . 

fee* 0 

Let C be a closed limited region or more generally an arbitrary closed limited 
point set. If there exist polynomials p n (z) depending only on C such that an 
arbitrary function f(z) analytic on C can be expanded uniformly on C in a scries 
of the form 

f(z) - a 0 po(z) + <Xi p\(z) + * . - , a n constant , 

then the set of polynomials p n (z) is said to belong to the point sot C. An obvious 
illustration is the case that C is the closed interior of the unit circle and the p n (z) 
are the polynomials 1, z, z* f « * • , The problem of the existence and determina- 
tion of such polynomials for an arbitrary region was first proposed and solved 
(if the region is bounded by an analytic Jordan curve) by Faber [1903]. It is to 
be noted that in Chapter V we have determined sets of polynomials (depending 
on the arbitrary functions n(z) or n(w)) belonging to various point sets C in the 
case (Theorem 3) that C is a region bounded by a rectifiable Jordan curve [Ssscgo, 
Smirnoff, Walsh]; in the case (Theorem 4) that C consists of several rectifiable 
Jordan arcs or Jordan regions bounded by rectifiable Jordan curves [Faber, 
Walsh and Russell]; in the case (Theorem 5) that C is an arbitrary closed limited 
region [Carlcmnn, Walsh] or (Theorem 6) several such mutually exclusive regions 
[Walsh and Russell]; in the case (Theorem 7) that C is an arbitrary closed limited 
point set not a single point whose complement is simply connected or (Theorem 
8) several such mutually exclusive point sets; and oven (Theorem J I) in still 
more general cases. Indeed, our main purpose in introducing the measure of 
approximation used in Theorems 7 and 8 was to obtain polynomials belonging to 
very general point sets. The first solution of Faber's problem for the most gen- 
eral Jordan region is due to Fejdr [1918]; sec §7.6. 

§6.6. Asymptotic properties of coefficients 

The study of asymptotic properties of the coefficients in series of orthogonal 
polynomials [compare particularly Sjsego, 1921] is now relatively simple. 

Theorem 7. Let C be a rectifiable Jordan curve and let the function f{z) be 
analytic interior to C p but have a singularity on where p infinite or infinite , If 
the polynomials p n (z) of respective degrees n arc normal and oHhogonal on C with 
respect to the positive continuous nom function n(z) } then wc havd 

lim | a n | 1/n - 1/p , a n = n(z)f(z) pjp) \dz\. 


(17) 
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Let R < p be arbitrary. For zonC we have (§5.2, Theorem 3) 

g M/R ** 1 , 


/(«) - 12 akVk(z) 

k - 0 


where M is suitably chosen. From Schwarz's inequality (i.e,, §5.7, inequality 
(30) for a = 1/2) there follows 


fc 

ft— 1 2 

/(z) - ^ ak Vk(z) 

I'* 3 0 

Jc n ^ 

[/(*) - T a L pk(z) 

L k*° o 


p n (z) \dz\, [ | 5 M t /R n . 


We find then that the left-hand member of (17) is not greater than l/R; the 
arbitrariness of R < p yields 


(18) 


lim | a n | 1/n g 1/ P . 


In order to prove Theorem 7 it remains merely to show that 
(19) lim [ a„ | 1/n = 1/p' < 1/p 

ft— 

is impossible. Let us assume (19) to hold; we shall reach a contradiction. 
Choose R and Ri arbitrarily, p < R < Ih < p'; from (19) follows the inequality 


(20) \a n \£ M'/RI , 

where M' is suitably chosen. Let us suppose n{z) fe ni > 0, so that wc have 

(21) J n(z ) | p n (z ) | 2 | dz | = 1 , | p n (z) N dz | ^ l/n t . 

By (20), (21), and the Lemma of §5.2 we find forz on or within C« 

Kp„(2)| ^ M" (R/RO n < 

Then the formal expansion of f(z) converges uniformly to f(z) on and within 
C*, It > p, which is impossible by the definition of p. The proof of Theorem 
7 is complete. 

The proof just given requires certain minor modifications to apply to the situa- 
tion of §5.2, Theorem 4, 


Corollary, In the situation of §5.2, Theorem 4, let p be the largest number such 
ihatf(z) is single-valued ami analytic interior to C p , where p is finite or infinite . If 
the polynomials p n (z) are normal and orthogonal on V with respect to the positive 
continuous norm function n(z) } then (17) is valid , where the integral is now taken 
over T. 
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We prove (18) precisely ns before, and prove that (19) is impossible by show- 
ing that it implies an impossibility. Inequality (20) follows from (19) as before, 
and we have 

Jr n(z) ] p n (z) | 2 1 dz | = 1 , J^ n n(z) \ p n (z) | 2 1 elz \ g 1 , 

J r(n I pM I 8 \dz\g l/m . 

Inequality (20) and the Lemma of §5.2 now yield for z on [1 and hence for 
z on C 

(22) \a n p n (z)\ g M*/R " , R>p . 

Inequality (22) contradicts §4.7, Theorem 7, and the Corollary is established. 

In particular, this Corollary includes the ease that C consists of a finite number 
of segments of the axis of reals. The restriction on n(z) is clearly made for con- 
venience rather than ultimate generality. 

Theorem 8. Let C be a closed limited Jordan region and let the function f(z) be 
analytic interior to C p bid have a singularity on C p , If the polynomials p ti (z) are 
normal and orthogonal on C as measured by a surface integral over C, with respect to 
the positive continuous norm function n(z ), then we have 

(23) lim |a» [ lM =» 1/p, a n « f f n(z) f(z) p n (z) dS . 

n -co J Jc 

The proof of (18) is valid under the present circumstances, with only the ob- 
vious modifications. We complete the proof of Theorem 8 by showing tlml (19) 
leads to a contradiction, Inequality (20) follows at once, p < R < R x < p', and 
if we suppose n(z) ?u > 0, wc have 

J J n(s ) | p n (z) | 4 dS = 1 , JJ\ p u (z) | 2 dS £ l/«, . 

Let C" be an arbitrary closed region interior to 0. By Lemma II of §5.3 wc have 
for 2 on C 

I P,(«) I £ M* , 

where M z is independent of n. For z on or within Ch,/„ we have by (20) 

(24) | a n p n (z) | g Miffr . 

By suitable choice of C', it follows (§2.1, Theorem 2) that (24) is valid for 2 on C, 
which is known to be impossible. The proof of Theorem 8 is complete. 

We leave to the reader the proofs of the analogues of Theorems 7 and 8 for 
the situations of Chapter V, Theorems 6-10; no great difficulty is involved. We 
shall prove the following complement to the present Theorem 7 and leave also 
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to the reader the easy corresponding results'for the related configurations treated 
in Chapter V. 

Theorem 9. Let C be a rectifiable Jordan curve , let the polynomials p n (z) of 
respective degrees n be normal and orthogonal on the curve C with respect to the pos - 
itiv e continuous weight function n(z), and let the numbers a n satisfy the relation 
lim n —*i 30 j a n | l/ " = 1/p < 1, Then the function f{z) defined on C by the equation 

( 25 ) f(z) = X) a„p n (z) 

n" 0 

is analytic interior to C p but if not identically constant with p == go has a singularity 
on C p . Series (25) is the unique formal expansion on C of f(z) in terms of the 
polynomials p n (z). 

If Ri < p is arbitrary, we have for suitably chosen M 

I a. | g M/R\ . 

By (21) and the Lemma of §5.2 we have for z on or within Cn, R < R i, 

I a n p n (z) I g AJo(B/fli)», 

so the series (25) converges uniformly on any closed point set interior to Cn lt 
hence uniformly on any closed point set interior to C p The function f{z) is 
thus defined and analytic at every point interior to C p . 

We have already noted (§6.1) that in an expansion (25), uniformly \alid on C } 
the coefficients are uniquely determined, and that the series itself is the formal 
expansion of the function represented. It follows now from Theorem 7 that 
f(z) is analytic interior to C p but has a singularity'’ on C p except of course in the 
trivial ease that f{z) is identically constant. 

§6.7, Regions of convergence 

There are two related topics concerning the expansions of Chapter V that ve 
have not treated in detail: (a) asymptotic behavior of the approximating poly- 
nomials and of the orthogonal polynomials; (b) study of oomergenee or diver- 
gence of the developments exterior to C p (in the usual notation) The method^ 
of the present book involve especially degree of convergence of approximating 
sequences but m a relatively rough form, and we have not hitherto needed 
more delicate results undci (a). The general question of the asymptotic be- 
havior of even orthogonal polynomials has been treated in the literature only in 
isolated instances: by Szego [1921, 1921b, 1935] for orthogonality with an arbi- 
trary weight function on an analytic Jordan curve or on a segment of the axis of 
reals; by Smirnoff [1928, 1932] for orthogonality (n(z) m 1) on a more general 
but not the most general rectifiable Jordan curve; by Carleman [1922] for orthog- 
onality 0 n(z ) 35 1) in a region bounded by an analytic Jordan curve; even the 
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case of orthogonality on a single rectifiable Jordan curve with weight function 
unity has therefore not been treated completely. 

In every case known, the normal orthogonal polynomials p n (z) satisfy the 
relation 


lim [ p„(«) | 1/n = | <t>(e) | , 

uniformly on any closed limited point set exterior to C containing no zero of 
<£'( 2 ), where 4>{z) is the usual mapping function for the exterior of the given 
set C, Whenever this condition is satisfied, the formal development of an arbi- 
trary function f(z) analytic on C converges interior to C p (usual notation) and 
diverges exterior to C p except perhaps at a zero of <£'(z); the latter remark (due 
to Szegfi if C is an analytic Jordan curve with n(z) sa 1) is a consequence of 
Theorem 7 or its analogue and of §3*4, Theorem 5* 

Further study of topic (a) would lead us too far afield from our present methods 
and from our major topic of approximation itself. Topic (b) has been studied 
to some extent in §4.8, Theorem 11, even for the expansions of Chapter V when 
V 5 ^ 2. Another result now lies immediately at hand; this is stated for the 
situation of Theorem 7 but obviously extends directly to all of the situations of 
Chapter V, Theorems 4-10 with p « 2. 

Theorem 10. Under the hypothesis of Theorem 7, the formal development 

/(«) = 23 GnP,,(z) 

n «*0 

can converge ai every point of no region exterior to C p . 

In the proof of Theorem 10 we need to use the following theorem duo to Osgood 
[1902j, so wc first prove 

Osgood's Theorem. If the sequence of functions f x {z ), f 2 (z) } / 3 (z), . .. all 
analytic in a region T converges in T , then the sequence converges uniformly in some 
subregion of T . 

It is sufficient, by Vitali's theorem, to prove that the sequence f n (z) is uni- 
formly limited in some subregion of T. If the sequence /„ ( 2 ) is not uniformly 
limited in 7 1 , there exists some and some point zl in T at which we have 
\fnX z ) I > 1- This inequality is valid at z u hence valid in some closed region 
Ti interior to T, If the sequence ( 2 ) is not uniformly limited in T 1 , there 
exists some n 2 > and some 22 in r l\ at which wo have | f n% {z) | > 2; this 
inequality is valid at z 2) hence valid in some closed region T 2 interior to r l \* 
If the theorem is not true, we have similarly ni < n 2 < in < * • . , 
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l/m(*) | > 1 , zmT X) 
|/ na 00 I > 2, z in T a , 


I /»»(*) I > * > « in IT , 


where tho closed region r l\ lies interior to 2V i. The closed regions T u T Z) • • • 
have a common point Zo (which may he defined as a limit point of the sequenep 
z n and which lies in T) f and the sequence of functions f n (z) cannot converge in 
this point z 0 . This contradiction completes the proof of Osgood's theorem. 

We return now to the proof of Theorem 10, and assume tho theorem false; we 
shall reaoh a contradiction. By virtue of Osgood’s theorem we can assume the 
formal development of f(z) to converge uniformly in some region T exterior to C p . 
In particular we have the relation for all n 

| a n p ti (z) I s M , z in T , 

where M (independent of n and z ) is suitably chosen. Let zo (necessarily ex- 
terior to C p ) be a point interior to T, and let us set | <£(z 0 ) | — <r, so that z 0 lies 
on the curve C at o- > p. 

It follows from (17) that tho new series 

F(z) = £ a n (p/<r) n p»(z) 

0 

satisfies the condition 

lim [«„(p/cr)"] l/ ’‘ = l/o- , 

and therefore (Theorem 9) tho function F{z) is analytic interior to (*<, but has 
a singularity on (\ t Nevertheless we have for all n 

I ««(pA0" Pn(z) | S ^1/ (pA)", z in , 

so the formal de\ elopment of F(z) converges uniformly in T } in contradiction to 
§1 8, Theorem 11. Theorem 10 is completely proved. 

§6.8. Polynomials orthogonal on several curves 

The discussion of §§G.1-G,5, in tile light of §5.2 Theorem 3, suggests that the 
same system of polynomials may result from the orthogonalization with reaped 
to suitable norm functions of the set 1, z, z\ * * • on two different curves C and C', 
and hence that the coefficients in the formal expansion of a suitably chosen 
analytic function can be found by integration over either C or C. One impor- 
tant illustration of this fact is the case discussed in §6.1 : the functions 1, z, z 2 , • ■ • 
are mutually orthogonal (n(z) « 1) on every circle | z | = R whose center is the 



134 


CHAPTER VI. ORTHOGONALITY AND LEAST SQUARES 


origin. Another illustration [87.026, 1919] is that the set 1, z ~ c, z(z — c), 
z 2 (z — c), • " is orthogonal on every circle \z \ = R > \c \ with respect to the 
positive norm function z/(R 2 — cz)(z — c). We add now a few other remarks 
relating to orthogonality on several curves. 

Theorem 11. Let C and C ! be two distinct rectifiable Jordan curves and let ike 
same set of polynomials p n {z) be obtained by orihogonalizing the set 1, z ) z 2 , . . . on C 
with respect to the positive continuous norm function n{z) and on C' with respect to 
the positive continuous norm function n'(z), Then either C* is a curve C\ or C 
is a curve C' n . 

The two curves C and C ' are not identical* so \vc can suppose at least one point 
of C* to lie exterior to C , Let p > 1 be the smallest number such that C p con- 
tains within it the interior of C"; such a smallest p exists, as may bo seen by in- 
spection of the corresponding situation in the zu-planc after mapping the exterior 
of C onto the exterior of 7: | w | ~ 1 in the usual manner, If C f does not coin- 
cide with C p , and we assume now that it docs not, there exists a point z = £ on 
Cp but exterior to C f j wc shall reach a contradiction. Indeed, if £' is a variable 
auxiliary point near f but exterior to C Pf the formal expansion on C of the func- 
tion 1/(2 — £') in terms of the polynomials p n (z) is also uniformly valid on C* and 
hence the two formal expansions on C and 0 * respectively are identical (§0.1) 
To be sure, the present polynomials p n (z) have not been supposed normal on C 
or C f , but that fact does not essentially alter the reasoning previously given 
relative to term-by-term integration over C or 6". The coefficients in the formal 
expansion of /(a) = l/(z — £) on Cand (V respectively are found by integration 
on C and C f , and may also be found as the limits as £' approaches f of the corre- 
sponding coefficients in the formal expansion of 1 /(z - {*') on r and C*. Thus 
the formal expansion of f(z) = 1 /(z - f) on C is identical with tin* formal expan- 
sion oif(z) on C\ 

Let z* denote a point of C f which lies on (\. The formal expansion defined 
on C of f(z) = i /{z - f) converges uniformly throughout no neighborhood of 2', 
by §4,8, Theorem 11. This same formal expansion, considered as defined on C\ 
does converge uniformly throughout a suitably chosen neighborhood of z' t for 
z* is on C f and £ is exterior to C This contradiction completes the proof, 

Kor definiteness Theorem 11 is stated for the ease that C and V f are rectifiable 
Jordan curves, but the discussion is valid if either is a Jordan are, or indeed if V 
or V satisfies the hypothesis of any of Theorems 3-10 of Chapter V and orthog- 
onality is understood in the corresponding sense. The discussion is valid also 
under much broader non-trivial conditions, as the reader will notice. 

As an illustration of polynomials orthogonal on several curves we prove 
[Walsh, 1934a] 

Theorem 12, The polynomials p n (z) found by orthogonalizalion of the set 
1 , z, z 2 , ... on the line segment C: — 1 ijj z ^ +1 with respect to the norm function 
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(1 — z 2 )“ 1/2 arc also orthogonal with respect to the norm function | 1 — z 2 
on all the corresponding curves C R) which are ellipses with the common foci ~ 1 
and +1, 

We shall find it more convenient to transform our problem to tlie w-plane. 
The exterior of C: — lgzg+lis transformed onto the exterior of 7: | w | = 1 
by tho transformation 

(26) z =as l{w + 1 /w) 

so that the points at infinity correspond to each other. For the sake of reference 
we write the equations 

z =s ^ (w + tzr l )> z 2 =5 j (w 2 4- 2 + w ~ 2 ) , 

, Z 4: 

(27) 

z 3 = i (ip 3 + 3 ip -f- 3UT 1 + ip -3 ) , * ■ • . 

o 

The functions 

p n (z) = ip n + l/w" 

are polynomials in z of respective degrees n t by (27). These functions are 
mutually orthogonal on every circle F; | w | = R g; 1 with norm function unity, 
for we have (n k) 


J p n (z) pifz) I dw \ - J (w n +' w~ n ){R u w- K 4- R~ 2k iv L )lt du\'(iw) = 0 . 

It remains to study the norm function 111 the z-plano, and to identify the p u (z) 
with the polynomials of Tchebycheff described 111 Theorem 12 From (26) we 
have for | w \ — H ) 

(28) dz = hi - ur*)dw, 

z 

The circle | w \ — 1 corresponds to the segment —1 +1 (counted tv ice, 

or in the study of orthogonality, only once if we prefer, for tho norm function is 
single-valued 011 the segment) We already have 


dw [ 2R _ 7 f 
dz | “ \w - ic’ 1 1 | f- z 2 ] 1 ' 2 


n{z) Pn(z) PiXz) | dz I = 


n(z) Tw p » (a)p t W 


so the corresponding norm function on the segment — 1 ^ z ^ -f 1 is (1 — z 2 )~ lf2 . 
The norm function on an arbitrary ellipse C R whose foci are +1 and —1 is 
R | 1 — z 2 |“ I/2 , where the ellipse is represented by | z — 1 | + | z + 1 [ — 
R 4- l/Rj R > L The norm function on any curve can be modified by any 
non-vanishing constant factor, so if we prefer we can still express the norm 
function on any ellipse C R as | 1 — z 2 |“ m . The proof is complete. 
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The polynomials 1, 2 , z 2 , • • • are orthogonal on an arbitrary circle | 2 | = R, 
and hence are orthogonal in an arbitrary region | 2 | ^ p with respect to any 
positive continuous norm function n(z) which is a function of R alone, n(z) = 
n(R), 2 = Re^: 


[ [ n(z ) z k z" dS — f n(R) dR f zH n Rd<t> = 0 , 
J J 1*1 Jo Jo 


k ^ n , 


An analogous fact clearly holds for the polynomials p H (z) of Theorem 12: 


Corollary. The polynomials of Theorem 12 are mutually orthogonal in the 
interior of every ellipse whose foci are -[-1 and — 1 with respect to the norm function 
j 1 _ z 2 1 -1 , or with respect to any positive continuous norm function whose quotient 
by j 1 — 2 s | _l is constant on every ellipse whose foci are +1 and —1. 


Again it is more convenient to study the situation in the w-plane. In any 
region S: 1 g \ w\ S p the polynomials p»(z) are mutually orthogonal with 
respect to any positive continuous norm function nfz) constant on every circle 
|w| = R: 


(29) 


J «i(z) Phiz) p n (z ) dS 

= [ «i(z) dR j pdz) p„ ( 2 ) | rfu> | = 0, k ^ n, 
J 1 J\w\~R 


where w and z are connected by (26). The first integral in (29) can be written 


Ji 


ni(z) p k (z) pn(z) 


dw 

dz 


dX 


where 2 is the interior of the ellipse |z— l| + |z-|-l|=p + 1/p. It follows 
from (28) that pi(z) and p n (z) are orthogonal on 2 with respect to the norm func- 
tion ?ii(z) R 2 1 1 - z 2 1" 1 ; the function It* is positive, continuous, and con- 
stant on every circle | w \ = R whenever the same is true of the function ?n(z), 
and conversely. The corollary is established. 

The general problem of determining all complete sets of polynomials simul- 
taneously orthogonal on several curves is still unsolved. Szcgo [ 1935] determines 
all such sets orthogonal on every curve of an entire family C u ] the curve C must 
be a line segment, an ellipse, or ft circle. Szego also gives an alternate proof of 
Theorem 11 in the case that C and C* arc analytic, and some simplifications duo 
to him occur in the present proof of Theorem 12. 


§6.9. Functions of the second kind 

We shall now set forth an application of developments of analytic functions in 
orthogonal polynomials. For the sake only of simplicity we limit ourselves to 
the case of a single rectifiable Jordan curve* The discussion is valid also, with 
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merely obvious changes, in the case of a single rectifiable Jordan arc, and indeed 
in all the situations of Chapter V, Theorems 3-15, with the suitable measures of 
approximation , 

Lemma. Let C be an arbitrary rectifiable Jordan curve, let n{z) be 'positive and 
continuous on C, and lei Pk(z) be the set of polynomials normal and orthogonal on C 
with respect to the weight junction n{z). Then the expansion 

(30) -±- - V Vk (z) f n ^M\dz\ 

1 - z t=i Jo t~z 

is valid uniformly for z on C and for l on Cn . 


Equation (30) is simply the expansion of the function 1/(1 — z) in terms of 
the polynomials Pk(z), and the uniformity with respect to l is the only un- 
proved statement. Let Ri be arbitrary, 1 < R t < II, It follows from either 
of the two methods of §4,6 (or by tire method of Shen, §7.8) that functions 
P„(z, l) which arc polynomials in z of degree n exist such that we have 


T^— - Pn(z, l) 
l — z 



z on C , l on Cn , 


where M is independent of n, l, and z. By the method of §6.6 we then have 


L 


»(*) lh(z) I dz I 


/ - 3 


Mi 


HI ’ 


i on Cu , 


where Mi is independent of n and of l. The Lemma now follows from the 
Lemma of §5.2, as in the proof of (22). 

Let us introduce the notation 


n\ f n ( z ) /\(z) I dz I . . . n 

qk\t) = / ^ , l exterior to C ; 

Jr t — Z 

the functions r/*(/) are called functions of the second kind. It is clear from this 
definition that (p (/) is analytic everywhere in the extended plane exterior to C, 
and vanishes at infinity. Kquation (30) can he written in the form 

CO 

(31) — t- = 2) Ih(z) qi(t) , 

1 ~ z t=i 

valid uniformly for z on C and t on Cn. Because of this uniformity, equation 
(31) is also valid uniformly for z on or within C and for l on or exterior to any 

Cu , R> 1 . 

Let fi(z) be an arbitrary function analytic on and within C, hence also analytic 
on and within some Cn] more generally, it is sufficient if f x {z) is analytic interior 
to Cn, continuous on and within Cn. Then we can write for z on or within C 
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(32) 




MO dl = _ 1 _ 

t— z 2 vi 


y)pdz) / MO <}k(t) (U • 

/ Q d @ ff 


Equation (32) is valid uniformly for 2 on C, hence the coefficients of the p k (z) 
must be identical with the coefficients in the formal expansion of fi(z) hitherto 
considered : 


L 


n(z) MO i MO I clz i 



ell . 


The inlegral in this right-hand member may be taken over any contour which 
contains in its interior the curve C but has on or within it no singularity of 
fi(z), for q K (t) is analytic exterior to C. The series in (32) converges to /i(z) 
uniformly on any dosed set interior to Cn- 
Lot/ a (0 be an arbitrary function analytic in the extended plane exterior to C, 
continuous in the corresponding dosed region, and zero at infinity. Then we 
have 


*»-i ,ratafatoC ' 


where the integral is taken in the positive sense with respect to the exterior of C. 
From (31) we can write 



MO V ‘-(0 de 


1 


and this equation is valid uniformly for l on any Cn, hence uniformly for i on 
any closed set exterior to C, The integral in this right-hand member can be 
taken over C or over any contour that contains C in its interior. 

We are now in a position to prove [Walsh, 1935b] 


Theorem 13. Let C be an arbitrary rectifiable Jordan curve , let n(z) hr putative 
and continuous on C\ let pi(z) denote the set of polynomials of respective degrees k 
normal and orthogonal on C with respect to n(z), and lei qk(l) denote the corresponding 
functions of the second kind . Lei the function f(z) be analytic in Ike annular region 
D bounded by C and Cn, continuous in the corresponding closed region . Let us set 


(33) /(*) = /i(0 + A CO , in D, 

where fi(z) is analytic throughout the interior of Cn and f%{z) is analytic vi the 
extended plane throughout the exterior of C and vanishes at infinity; both f^z) and 
f 2 (z) aic continuous in the corresponding closed regions. Then we have 


CO r 03 p 

(34) /i(z) = 7 >i(z) / /i(f) qdl) dl = ~ ^ p*(z) f(l) q>.(t) dl, 

^ 7rl k = q dc It Airl i = o Jr 


for z interior to Cn, uniformly on any closed set interior to Cn) 
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i f 00 r 

(35) / 2 (0 = — 2 sx(fl / M z ) n( z ) dz - ^4 2) &(0 / /(*) pjtte) & j 

27r * nr 0 Jo 2?n yr 

for t exterior to C, uniformly on any closed set exterior to C. Here V represents any 
contour interior to D containing C in its interior ; the integral in (34) is to be taken 
counterclockwise, the integral in (35) to be taken clockwise. 


Equation (33) is simply the division of f(z) into its components (§1.7). The 
equation 


[ MO MO dt = [ f(t) q,.(l) ■ 

JC„ JC R 


follows from the equation 


[ MO MO dt = 0 ; 

Jc K 


the function /s(0tfJt(0 is analytic at every point of the extended plane exterior to 
Cn, continuous in the corresponding closed region, and vanishes at infinity to at 
least the second order. Hence the second and third members of (34) are equal. 
Similarly, the equation 


J h(z) vdz) dz = J f(z) p k (z) dz 


is a consequence of the equation 


f c M*) vM) dz = 0 ; 

the function fi(z)p k (z) is analytic interior to C , continuous m the corresponding 
closed region The second and third members of (35) are equal. In (34) and 
(35) the 1 integrals o\er Cn may be also taken over r, the integrals o\er C may 
be taken over Cu or V 

Expansion (34), \ahcl uniformly on C, is known to be unique (§6.1). In par- 
ticular v e may set f(z) s= f x (z) = p, t (z). This yields tlio set of equations 


Jp»( 0 Qk(t) tf/ = 0 , k t* n , 

J Pn(0 q n (t) dt - 2? ri . 


Here r may be taken as any contour which contains C m its interior. Equations 
(36) show that the expansion (35), or any similar expansion m terms of the qk(t) 
valid uniformly on r, must also be unique. 
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Of course the equations 

Jr Pn(l) Pk( 0 dt as 0 t Jr q n (t) <fc(0 At = 0 , 
are likewise valid, 

Equations (33), (34), and (35) yield a method for finding the components of 
f(z) simply by using the values of f(z) on V, Under certain circumstances (which 
deserve further study) the functions j*(i) can be defined by continuity even on 
C itself; in this case the integrals in (34) over P can bo replaced by integrals over 
C ; also in equations (30), we may replace V by C . 

If C is a circle, equations (34) and (35) express the development of f(z) into a 
Laurent series. If C is a line segment or an ellipse, the functions cjk(z) have been 
studied and the present results for that case established by other methods by 
Neumann [1862], Heine [1878], and later writers. 

When, as in Theorem 12, the polynomials pi(z) are mutually orthogonal with 
respect to the norm function n(z) on a set of curves C (necessarily of form 
eh with C ' fixed), the development (31) is independent of C, To be sure, the 
• present polynomials pk{z) are assumed normal on C and hence change with (7, 
Nevertheless, the scries in (31) is unique on each curve C } so when the poly- 
nomials pk(z) are altered by various constant 'factors, the corresponding functions 
qi(z) are altered by the reciprocals of those constant factors. 

The orthogonal properties of the polynomials pk(z) do not enter largely in the 
proof of Theorem 13, and that theorem can be correspondingly extended. Under 
still broader conditions, let the expansion 

nb “ S z) 

k ■=* o 

be valid uniformly for t on a given contour Ci and for z on a given contour 
interior to Ci. Let the function f\(z) be analytic on and interior to Ci; wc have 

(37) Mz) = ~ ^ 7^77 - 2 ic ^ ^ dl ' uniform, y on Gi • 

Let the function / 2 (0 be analytic on and exterior to C 2 and zero at infinity; wc 
have 


(38) Ml) = 


1 f / 2 OO dz 

2 ri Jc t z - t 


2iri § L t 


ITT Zj / AGO ^(<1 0 dz 1 


uniformly on C 1 . 


If the given expansion of 1/(1 — z) is valid uniformly for t on the given Ch and for 
z on an arbitrary closed set interior to Ci, then (37) is valid uniformly on an arbi- 
trary closed set interior to Ci\ if the given expansion of 1/(1 — z) is valid uni- 
formly for z on the given 0$ and for t on an arbitrary closed set exterior to C*, 
then (38) is valid uniformly on an arbitrary closed set exterior to Ca, Whether 
or not we make such an additional assumption on the given expansion of 
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l/(l — if f(z) is analytic in the closed annular region bounded by C\ and C 2 , 
then in that region we can split f(z) into its components f\(z) and h ( 2 ); these 
two functions can be expanded in the two series (37) and (38) valid as before; 
the function fi(l) in the second and third members of (37) can be replaced by 
/(f) 1 the function / 2 (a) in the second and third members of (38) can be replaced 
b yf(z). 

§6,10. Functions of class J/ 2 

The function f(z) ~ a»z n ( | z | < 1) is said to belong to the class Ih 

when and only when the scries I «», | 2 converges. Such functions are of 

much importance, particularly in the study of approximation in the sense of 
least squares, so \vc shall devote some attention to them. The appropriateness 
of the notation Ih is due to Hardy's study of the means which occur as in (39) 
below. 

If f(z) belongs to Ih, the numbers a n arc bounded, so the scries for f(z) con- 
verges at every point interior to C\ \ z | ~ 1, and f(z) is analytic at every point 
interior to (7. 

Let f(z) = ]Cn~o be an arbitrary scries convergent for | z \ < l. The 
series is dominated on T r : \ z\ = r < 1 by a convergent series X) il/ n ; we may 
choose for instance M n equal to | \ f r < r 1 < 1. Tlien we have 

I /(*) I 2 | * I - r f U | f(rc'°) p (10 - 2m' J) \ a n |* r 2 » . 

*'° « — 0 

The function h is clearly monotonicully non-decreasing as r increases. 

A necessary and sufficient condition that I r (defined now for an arbitrary func- 
tion f{z) analytic interior to C) be uniformly limited for all r < I is that f(z) 
belong to Ih . Indeed, if f(z) belongs to // 2 , the extreme rigid-hand member of 

(39) is term by term less than 2 x X »“0 | a n | 2 , a convergent series independent 
of r, In this case we even have by Abel's theorem for real power senes 

(40) lim L = 2tt X I (in | 2 . 

r — ► 1 u = o 

Conversely, if h is uniformly limited for all r < I, it follows that f(z) belongs 
to Ih. If wo assume the contrary, we reach a contradiction. The series 
X»~o I I 2 diverges; if N is arbitrary we have for suitably chosen v 

2tt X) I a » | 2 > jV . 

u=0 

For suitably chosen 5 > 0, the inequality 1 — 5 < r < 1 implies 
2 ut £ ! a» I s r iH > N , I r > N , 

n 53 0 

which contradicts our hypothesis. 

The functions 1, z, z 2 , • • • arc orthogonal on C and arc normalized by multi- 


(39) 1, 


-L 
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plying each function by (27r) _1/2 , If f(z) belongs to its Taylor development 
ct n z 11 is a series on C in terms of the functions 1, z, z 2 , ■ • • , which con- 
verges in the mean on C (§6.3) and lienee converges in the moan to some func- 
tion fi(z) of class L 2 on C . This function fi(z) is [Lobcsguc] almost everywhere 
on C the derivative of its indefinite integral and hence [Falou, 1906, or see Bicbcr- 
bach, 1927] is the boundary value of f(z), taken on almost everywhere on C by 
normal approach or for approach to C in a triangle with one vertex on C and 
otherwise interior to C . For a function of class Ih we shall henceforth use the 
same notation for the function interior to C and this boundary value on C. The 
function /(z) on C then satisfies the equations (by §6.3, Theorem 3) 

<4i) ns °- 
and the equation (Corollary 2 to Theorem 3) 

[ | f(z) p | dz | = 2* 2 | a. |* ; 

Jc fTt 

compare (40). Moreover, the functions 1, z, z 2 , . ■ • are not merely orthogonal 
to each other on C but also orthogonal to all functions of the sot z~ l , z ~ 2 , • • . , 
so we have (Corollary 1 to Theorem 3) 



z~ n | dz | = 0 , 



z"- 1 dz = 0 , 


n > 0 . 


Cauchy’s integral for the arbitrary function /(z) of class Ih is valid for all 
points z interior to C if the integral is taken over C, Indeed, the function i/v(z) = 
2" converges in the mean on C to the function /(z), from winch it follows 
(§5.8, Theorem 16) that i f (z) converges interior to C to the function 


A f M dt 

2ir 1 Jc l — Z ' 


z interior to C ; 


then this last function coincides with /(z) = XAo «-,2" interior to ('. It fol- 
lows also by the method used in §5.8, Theorem 16, that we have 


(42) 


J_ f dt 

2ir i Jc l — z 


1 [A0dl_ a 
2 n Jet ~ z~ 


z exterior lo C . 


The results just established are duo primarily to F. and M. Itiesz [1920], Let 
us state for reference 


Theorem 14. ///(z) is a function of class Ih, the development 


50 

f(z) = 2 a “ z " I 

n ~ 0 


a n 


2tt i 



(43) 


I* I < 1> 
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found by formal expansion on C: j z | = 1 is identical with the expa?ision of f(z) 
found by interpolation tof{z) in the origin (§3.2), The sum of the first n + 1 terms 
of (43) is Ike polynomial of degree n of best approximation tof(z) on C in the sense of 
least squares . 


The following relations hold: 


(44) 

M-i Si/j-t’ 1’K‘i 

J s 

** Sr 

111 

0 

Vi 

V 

h - 1 

(46) 

J f(z) z" dz =0, 

ns 0, 1,2, - • 


Theorem 14 is to be compared with §2,5, Theorem 10. 

The class 11% of functions on C is precisely the closed extension (§6,4) on C of 
the set 1, z f z 2 , • ■ ■ . In particular (§6.4, Corollary 2 to Theorem 5), the limit 
f(z) in the mean on C of a sequence f u (z) of functions of class Ih is also of class 
II 2 f and (§5.8, Theorem 16) the corresponding sequence of analytic functions 
f n {z) interior to C converges uniformly to the corresponding analytic function 
f(z) on any closed set interior to C. 

§611. Polynomials in z and l/z 

Let F(z) of class IJ bo given merely on the circumference C: \ z \ = 1. What 
can l>e said of the formal expansion of F(z) on Cl Let us prove 


Theorem 15, Let F{z) be of class L 2 on C: \ z | — 1. The formal expansion 
(46) fh\z) = |:|<1, 


represents some function f(z) of class If 2 interior to C and converges to f(z) in the 
mean on C. The relations 


(-17) 

(48) 


L 


2" H 



/(2 > - a L 7 


(0 dt 


n = 0, 1, 2, • • • , 
| 2 | < 1 , 


are valid. -1 necessary and sufficient condition that f(z) should vanish identically is 

/<’■>( 0) = 0 or f ^ dz = 0 , n - 0, 1, 2, ... . 

There is no function ffz) of class lh differing from f(z) on C on a set of positive 
measure such that we have 



Hz) - f{z) | 2 | dz | . 
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The fact that (46) represents a function of class Th follows from Theorem 1, 
Corollary 2, and the relations (47) simply express the fact (Theorem 3) that the 
coefficients a n in terms of the orthogonal set 1, z, z 2 , ■ ■ • can be found also from 
f(z) by integration over C. Equation (48) is a consequence of (44) and (47), if 
we write 


_ 1 _ f F(l) dt 
2ri Jo t — z 


55 i> B 


Z Z L 
4 - — + 1 + 
^ i* ^ t* ^ 


(U , 


1*1 < i * 


it is permissible to integrate term by term; wo noto incidentally that (47) follows 
from (48). The validity of Cauchy's integral formula (48) implies the validity 
of the equations found from it formally by differentiation with respect to z, On C 
class Ih is the closed extension of the normal orthogonal set (27 r)~ 1/2 , (27r)““ 1/2 2, 
(2 tt)“ 1/2 £ 2 , • ♦ • . The last part of Theorem 15 now follows from Theorem 0. 

Let us denote by Gz the class of all functions of the form g(z) = 

| * | > 1, where the series I ^ | 2 converges. Such a function is analytic 

at every point of the extended plane exterior to C } vanishes at infinity, and 
possesses properties entirely analogous to properties of functions of class Ih, 
In particular g(l/z) is a function of class II 2) so 'boundary values of g(l /z), 


hence of g(z ), exist almost everywhere on C and wo have for those 

boundary 

values 




1 

a ~ n ~ 2 tv . 

f l ■/(z)z-" | dz 1 = 

'[ m*, 

2m Jc z~ n+1 

n > 0 ; 


'ivT' 

ft- 

li 

L\ 

O 

AH 

a ( z ) _ - 1 ( 0(0 dt 

0[) 2m ] c i-z 1 

|z|>l; 




For the sake of uniformity, we have expressed those equations so that all inte- 
grals are to be taken in the counterclockwise sense on C ; similarly with (49) 
below. 

The analogue of Theorem 15 for functions of class G 2 presents no difficulty; 
when F(z) is given of class L 2 on C the function g(z) is of class G 2 : 



i* i > i. 

n > 0, 

|* | > 1. 


There is no function gi(z) of class Gt differing from g(z) on a .set of positive meas- 
ure on C such that we have 


J c I Hz) - ffi(z) I 2 1 dz | S J | Hz) - g(z) I 2 \dz | . 
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By the method used in Corollary 1 to Theorem 3 it follows that any two func- 
tions f(z) and f\{z) of class Ih satisfy the relation 

fj(z)M*)dz = 0. 

Any two functions g(z) and gi(z) of class Gi satisfy the relation 

f ffO) dz - 0 . 

Any function g(z) of class Gi is orthogonal on C to all the functions 1, z y z 2 , • • • , 
and is therefore (Theorem 3, Corollary 1) orthogonal on C to every function f(z) 
of class Ih: 

J c /(«) o(z) I dz | = f(z) g(z) | dz | - 0 

If f{z) is of class Ih on C, and if /( 0) — 0, then/(^) is of class (? 2 on C, for on C 
wo have z = 1/z . Similarly, if g(z) is of class G 2 on C, then g(?) is of class II 2 on 
C and the function interior to C whose boundary values are g(z) vanishes at the 
origin. 

We shall now prove 

Theorem 16, Lei F(z) be of class L 2 on C: \z \ = 1. The formal expansion 
of F(z) on C in terms of the set 1, z, z~, • • • represents for \ z \ < i a function f(z) of 
class II 2 , and the formal expansion of F(z) on C in terms of the set z~\ r 2 , 
represents for \ z \ > 1 a function g{z) of class C?>. Et/uations (48) and (49) are 
valid . Almost everywhere on C we have F(z) ~ f(z) + g{z). 

The orthogonal set of functions ■ . . , z~ 2 , z~\ 1, z } z 2 , * * (normalized by multi- 
plication with (27r) _1/2 ) is closed on C with respect to the class A 2 , by Theorem 
4, for the Fourier set of functions 1, eos 0, sin 0 } cos 20, sin 20, • • is closed' 14 on 
C with respect to the class IJ and (§2 4) any linear combination of functions of 
the one orthogonal set is a linear combination of functions of the other orthog- 
onal set. The formal expansion of an arbitrary function F(z) of I? on (' in 
terms of the set * . , sr 2 , z“ a , 1, z, z 2 , * * * converges in tin* mean on C to the 
function F(z), But (Theorem 15) the expansion of F(z) in terms of the set 
1, z y z l y • ■ • converges in the mean on C to a function f(z) of class II 2j and Uie 
expansion in terms of the set z~\ z~ 2 } • ■ • converges in the mean on (J to a func- 
tion g(z) of class The sum of these latter two expansions converges in the 
mean to f(z) g{z) } which is then identical with F{z) almost everywhere on C . 

* Wg indicate rapidly a proof of this fact. It follows from the definition of an improper 
Lcbcsgue integral that an arbitrary function of L* can bo approximated in the mean on C as 
closely as desired by a limited measurable function. The latter can be approximated in 
the mean as closely as desired by a function which assumes only a finite number of distinct 
values (by the definition of integral), hence (by the definition of measurability) by a func- 
tion which is piecewise continuous. The latter function can bo approximated in the mean 
by a continuous function, and therefore (by Wo tors trass's theorem, §2.4) by a trigonometric 
polynomial. 
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In case F(z) is analytic on (7, the sum of the two expansions of F(z) on C is of 
course the Laurent development of F{z) in an annular region containing C in its 
interior. The two functions /(a) and g(z) are components of F(z) in the sense of 
§1.7, Theorem 16 can be interpreted as a generalization of Theorem 13 in the 
situation that C is a circle with n(z) = 1. 

Our former results imply the 

Corollary. A necessary and sufficient condition that F(z) and f(z) be equal 
almost everywhere on C is g(z) « 0 or ( the equivalent) 



A necessary and sufficient condition that F(z) and g(z) be equal almost everywhere on 
C is f(z) ss 0 or (the equivalent) 

f dz 0 , n > 0 , 

Jo 

§6,12. An extremal problem, line integrals 

The extremal problem whoso solution is indicated by Theorem 15 admits a 
generalization, whose solution [Walsh, 1933b] can also bo obtained by Theorem 
15. 


Theorem 17. Let F{z) be of class L 2 on C: \ z\ =* 1. Let n(z) be positive and 
continuous on C. The essentially unique function f(z) of class II 2 such that 


(50) 

is least is given by 

(51) 


J o n(z) \ F(z) - f(z ) | 2 [ dz | 

f ( z ) = 1 f MM d J 

2 viN{z) )c t-z ’ 


I 2 I < 1 . 


whore N(z) is analytic interior to C and has boundary values such that \ jY'-'(z) | = n(z) 
almost everywhere on C. 


Let g(x, y) be harmonic interior to C, continuous on and within C, equal to 
I log n(z) on C, and let h(x, y) he a function conjugate to g(x, y) interior to (’. 
The functions N(z) s and 1 /N{z) arc analytic and uniformly limited in- 
terior to C, hence (Fntou, 1906] have boundary values N(z) and 1 /N(z) almost 
everywhere on C. The function N(z) on C is measurable and uniformly limited, 
and we have | N^iz) | = n(z) almost everywhere on C. 

The integral (50) can now bo written 

f \N(z)F(z) -N(z)f(z) Y\dz\, 


(52) 
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The problem of minimizing the integral (50) has now been reduced to the prob- 
lem of minimizing the integral (62) whose norm function is unity. The function 
F{z) is of class L 2 on C, The unknown function N{z)f{z) is of class Ih } for 
[compare (39)] if f(z) is of class fh, so also is N(z)f(z) } and conversely. 

If we now apply the last part of Theorem 15 to the problem of minimizing 
(52), we sec that the minimizing function /(«) is given by (51), and the proof is 
complete. The extremal property defines f(z) oil C uniquely, except at points 
of a set of measure zero. 

A problem related to that of Theorem 17 can be solved by a similar method: 


Theorem 18 . Lei F(z) be of class L 2 on C\ \ z \ — 1 , and let n(z) be positive 
and continuous on C. Let auxiliary conditions interior to C of the form 

( 63 ) /OJO-ya, k = 1 , 2 , 


be prescribed. The essentially unique function f(z) of class lh which satisfies these 
auxiliary conditions and which minimizes the integral (50) is given by 


(54) 


/(z) = p(z) + 


n(z) 

2iri N ( z ) 



m - p(o 

n Ml - z) 


1*1 < 1 » 


where N(z) is defined as before , where p(z) is a polynomial lohich satisfies the 
auxiliary conditions ( 53 ), and where ll(z) is defined by 


„ (s) , tt 1^*, 

y \i - A* 


The points /3 a need not be distinct, in conformity with the usual com cation 

(8 3 l). 

lfor definiteness let p(z) be the polynomial of degree v — 1 which satisfies the 
auxiliary conditions (53); it is also satisfactory if p(z) is any other function of 
class // 2 which satisfies the auxiliary conditions, and it may be verified directly 
that the final formula (51) is independent of the particular choice of the function 
p(z). The integral (50) can lie written in the form 


( 55 ) 


l 


N(z) 


F(z)_- /j(z) 
11 ( 2 ) 


- N(z) 


m - p(=> 

H(z) 


1*1, 


for \\{z) is of modulus unity on C 

The extremal problem of Theorem 18 is now equivalent to a new problem 
suggested by (55). Given the function 


Hz) = N{z) 


Hz) - p(*) 

II (*) 


which is of class IJ 1 on C, to find the function 


/i(z) = N(z) 


/(z) - p(z) 
H(2) 


( 56 ) 
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of class Ih which minimizes (65). It is to be noticed that when /(z) is of class Ih 
and satisfies the conditions (53), then/i(z) defined by (56) is also of class Ih', 
when/i(z) is of class lit, thon/(z) defined by (56) is also of class Ih and satisfies 
the auxiliary conditions (53). 

We can now apply the last part of Theorem 15 to the problem of minimizing 
the integral (65). We obtain (54) by solving (56) for the minimizing function 
/(z). 

The restriction on n(z) can be somewhat lightened without altering the con- 
clusion or method of proof in both Theorem 17 and Theorem 18. 

It will be noticed too that the reasoning applies in certain cases if the number 
of conditions (53) is infinite. We choose p(z) as an arbitrary function of class 
Hi, if such exists, satisfying the auxiliary conditions. The product II(z) is to 
be replaced by the Blaschke product (assumed convergent) of §10.1. The 
reasoning remains valid, and the minimizing function f(z) of class Ih is repre- 
sented by (54); compare §10.7. 

For simplicity let us consider the situation of Theorem 17. If it is desired not 
merely to obtain the formula (51) for /(z) but also to obtain an expansion of f(z) 
by expanding F(z) formally, wo can use the polynomials orthogonal on C with 
respect to the function n(z). Or if wo prefer, we may introduce the functions 
(no longer necessarily polynomials) 

P k (z ) ■ z K /N{z), * - 0 , 1 , 2, , 


each analytic and uniformly limited interior to C, and with boundary values 
almost everywhere on C. These functions are mutually orthogonal on C with 
respect to the norm function n(z): 

J n(z ) P„(z) PJzj \(lz\ ~ J z"i K | <lz | - 0 , k ^ n . 

The class Ih is the closed extension on C of the set i\(z), by Corollary 5 to 
Theorem 5, for each function P k (z) is of class Ih', reciprocally, if n and e > 0 are 
given, the inequality 



2 >**‘ 


Jfc-0 


| dz | < nie , 


n(z) > n i > 0 , 


is satisfied for suitably chosen m y Ao, i'll, • • • , A int and implies 


r m 

/ *--2 


A k Pdz) 


\dz\ < € , 


so each z n belongs to the closed extension of the set Pk(z). 

Similarly, the situation of Theorem 18 corresponds lo the formal expansion 
of F\{z) in terms of the set z k orthogonal on C, or if we prefer, to the formal ex- 
pansion of F(z) — p(z) in terms of the set Qk{z) ss U(z) z l /N{z) y k - 0, 1, 2, • * ■ , 
orthogonal on C with respect to the norm function n(z ), The closed extension 
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on C of the set Qk(z) is precisely the class of functions of 11% which vanish in the 
points i 3j. Each function Q k (z) belongs to II %> so this closed extension belongs 
to Il%* If 0(s) is a function of class 11% which vanishes in the points fa, the 
function <j}(z)/U(z) is of class II % (compare the condition connected with (39)), 
belonging therefore to the closed extension of the set Pk{z) y so belongs to 
the closed extension of the set 

Theorems 17 and 18 extond to more general regions by the use of conformal 
mapping; compare §11,6. The sets of functions Pi{z) and Qk(z) have their ana- 
logues in this more general situation. 


§6.13, An extremal problem, surface integrals 

The functions 1 , z y z 2 , • . . orthogonal on the circumference | z | — 1 have a 
closed extension II % that wo have studied in §§6,10-6.12. But these functions 
1, z f z 2 , • • * arc also orthogonal in the (open) region C'\ \ z | < 1. We propose 
now to study their closed extension Il[ in G\ 

Let f(z) = &kZ k be an arbitrary function analytic interior to C\ If we 

introduce the notation y f : | z | g r < 1, wo have 



» dS - 7T r*M/(k + 1) 



2 I a* I7(fc + 1) , 

k~a 


so a necessary and sufficient condition tliat/(z) should be of class L 2 on C* (com- 
pare §6.10) is the convergence of | a k \ 2 /(k + 1). If /(^) is of class 11 2 on 

C' f the function f{z) defined almost everywhere on C f must by definition bo of 
class Jr on V* and (§5.8, Corollary 1 to Theorem 17; method of proof of §6.3, 
Lemma) is equal almost everywhere to a function analytic interior to ( T/ . Recip- 
rocally, a function 


(57) 


f(z) = rto + rtl z + * * * J 

00 

X2 | I7U’ + 1) convergent , 
/ - 0 


is of class II 2) for we have 


a k = — "t— J J f(z) ** dS i 


I* I < 1, 



/(«) - ]>) a k z k 

k ~ 0 


eo 

dS-r 2} I a k I7(fc + 1) , 

k — -\- 1 


which approaches zero with 1 /n ; the fact that a function (57) is of class II ' t fol- 
lows also from §2.7, Theorem 14. We have proved 
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Theorem 19, The class H r 2 which is the closed extension of the set 1, 2 , z 2 , * ■ • 
on C": | z | < 1 is essentially the set of functions of class L 2 on C ' analytic in the 
interior points of C' } or in other words is essentially the class of functions repre- 
sented by (57). 

The analogue of the latter part of Theorem 15 is 

Theorem 20, Let F(z) be of class V 1 on C\ The essentially unique function 
f(z) of class Ii 2 such that 

j f ci i m -/(*) p as 

is least is given by 

m M -Him i«i<‘- 

The formal development of F(z) on. C' in terms of the functions z K is 
(59) Y. aa k , a k = f f F(t) f» (IS ; 

f=i v J Jo' 

this scries converges to f(z) of class II 2 in the mean on C f } hence (§5.8, Theorem 
17) converges to f(z) uniformly on any closed set interior to C f . Interior to C\ 
the function represented by (59) is 

/(*) Pit) [1 + 2f» + 3fV + • •• ] (IS, M < 1 , 

for the scries in square brackets converges uniformly for | f | ^ 1 when z is fixed. 
This equation for f(z) can be rewritten in form (58). 

Theorem 20 is due to Wirtinger [1932], by a quite different method. 

By the method of proof of Theorem 17 the render may prove 


Theorem 21. Let n(z) be the square of the modulus of a function N(z) analytic, 
bounded, and bounded from zero on C": \z | < 1. Let the function F(z) be of class 
L 2 on C\ The essentially unique function f(z) of class 1l[ such that 


(60) 

is least is given by 



F(z) - f(z) l 2 dS 


J_ [ f F{() 

N(zj J Jr ' (1 - fz) 2 



1*1 < 1 . 


If auxiliary conditions (53) arc prescribed in the situation of Theorem 21, the 
determination of f(z) is more difficult. However, if all of the points ft coincide 
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at the origin, we shall indicate that a solution of the problem lies at hand. In 
the case n(z ) se 1 let p(z) denote the polynomial of degree v — 1 which satisfies 
the auxiliary conditions. The problem of determining f(z) so as to minimize 
(60) is equivalent to that of determining the function/i(z) of class II [ such that 

J | F(z) - p(z) - z y fi(z) | 2 dS 

is least. The formal development of F(z) — p(z) in terms of the functions 
z v f z v ‘ H } z H ' 2 } • . • orthogonal on C* is 

T) a K z l , a k = ^ [ [ [ F({ :) - p(f)l f k dS , 

fcr r * J Jo' 

whence as with (59) 


z"/i(z) = 


(1 - fz) 2 


the minimizing function f(z) is p(z) -f z v fi(z)> The introduction of a norm 
function as in Theorem 21 presents no difficulty. 

Theorems 20 and 21 and the remark just made extend to more general 
regions by the use of conformal mapping; compare §11.4. 



CHAPTER VII 

INTERPOLATION BY POLYNOMIALS 
§7.1. Interpolation in roots of unity 

We studied in Chapter III the convergence of various sequences of poly- 
nomials found by interpolation, The points there chosen for interpolation are 
particularly simple, and the convergence properties of the sequences of poly- 
nomials are correspondingly simple. In the present chapter wo shall study more 
complicated situations, where the distinct points of interpolation arc no longer 
finite in number and where the boundaries of regions of convergence may no 
longer be lemniscates but may be more general curves. 

Our fundamental problem is still the following: Given a function f(z) analytic 
on a closed point set C and a set of points 


which cither lie on C or have no limit point except on C; to study the convergence to 
f(z) of the sequence of polynomials p n (z) of respective degrees n found by interpola- 
tion to f{z) in the points 0 ( 2 ,l) , . . * Tlio n + 1 points of this set 

naturally need not be all distinct (§3*1). 

In studying this problem, there are various properties of the sequence (L) 
which it may be natural and suitable to assume: (a) the numbers /3 ( / l) may bo 
given explicitly, for instance 0^ n> ~ 0, or the are all n + 1 of the (n + 1 )-hI 
roots of unity; (b) asymptotic properties of the may bo given directly, ns in 
§3.5; (c) asymptotic properties of the may be given indirectly, for instance 
in such a form as 


lira | (a - 0V l) ) (* - ■■■(*- /3 ( ; l > 1 ) [ ‘«»H> = | ,i,( z ) | , 


where the function <1 >(z) is given; (cl) asymptotic inequalities may be given, for 
instance 

| <I> 0 (z) | s l (a - &\ n) ) (z - /3j n> ) . • . (a ~ /3 ( n ’V-,) | £ I *.00 | , 

where and #i(z) are given; (e) geometric conditions may be given on the 
0i n) , such as requiring that the should all lie in some circle or other region, 
say a given subregion of C. Examples of (a) arc to bo found in Chapter III, 
and in Theorems 1 and 2 (points equally distributed) below. The situation of 
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(c) is important, as indicated in Theorems 2 and 3 below. All of these situa- 
tions (a) — (c) arc to be studied in more generality in Chapter VIII, 

Let us consider first a case where the points of interpolation are given explic- 
itly; this particular choice of points of interpolation was made for a very special 
function by Mdray (see §3,2), and for an arbitrary analytic function was intro- 
duced by Bunge [1004]; proof of convergence of the sequence p n {z) to the func- 
tion /(s) interior to C is due to Bunge. 

Theorem 1. Let the function f(z) be analytic for | & | < p > 1 but have a singu- 
larity on the circle \z\ = p ; the case that p is infinite is not excluded Let p n (z) be 
the polynomial of degree n which coincides with f(z) in the (n + l)-si roots of unity . 
Then the sequence p n (z) converges maximally tof(z) on C: \ z | « 1. 

Moreover , if P n (z) is the polynomial of degree n which coincides with f(z) in the 
origin y considered of multiplicity n 1, then we have 

(2) lim [p n (z) - P n (z)] - 0 

for | 2 | < p-, uniformly for | 2 | g Z < p 2 . 


The polynomial P n (z) is also the polynomial of degree n of best approximation 
to f{z) on C in the sense of least squares. 

We have (§3.1) 


f(z) - p„(z) 


f ( 2 ’'" - \)f(l)_dl 
2m jv (l n 1 ' - '!)'(/ - z) • 


z interior to r , 


where l 1 is a eirele | z | = R, 1 < R < p. For z on or within C the right-hand 
member is in absolute value not greater than a suit able constant (i.e., indepeiKlenL 
of n and 2 ) divided by (R nH — 1), and hence is not greater than a const ant 
divided by Ji" H . The first part of (lie theorem follows at once. 

We have also 


(3) 


M - PJZ) 
p n (z) - P„(z) 



2"-' 1 fit) (It 

- Z) ’ 


z interior to T , 


(<“-*> - Z ’* H )/(0 fU 
t n-H (/-.II _ !) ()'_ Z ) ’ 


z interior to T . 


When the integrand in (3) is suitably defined lor t = 2 , that integrand lias no 
singularity in l for l = 2 , the right-hand member of (3) is analytic for all (finite) 
values of z, so (3) is valid for all values of z. In particular for | z | = Z < p 2 , 
the right-hand member approaches zero uniformly provided the expression 


/J’ Hl + Z"-" 
fl"+« (E' ,+1 - 1) 

approaches zero, and this condition is satisfied if we have Z < R 2 . Equation 
(2) is established. 
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It will be noted that equation (2) implies a number of results on the conver- 
gence and divergence of the sequence p n (z) , such as the divergence for It < 
| 2 | < K 2 , the analogue of Abel's theorem for the sequence p„(z), etc. 

The number p 2 that appears in (2) is by no moans accidental, for lot us set 
/(z) = l/(z — p). We have 

*n-H 1 z n ^ 

/(2) ~ Pn(z) = ( p „+l _ 1)( Z _ p) ’ ^ ~ Pn(2) = p"+> (Z - p) ' 

p n {z) - P n (z ) <= p n+l (pMl _ 1)(2 _ p) • 

For the particular value z ~ p 2 , the difference 

Vn(z) - ?*(*) - VO - P 2 ) 

does not approach zero. 

The entire conclusion of Theorem 1 (the proof requires only minor changes) 
is valid also if the polynomial p n (z) is defined from /(z) not by interpolation in 
the (?i + l)-st roots of unity but by interpolation in the (a + l)-st roots of an 
arbitrary number a nf where | a n \ S 1. 

§7,2, A sufficient condition for maximal convergence 

The first part of Theorem 1 is a consequence of a much more general theorem 
[Walsh, 1933c]: 

Theotieivi 2 . Let C be a closed limited point set whose complement K with respect 
to the extended plane is connected and regular. Let to ~ </>(z) map K onto the region 
| w | > 1 so that the points at infinity correspond to each other . Lei the points (1) 
have no limit point exterior to C and satisfy the relation 

(4) lim | (z - /3V 0 ) (z - /3V 0 ) • • • (z - j3 ( n n l , . I ) |‘«»"» - A | </>(z) | 

n-*QO 

uniformly on any closed limited point set interior to Jf, where A is the capacity 
(§4.4) of C . Lei the function f(z) be single-valued and analytic on (\ Then the 
sequence of polynomials p n (z) of respective degrees n found by interpolation to f(z) 
in the points , ffflu converges to f(z) maximally on C. 

Let /(z) be single-valued and analytic interior to C p but not interior to any 
C pf) p' > p. Let R < p be arbitrary, and choose R\ and R 2 , R < R\ < p, 
1 < R 2 < Ri/R. For sufficiently large n , the points lie interior to so 
we have 

(5) /(z) - p n (z) ~ J-. [ , z interior to C «, , 

2tti Jc k ,o>»{ 1) (t - z) 

u„(z) = (z - p\ n) )(z - /3V 0 ) ... (z - /3 ( „+i). 


( 6 ) 
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Wc have uniformly 

lim | <a n (z) = ARz, z on Cn,, 

n-»0O 

lim | Unit) j 1/< " +1 > = A Ri , l on Cn, , 

n-» «o 

from which wo deduce 

lim [mux | f(z) — p„(z) j ,z on C , «J l/(,,+1 > £ Rt/Ri < 1/R ; 

»— > co 

this inequality holds similarly if wc rcplaco the condition that z should lie on 
l>y the condition that z should lie on C . The corresponding superior limit is 
therefore not greater than 1/p, and cannot (§4.7) be less than 1/p. The proof 
is complete. 

This last inequality holds even if the points ^ arc not defined for every n, 
but merely for some infinite sequence of indices n. 

Remark. If the points have no limit point in K and if (4) holds for 
every z in K without the requirement of uniformity, then (4) holds uniformly 
on any closed limited point set interior to IC , for (§7.3, below) the functions in 
(4) form a normal family in any closed limited region in K, 

If wo allow the closed interior of Cn to take the r61e of C, the right-Iuind 
member of (4) remains unchanged, for A is multiplied by R and <t>(z) is di- 
vided by R. The points have no limit point exterior to f^so the sequence 
p n (z) converges maximally on Cn whenever f(z) is single-valued and analytic 
on and within Cn ■ This remark follows loo by tin* general theory of maximal 
convergence. 

It occurs not infrequently in practice (hat the points arc not given directly 
and are not given even by means of the polynomials a >„(z), but that poly- 
nomials of the form a n o) ti (z) are gi\en whose roots are chosen as the 

Corollary 1. Let C be a closed limited point set whose complement K is con- 
nected and regular . Let w = map K onto the region | ie | > 1 so that the 
points at infinity cones pond to each other . Let the points (ff } be defined as the 
n + 1 roots of the polynomials 0»(z) which have respectively n -b l roots. Let its 
suppose 

(7) lim \0 n (z)\"<"™ = a \ct>(z)\, <r* 0, 

uniformly on any closed limited point set interior to K. Let the function f(z) be 
analytic on (\ Then the sequence of polynomials p n {z) of respective degrees n found 
by interpolation to f(z) in the points converges maximally to f(z) on C. 

It follows from the uniformity of (7) that the points have no limit point 
in K. The derivation of equation (5) is now valid if w»(z) and a >„(/) are re- 
placed by 0 n (z) and 0 n (l) } so the proof goes through as before. 

The first part of Theorem 1 is a direct consequence of Theorem 2, as are also 
the results of §§3.4 and 3.5. 
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Corollary 2. Under the hypothesis of Corollary 1 on C, K , and the poly- 
nomials 0 n (z), and if K is simply connected , it is sufficient for the conclusion if the 
points 0/, n) are chosen not as the roots of the 0 n (z) hut as the roots of the derivatives 
0 ^ +1 ( 2 ), or as the roots of the second derivatives 0 n n ^(z) y etc. Indeed t condition (7) 
valid unifomly on any closed point set interior to the simply connected region K 
implies the condition 

(8) lim | 0,'(2) |W» = ff j | , e* 0 , 

W-4O0 

uniformly on any closed limited point set interior to K. 


Modify 0 n (z) if necessary multiplying by a constant of modulus unity so that 
the coefficient of the highest power of z becomes positive. Let both [O u (z)] in "'W 
and <j>{z) be so chosen that their derivatives at infinity are positive. Then (7) 
implies 

lim [0n($)] l/(, ‘ +1) — a- <h(z) 

7\-*VO 


uniformly on any closed limited point sot S interior to Ii, as we shall prove. By 
(7) the functions [tf, l ( 2 )] l/< "' H) are uniformly limited on every 8, hence form a nor- 
mal family in every region 8, lienee also in K (with the point at infinity 
deleted). Every limit function of the family in K has the same modulus, by 
(7), and has a positive or zero derivative at infinity. In fact uniform con- 
vergence of a subsequence in every S implies uniform convergence of the 
quotient by 2 of tho functions of the subsequence on a largo circumference and 
therefore in a neighborhood of the point at infinity, hence implies approach at 
infinity of the derivatives of the functions of the subsequence to the derivative 
of the limit function. The quotient by o<f>(z) of any limit function of the family 
has a constant modulus in K, hcnco (Principle of Maximum) is a constant of 
modulus unity, hence (by the derivatives at infinity) has tho value unity. That 
is to say, the sequence of functions (0„(z)l ,/(,,l » forms a normal family in every 
8 (compare also §7.3 below) and converges at every finite point of K to the 
function <j$(z), so converges uniformly in every 8, 

The following equations arc now uniformly valid on any closed limited point 
set S interior to IC, when we make use of the fact that 0 ( 2 ) and are different 
from zero on every such point set: 


n -too 

lim * (g) K(^]- 1 ' H/(,H ' 1> 0n(^) - (n ± 1) [fl,,(z)]'/<*-H) <//( 2 ) _ 

n— too (n + I) [ 0 ( 2 )? 

lim -i M fri ' - »■(.) - 0, lim , 

n— »» (n + 1) 0„(z ) 9 ’ (» + 1)>'» [ 0 „( 2 )]>'» = 

lim [fl'(2)] l '« = o-^(z) , 


as we were to prove. 
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Corollary 2 is not true if the requirement that K bo simply connected is 
omitted, for if IC is multiply connected (we fasten our attention on a particular 
branch of [0«(«)] ,/(n+1) )> there arc points of K at which <t>'(z) vanishes, so the 
derivation of (8) is not valid at such points. Indeed, if is clear from (7) that 

Um tfiWW.WI-«« +0 /(tt+ 1) = 0 

n-»«J 

il so is a point of K such that 0'(zo) ~ 0, and hence (by Iiurwilz’s theorem) that 
in ail arbitrary neighborhood of Zo and for n sufficiently largo every function 
0,i \{z) has a zero, Interpolation to the given function f(z) in the roots of 0[ (z), as 
contemplated in Corollary 2, may not be possible because the function /(e) may 
not be defined in the neighborhood of such a point z 0 . However, the conclusion 
of Corollary 2 regarding interpolation is valid even if K is multiply connected, 
provided the polynomial p n (z) of interpolation is required to coincide with /(z) 
at points /3^ n) in the neighborhood of a point z 0 (of the kind just considered) at 
which /(z) is analytic; if f(z) is not defined or not analytic at such a point z 0 , wo 
may assign to it throughout the neighborhood of z 0 the values of any constant 
or other analytic function, As in equation (5) we take the integral over C ftl and 
also over a small circle exterior to about each point Zo exterior to (V; we 
may assume no z 0 to lie on Cr x and may assume now that /(z) is analytic on and 
within this circle. The points have no limit point interior to AT other than 
such a point z 0 . The relation 

lim | «>„(/) |t/0HD ^ , o) n (z) s o'„(z) , 

is valid uniformly on the contours of integration. Maximal convergence on 
C follows as before 

In a similar way, the roots of the higher derivatives of the 0 n (z) may be 
used as points of interpolation; maximal convergence on C is a consequence. 

The polynomials p ti (z) that appear in Theorem 2 form a sequence of poly- 
nomials of interpolation, and clearly need not be the partial sums of a senes 
of interpolation; for instance the sequence p n (z) of Theorem 1 is not demed 
from a series of interpolation. However, under the hypothesis of Theorem 
2 we can derive a series of interpolation merely by choosing as points of interpola- 
tion ft all the points (l) taken in order, row by row. We still have maximal 
convergence to f(z) on 

Conoi-iLARY 3. Under the hypothesis of Theorem 2 lei us denote by ft, ft., . . • the 
sequence of points (1), taken in order in each row and with the rows taken in order . 
Then toe have 

(9) lim | ( z - 0i) (e - Pt )•••(«- 0,) [ Uv = A | <£( 2 ) | 

~+oO 

uniformly on any closed limited point set interior to K containing no point ft. 
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We notice first the validity of the equation 
(10) lim | (3 - /3 ( l 0) ) (3 - P\ l) ) (z - t3[ l) ) (z - /3 ( , 2) ) ... (3 - 0ft 1 ) |*/o.m><«+»» 

= A I <#>(3) I 

uniformly on any closed limited point sot S interior to K containing 110 point 
0 c A n) , Indeed, we need merely consider the sequence 



log I (3 - 0^) (3 - #>) ... (3 - &&) I 
n + 1 


whose limit is log A | <j>(z) |. Let us replace (11) by the now sequence in which 
the first term of (11) is unchanged, in which the second term of (11) then appears 
twice, in which the third term of (11) then appears three times, and so on. If 
the new sequence is summed by the method of Cesilro, which docs not alter the 
uniform limit of the sequence (compare §3.5), equation (10) follows. 

If we write the sequence corresponding to (9) in logarithmic form and make 
use of (10), we see that in order to prove (9) it is now sufficient to prove 


( 12 ) 


lim log 1 ~ - Pi*') • • • (z ~ fi[ n) ) 1 _ n 

M + n( n 4“ l)/2 


0 < n g , 


uniformly on S; to be sure, another term appears involving (z - 0V n ) * • 
(z - 0 ( „ n “ l) ), but that term can bo treated by the same method and presents no 
difficulty. For z on S, the factors | z — 0„ | are uniformly limited and uniformly 
bounded from aero. Then the ju quantities log | z — 0 [ n) \ in (12) are each uni- 
formly limited and in number not greater than n f so (12) follows at onee. 

Corollary 3 enables us (compare §3.2) under suitable circumstances to replace* 
any sequence of polynomials of interpolation by a corresponding scries of interpola- 
tion, and the series of interpolation converges maximally to f(z) on C whenever 
f(z) is analytic on C and the points 0* all belong to (\ In particular, if C is the 
unit circle we may choose the 0* as all the roots of unity taken in order of in- 
creasing index, for instance 1, a> 2 , co*, o> 3 , o>l, wg, w 4 , • * • , when* is a primitive 
tt-lh root of unity. A disadvantage of the new series of interpolation as com- 
pared with the sequence of interpolation is that if the same point 0 ( ," ) occurs for 
several values of ?*, the value of the function and of certain of its derivatives at 
0/, n) must be known in expanding the function in the series of interpolation. 

Corollary 3, together with Theorem 2, does not in its present form imply that 
the series of interpolation to f(z) (analytic on C) in the points 0, converges 
maximally to f(z) on C unless nil the 0, lie on G\ for although the points 0, have 
no limit point exterior to C, the set of points of interpolation 
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fa) fa > 
fa) fa) fa ) 


used in defining the partial sums of the series of interpolation may have limit 
points exterior to C, Indeed; the analytic function f(z) may fail to bo defined 
at some of the points fa; in this case arbitrary fixed values may be assigned at 
such points., There arc now two convenient methods of proving maximal con- 
vergence on C: (a) the transformation used in §3.5 may be introduced here, to 
avoid the occurrence in (5) of points fa not interior to Cn x ; (b) instead of tak- 
ing the integral in (5) around C/iu the integral may be taken around C r x and 
around small circles exterior to each other and to Cr x about the points fa which 
lie exterior to Cr x \ the function /CO may be taken as an arbitrary constant or 
other function analytic on and within such small circles. The reasoning pre- 
viously given in connection with Corollary 2 is valid without change. Wc 
formulate 

Corollary 4. Under thv hypothesis of Corollary 3, let f(z) he analytic on C. 
Then the senes of interpolation of the form 

(h + o t (z - fa) + (h(z - fa)(z -&) + ■•• 

winch is the formal expansion of f(z) in the ponds fa x comrigcs maximally to f(z) 
on (\ If f(z) is not defined in a particular point fa, an arbitrary value may he 
assigned to it there. 

Corollary 1 1ms ob\ ions application to the situation of Theorem 1 

The method of proof of Corollary 3 and Corollary 4 is obviously capable 1 
of much broader use than we lm\e hitherto suggested, 

As a g t ‘iiora 1 remark, wo nob' Hint it is sufficient in the proof of Theorem 2 if 
(*1) is assumed to hold not on even/ closed limited point set interior to K but on 
all curves (\ belonging to a set everywhere dense in K 

Theorem 2 gnes at least theoretically a necessary and sufficient condition for 
tin' amilyticity of a given function f(z) on <\ namely tin 1 uniform comerfteuce in 
some region containing Cm its interior of the formal expansion of f(z) 

§7.3. A necessary condition for uniform convergence 

The new part of the following theorem can be expressed so us to be a converse 
of Theorem 2: 

Theorem 3. Let C be a dosed limited point set whose complement K is con- 
nected and regular . Let w ~ </>(z) map K onto the region \ w \ > 1 so that the points 
at infinity correspond to each other, and let A be the capacity of C\ Let the points 
(1) have no limit point exterior to C. Then a necessary and sufficient condition that 
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t ) analytic and single-valued on C we have for the polynomial 
,,-imd by interpolation to f(z) in the points p\ n) , /3 ( 2 n) , • ■ > , /3 ( „+ 1 , 

lim p n (z) = f(z ) , uniformly for z on C , 

ft— >00 

is that (4) he valid uniformly on any closed limited point set interior io K, If this 
condition is fulfilled, the sequence p„(z) converges maximally to every such f(z) on C , 

Before proceeding with the proof of Theorem 3, it is convenient for us to in- 
troduce a lemma, The proof of the lemma is quite easy, but the formulated 
statement is nevertheless useful for reference: 


Lemma, Let C be an arbitrary closed Irnitcd point set whose complement 
K (i.e, } with respect to the extended plane) is connected and regular .* Let x( z ) be 
analytic in K (except possibly for branch points) although not necessarily single- 
valued and let \ x(«) | be single-valued in K . At infinity let each branch of xOO 
have a simple pole } with \ x'C 03 ) I - 1. Let w ^ A ^(z) map the region K onto 
| w | > A so that the points at infinity correspond to each other and so that 

A|*'(«)| = 1. 

Then either (a) the modulus | xOO I approaches A whenever z interior to K approaches 
C or (b) for some methods of approach | x(z) | has a limit greater than A and (if 
x(z) t* 0 in K ) for other methods of approach \ x(z) \ has a limit less than A, 


The function 
(13) 


x(*) 
A 000 


is analytic in K even at infinity, if suitably defined there; the value at infinity is 
of modulus unity. To be sure, the function (13) nml not bo single-valued and 
may have branch points in K ; nevertheless its modulus is single-valued in K. 
Then (Principle of Maximum) either the modulus of (13) is unity every whom in 
K and the function (13) is a constant of modulus unity or the modulus possesses 
no maximum interior to K . In the latter case, for some methods of approach to 
C the modulus of (13) approaches values greater than unity. If x( z ) in different 
from zero interior to K } the modulus of (13) can have no minimum interior to K, 
so if the modulus of (13) is not unity at all points of K , for some methods of 
approach to C the modulus of (13) approaches values less than unity. 

Whenever z interior to K approaches C } the function A | ^(z ) | approaches tlie 
value A, so whenever z approaches C and the modulus of (13) approaches unity, 
a value greater than unity, ora value less than unity, then the modulus of x(z) 
approaches A, a value greater than A, or a value less than A respectively. The 
lemma is completely proved, 

We return to the proof of Theorem 3. The sufficiency of (4) is contained in 
Theorem 2, so we need consider only the necessity. 
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Lot us fivst treat the case that IC is simply connected. In the notation of (6), 
a suitably chosen branch of the function 0 n (z) ss fan (*)] 1/ < rt+1) is analytic except 
at infinity exterior to any C n which contains in its interior all the and at 
infinity has a simple pole and the derivative unity. For sufficiently large ft, each 
factor z — is uniformly limited in any closed finite region of the plane, and 
hence the functions 0 n (z) arc similarly limited and form a normal family in the 
region exterior to C but not containing the point at infinity. 

We are hero using a slight extension of the usual notion of normal family, for 
points may lie in K and so the functions Q n (z) arc not necessarily analytic at 
each point of K . Nevertheless, in any given closed limited region belonging 
to K } at most a finite number of those functions fail to be analytic, so the 
entire sot of functions has the characteristic properties of a normal family, In 
particular we remark that if (4) is valid at each point of K } then (4) is valid 
uniformly on any closed limited point set interior to K . 

In the proof of Theorem 3, it happens that we need merely study the expan- 
sion of the function /(z) = l/(t — z), where / is suitably chosen exterior to C. 
For this particular function we have (§3.1) 


/(*) - p*(z) 

If we introduce the notation 


Uni*) 

/-Z)‘ 


M n = max [ | w„(z) | , z on C ] , 

our hypothesis implies 

(M) lim Af„/[w„0)] = 0 , 

provided merely that t lies in K. 

To prove Theorem 3 it is sufficient to show that every limit function in K of 
the family 0 n (z) coincides in K with A<t>(z) t provided wo choose A<£'(c o) — 1, and 
by the properties of these funelions at infinity it is l here fore sufficient to show 
Unit every limit function in K of the family 0 n (z) lias in K the modulus A | <£( 2 ) | 
We assume this not to be ihe case, and shall roach a contradiction. 

Any limit function 0(z) of a subsequence 0 H (z) 1ms a pole of the first order 
at infinity, and we have 0'( co ) = 1; indeed, the sequence ( 0 ,^( 2 ) — A is analytic 
and converges uniformly throughout some neighborhood (of the extended plane) 
of the point at infinity. The function 0(z) cannot vanish in lv, because at every 
point of K the Q n (z) arc uniformly bounded from zero for n sufficiently large. 
If | 0(z) | is not identically equal to A | <£(z) | in K, it follows from the Lemma 
that | 0(z) \ is actually less than A at some points interior to K. That is to say, 
wc have for some sequence of indices mid for some point l in K, 

lim | 0 nk (t) | = | 0(1) | < A . 

k-*X> 

There follow the inequalities 

(J 6) | 6n k (0 | < A , I | < A r * +1 


I 
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for suitably large index. We choose this point t as the value in (14), and we 
apply the Lemma to the functions 0 nk {z)] we have 

(16) A"* M . 

Inequalities (15) and (16) are incompatible with (14), so the proof is complete 
in the ease that K is simply connected. 

In the case that K is multiply connected* the functions 0„(z) need not bo 
single-valued in K, and our use of normal families requires modification, There 
exist simply connected regions Kt, Kt, • • • of the extended plane interior to K 
such that every point of the extended piano in K lies interior to at least one 
region K, and any closed point set interior to K can be covered by a finite 
number of regions K,. The functions 0„(z) still form a normal family interior 
to K in the sense that from any infinite sequence of 0,,(z) can be extracted (by 
the diagonal process) ft subsequence which converges throughout K uniformly 
on any closed sot interior to K, provided different branches of a given 0„(z) are 
permitted in the different regions K„ With this understanding, the Lemma 
and all the other discussion of Theorem 3 arc valid. The proof is complete. 

Theorem 3 for the ease that K is simply connected is duo to Kalmitr [1926], 
except that Kalm&r replaces condition (4) by the condition 

lim [ (z - p[ n) )(z - fc ] ) ••• (z - )]«<•»> = A <}>{z) 

uniformly on any closed limited point sot interior to K, The fact that this latter 
condition is implied by (4) when K is simply connected is not difficult; com- 
pare the proof of Theorem 2, Corollary 2. Condition (4) is ordinarily simpler 
to apply than KalmAr’s condition, The present proof differs materially from 
that of KalmAr; the proof can be considerably simplified [Walsh, IfMtte] if we* 
replace in the hypothesis the condition of uniform convergence of p u (z) to f(z) 
on Cby the condition of maximal convergence of p n (z) to /(c) on (\ whenever 
f(z) is single-valued and analytic on C. 

§7.4, Further conditions for maximal convergence 

If the condition of Theorem 2 is fulfilled, it follows that the lomniseulo ///* 1 : 
| <o n (j z) | = (Afl) nH approaches uniformly the locus ( «: | | = R for every 

R > 1. Indeed, let this locus C It he enclosed in the region or regions hounded 
by and i < Ri < R < On C\ we have l)y the uniformity of (4) 
the inequality | a > n (z) | < (A R) n{l for n sufficiently large, and on ('«, we have for 
n sufficiently largo | u»(z) | > (A R) nh K That is to say (compare §4,1), every 
point of On, is interior to L ( /f n) and every point of GV* is exterior to Ij£\ "Hie 
lemniscate lies in the region or regions between and bounded by ( 1 n i and 
C* ancl separates the loci Cn x and C/?,. 

* The two cases can be readily handled together by the use of normal families of harmonic 
functions. 
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Reciprocally, if the points have no limit point in K and if the lemniscatc 
l4 n) : | <a n (z) | « (A7?) n+t approaches uniformly the locus Cr for every R f the con- 
dition of Theorem 2 is fulfilled. If R > 1 is arbitrary, the lemniscate 
1 < ith < 7?, lies interior to Cr for n sufficiently large. Then on and exterior 
to Cr we have 

lim | co n (z) p/OiH) g A2?!, lim | «,(*) g Afi . 

n-*oo »— *« 

By the Lemma used in the proof of Theorem 3, where the present Cr plays the 
r61c of the previous C, it follows that every limit function (by Hunvitz’s 
theorem necessarily non-vanishing in K) of the sequence [co„(3)] l/ < w+1) coincides 
with A<t>(z) exterior to C*, in the extended sense described in §7.3, and this is true 
for every It > 1. The uniformity of approach in (4) follows at once. 

It is not true that if the condition of Theorem 2 is fulfilled, then the lemniscate 
| o> n (z) ] = A ,H ' 1 necessarily approaches the boundary of C uniformly, nor is the 
latter true even if C is bounded by an analytic Jordan curve. In fact, under 
the condition of Theorem 1, the lemniscate | z n + l — 1 | = 1 clearly passes 
through the origin, no matter what n may be. Compare Faber [1920]. 

As a complement to Theorems 2 and 3 wo prove 

Theorem 4. Let C } tp(z) f and A satisfy the hypothesis of Theorem 2, and let the 
points (1) have no limit point exterior to C\ If we introduce the notation of (6) 
and set 

M n = max [ | o) n (z) | , z on C] , 

then 

(17) lim M l J {n{l) - A 

n— 

is a necessary and sufficient condition that (4) should hold uniformly on any cloud 
limited point set interior to K , and hence is a necessary and sufficient condition for 
uniform or maximal convergence of the sequence of polynomials />,*(-) of interpolation 
to an arbitrary function f(z) single-valued and analytic on ('. 

If condition (17) is satisfied, the normal family of functions 
(IS) M2)] l/ ' fin 70(z) 

which are all analytic (although not necessarily single-valued) m K even at 
infinity and have M£ /(n+1) as an upper bound to their respective moduli in K> 
can have no limit function whose modulus in K is greater than A. But all 
the functions (18) have the value A at infinity, so every limit function of the 
set (18) is identically equal to A in /£, which implies (4) as stated. If K is 
multiply connected, a convention like that of §7.3 must be introduced relative 
to convergence of a subset of functions (18). 

Conversely, let (4) hold as stated; we arc to establish (17). From the Lemma 
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we have M n fe A n+1 , so if (17) docs not hold we have for suitable Ai > A and 
for a suitable infinite sequence of indices nu 

(19) M nk 2: A“i +1 > A"i +1 . 

It follows from (4) that for suitably chosen t in K and arbitrary A 2 , A < A a < Ai, 
wo have for sufficiently large index n, 

(20) | «,(fl | g A? +£ < A" +1 . 

Equation (14) is a consequence of (4) by Theorem 2, and (19) and (20) are in- 
compatible with (14). Theorem 4 is established. 

Condition (17) was first introduced by Fckele in an unpublished paper, in a 
situation of somewhat less generality than here and by the use of other methods; 
the present theorem is due to Walsh [1934e] and to Fcketc, in a paper also 
unpublished. 

§7.5. Uniform distribution of points 

As we may see by reference to §§4,3 and 7.2, interpolation in points p[ n) 
which lie on the boundary of the given point set C is particularly interesting. 
In order to study that subject more thoroughly we consider the general topic of 
uniform distribution of points. 

Let the interval 0 g x g 1 be denoted by 3 and let points 

(21) .till) Xn%t ' ' * t %nn 

lie on 3- Let c ^ x ^ d be an arbitrary subinterval 3i of 3 and let N„(c, d ) 
denote the number of points (21) which lie on 3n The points (21) are said 
to be uniformly distributed on 3 if and only if wo have 

(22) lim = d _ c , 

n 

• 

no matter what subin lerval may be chosen. The concept and the follow- 
ing properties are due to Wcyl [1916; compare also Pfilya and Szcgo, 1 925]. 
In particular wc note that the points of equal subdivision x h k = k/n or 
Xnk = (k — 1 )/n are uniformly distributed on because 3h is of length d — c, 
and we have 


1 N n (c, d) , . 1, 

d — c — - < — g a — c + ~ 

n n n 


the points k/n or ( k — 1)/?^ are called equidistribulcd on 
From the definition of uniform distribution follows: a necessary and sufficient 
condition that the points (21) be uniformly distributed on 3? is that for every func- 
tion f{x) piecewise continuous on 3 we have 


(23) 


•bn l 2 = f 

n JO 


f(x) dx . 
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The sum in the loft-hand member of (23) is precisely a Riemann sum for the 
integral in the right-hand member if we have x n k ~ k/n . 

Let Qi be arbitrary and let us choose 


(24) 


fix) 


1 , 

0 , 


c S x g d, 

05* < c, d < x g 1 . 


Equations (22) and (23) arc identical hero, so (23) implies (22). 

Conversely, let (22) hold. An arbitrary function f(,v) piecewise continuous 
on O' can be uniformly approximated on 0 by a function /i(») which is piecewise 
constant ; 

(25) | f(x) - fi(x) | < e, * on $ , 


where « > 0 is preassigned, from which we may write 
(26) - e < £ fi(x) dx - i: fix) dx < e . 

The function fi(x) is the sum of a finite number of functions each constant on a 
subinterval of $ (such a subinterval may be a single point) and zero on the 
complementary set. For each of these functions the equation analogous to 
(23) is valid, hence we may write 




dx. 


When n is sufficiently large, wo have 


1 

— € < ^ y j fljXnk) 

n t=i 

so from (25) ami (20) we have 

-3. < i 2 1U,.,) 




.7’) (lx < 6 , 


i: 


fix) dr < 3e , 


which completes the proof of (23) and the theorem. 

We have derived (22) as a consequence of (23) for all piecewise constant func- 
tions. It is similarly true that the uniform distribution of the x,a follows from (23) 
for all continuous functions t as we now proceed to prove. We shall establish (23) 
for all piecewise continuous functions; it is sufficient to treat the function (24) 
in the case c < d. Let € > 0 be arbitrary and let us define a continuous function 
Fix) which coincides with f(x) of (24) for c £ z £ d, which is equal to zero 
in the points x £ c — € or x = 0 according as c — e > 0 or c — e S 0, and 
is linear between x = c — e or x — 0 and x = c; which is equal to zero in the 
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points x S d + e or x =* 1 according as d + * < 1 or d + * fe b wid is linear 
between x = d + e or a = 1 and x ~ d. Wo have 

0 ^ F( x ) dx - f(x) dx & e . 

We have also 



But by hypothesis we have 


whence 

(27) 


lim - J) F(xu) = [' F(*) dx , 

n-*» n J 0 

1 n /* 1 
iiirn - y) /(*«») ^ / /(*) + « • 

»— « n TT, Jo 


We construct similarly a positive continuous function which is never 
greater than fix), and obtain 


ll!! 1 - t fiXuO Z [ ' fix) dx - 6 , 

n-«*> ^ yO 

which togetlier with (27) implies (23) and hence (22). 

We have already mentioned that the points a,,* = k/n are uniformly dis- 
tributed on 3- Another illustration of importance is Unit of the numbers 

(28) a*,,* ~ /c£ — [&£] , 


whore the symbol [r/] denotes the largest integer not greater than //, and nhere ( 
is an arbitrary irrational number. The numbers (28) are of particular interest 
because a„* does not depend on n. Wc omit the proof that the numbers (28) are 
uniformly distributed on 3< The theorem is due to Bold, Bierpinski, and Weyl. 

The definition of uniform distribution is to be altered in an obvious way if l he 
fundamental interval 3 is a g a S & instead of 0 g a ^ I ; more generally, the 
concept may refer to points on an arbitrary curve or on several curves C of the 
complex plane, where x is a parameter on C, a gj a ^ b; equal ion (22) is to be 
replaced by 


H Nn(c t d) d - c 
n-^Nnia, b) “ b~ a’ 


n =* N n (di b) . 


The properties that wc have derived extend without difficulty to this more 
general situation. Moreover, the definition is not changed if (a, 6) and (c, d) are 
taken as open or semi-closed intervals. 
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§7.6. Interpolation in points uniformly distributed 

Let us return now to the situation and notation of §§4,2-4. 4. It is clear when 
C consists of a finite number of mutually exterior Jordan curves (pointed out by 
Fejdr [1918] when C is a single Jordan curve) that the points equidistributed 
on C used in §4.3, Theorem 3 can be replaced by arbitrary points uniformly 
distributed on C with respect to the parameter w(f). Equation (7) of §4.3 still 
persists, as does (see the method below) the equation lim fl _ >c0 | a> n (z) | 1/n ~ e\ 
interior to C, uniformly on any closed set interior to C. 

In particular there is a great advantage in using the points defined as in the 
present equation (28), for then the points “ fm arc independent of n\ the 
corresponding polynomial expansion of a given function found by interpola- 
tion in the points is a series of interpolation (§3.2). For instance, if C is a 
single Jordan curve, we may set = i/'(c’ n ), where e is no root of unity but 
| € | ^ 1, and where w - z — i^(i^), is the usual mapping function. That 
is to say, (2 W) -1 log e is real and irrational, so by (28) the sequence (2^?')^ k log e, 
k = 0, 1, 2, • * . , is uniformly distributed on the unit circle with respect to 
arc length as parameter; the points ^(e m ) are uniformly distributed on the 
boundary of C with respect to the parameter w(f). The introduction of these 
points £ m = ^(e 7 ”) is likewise clue to Fej&r, who thus obtained the first set of 
polynomials belonging to (§6 5) an arbitrary Jordan region; the polynomials are 
the set 1, (z - fO, (z - fi )(z - f 2 ). 

This application to the situation of §4.3, Theorem 3 of the concept of uniform 
distribution of points is obviously valid whether the Jordan curves composing C 
are analytic or not. If those curves are not analytic, still a new method for the 
study of this uniform distribution is of interest 

Let G(x, y) be Green's function for K w ith pole at infinity, so that G(.r, y) - log K 
is Green's function for the exterior of C#uith pole at infinity If wo replace 
C by C fi , the function F(.r, y) of §4.2 is replaced by 1*0, y) = T r (.r, y). ‘When 
R is sufficiently near unity, the locus (\ consists of a finite minihcr of mutually 
exterior analytic Jordan curves, and wo have 

(29) Vr(x, y) = ‘ log r du , du = ~ ^ , 

for z = x + uj exterior to f ft , the integral being taken over ('»• The differen- 
tial du is, except for (lie factor (27r) -1 , the differential on C H of a function u(x } y) 
conjugate to r*(r, y) or to F(.r, y). This conjugate function is defined, locally 
single-valued, and harmonic at every finite point of A", and is continuous even 
on C if suitably defined there, as may be seen (§4 3) by mapping K onto a 
region bounded by analytic Jordan curves. When R approaches unity, the func- 
tion log r s= log | z — f I (for z fixed interior to K and f on Cr but f moving on 
a level curve u = constant) approaches uniformly in f the corresponding func- 
tion log j z — £ | with £ on C. Even though C is n on-rectifiable, the differential 
du has a meaning on C, and log r is a continuous function of u. The multiple- 
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valuedness of u presents no difficulty, for the curves u ~ constant are inde- 
pendent of the branch of u chosen, and only the differentia! du appears in the 
integral. That is to say, the integral in (29) has a meaning even when that 
integral is taken over C, with Vr(x } y) m V(x } y) s G{x } y) + g } provided u is 
defined on C by means of continuity; by the uniformity of the convergence of 
log r when R approaches unity, equation (29) is itself valid for z in K . The 
validity of (29) in this form is sufficient for our application to the situation of 
§§4.2 and 4.3 of the concept of uniform distribution. Equation (7) of §4.3 is 
thus valid whenever the points are uniformly distributed on C with respect 
to the parameter u. 

Even if C does not consist of a finite number of Jordan curves, but if K (the 
infinite region bounded by the closed limited sot C) is of finite connectivity and 
regular, equation (29) is valid if the integral is taken over CV For certain suit- 
ably chosen curves u ~ constant, the function u(x } y) can ho defined by conti- 
nuity in points of C } the integral in (29) can bo defined on C t the corresponding 
equation (29) is valid for z in I( f and the integral can still be evaluated by 
Riemann sums [compare Jessen, 1934] t Hence points exist on C with the 
fundamental property of §4.3, equation (7). But it may be difficult to deter- 
mine these points effectively, so wo shall not elaborate this remark. 

We now study necessary conditions concerning interpolation in points which 
lie on the boundary of a given point set. We shall prove 


Theorem 5. Let C be a closed limited point set of the finite z- plane consisting of 
a finite number of mutually exterior Jordan regions. Let the points lie on the 
boundary B of C; a necessary and sufficient condition that the sequence of poly- 
nomials p n (z) of degree n found by interpolation to an arbitrary function f{z) 
analytic on C in the points converges uniformly to f(z) on C, is that the points 
&[ n) be uniformly distributed on C with respect to the parameter u (§4.3). ff this 
condition is satisfied , the sequence. p n (z) converges maximally to f(z ) on C. 


The sufficiency of this condition follows from Theorem 2 and (he discussion 
given above, and is due to Foj 6v if C is a single Jordan region; the necessity is 
now to bo proved by methods introduced by Kalmrtr [1920] in Ins proof of the 
theorem for the case that C consists of a single Jordan region. 

It follows from § 7.3, Theorem 3 that the condition 


lim | w n {z) | « A | </>(z) | , 

H— >&0 


uniformly on any closed limited set interior to the complement K of (\ in the 
notation of (4) and (6), is fulfilled. We write this condition in the form 


lim 

n-too 


l 

n + 1 


n 4- 1 


2 


r„k = V(.r, 





7 1 BY . 

du = 

2?r On ’ 


uo = 1 , 


(30) 


log r dii , 
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where V(x, y) — log A is Green’s function for K with pole at infinity, and where 
we have r n i = | z — fiY'' 1 1, r — \ z — j8 |, z = x + iy, the point being on B 
and corresponding to the variable «. If C is not bounded by analytic Jordan 
curves, this integral over B is to be taken ns obtained by a limiting process 
in tho manner already described from (29). 

Equation (30) with the second member omitted expresses the fact that the 
limit of the average of the quantities log equals the integral of log r, whore r 
is measured from an arbitrary point z of K\ that is, the limit of the average of log r 
in the points ftp equals tho integral of log r. Our conclusion follows (§7.5) 
provided the corresponding equation is true not merely for the function log r but 
for every function f(/3) continuous on B. Such an equation as 

iim - /"’ m du 

n-**) U “f- J. J 0 

holding for continuous functions fffi) holds for any linear combination of them, 
and also for any function which can be uniformly approximated by such a linear 
combination. It is then sufficient to prove (as we proceed to do) that any func- 
tion/^) continuous on B can be uniformly approximated on B by a linear com- 
bination of functions //0) - log | Zj — ft |, where zj lies in K. 

The following lemmas arc valid in the general case under Theorem 5, whether 
the Jordan curves composing B are analytic or not. 

Lemma I. Lei K be an infinite region whose boundary B consists of a finite number 
of mutually exterior finite Jordan curves. Let C be the complement of K . Let 
U(x, y) be an arbitrary function continuous on B , Let e > 0 be arbitrary. Then 
there exists a harmonic polynomial P(x, y) such that wc have 

(31) | U(x, y) - P(x, y) \ < c, (,r, y) on li . 

A function harmonic in a closed limited Jordan region can be uniformly ap- 
proximated there by a harmonic polynomial; ibis follows from §1.0, Theorem 8, 
using the method of approximating by a polynomial in z an analytic function 
whose real part is the given harmonic function, and then taking real parts re- 
spectively of the analytic function and of the polynomial in 2. It is also sufficient, 
by the method of proof of §2.4 Theorem 5, if the given function is harmonic inte- 
rior to the Jordan region, continuous in the corresponding closed region. 

There exists a function U(x t y) harmonic interior to (\ continuous on tho closed 
set C } coinciding with the given function L(r, y) on B. This function t7(r, y) 
can be uniformly approximated by a harmonic polynomial in each of the closed 
Jordan regions comprising C, and it follows by the method of §2 8 that U(x } y) 
can be simultaneously uniformly approximated by a single harmonic polynomial 
in all of these closed Jordan regions. This implies (31). 

Lemma II. Let K be an infinite region whose boundary B consists of a finite 
number of mutually exterior finite Jordan curves . Let C be the complement of K . 
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Let ViXf y) be an arbitrary function continuous on B, Let * > 0 be arbitrary. 
Then there exists a finite set of points fo, fi, • ■ * , interior to K such that ive have 


(32) 


U(x,y) - Y, A* log | * -> £* | 


A.“0 


< « > 


z on B , 


where the A k are constants. 


In the proof of Lemma II wo may, by Lemma I, assume V (x, y) to bo harmonic 
on the closed set C. Let us set F(z) m e u+w ', where 17 j is conjugate to U on 
C; then F(z) is analytic and different from zero on C. If 5 > 0 is arbitrary, 
there exists a polynomial p(z) in z such that we have on C 


p(z) - F(z) 

m 


<5, 


p(z) 

m 


~ i 


< 6 . 


Thus there exists a polynomial p(z) with the property 


(33) 


< 


p(z) 

m 


< c , z on C , 


and this inequality can be expressed in the form 
(34) | log | F(z) | - log | p(z) || < c , 


z on C . 


The polynomial p(z) may be written 


p(z) = A(z - f,) (z - f,) • • • (z - f B ) , 

and it follows from (33) that all the points jj lie exterior to 
The constant log ! A | can bo uniformly approximated on (’ by a function of 
the form A<> log | z — fo |, for we have uniformly for z on C 


lim loR I yl 1 I ^ f I 
Itl-i Iosif I ' 


log |-l | ; 


it is sufficient to choose | fn | sufficiently large, with A „ = log | A |/log | | 

Inequality (34) asserts that on V the function F(.r, ,/) «= log | F{z) | can lie uni- 
formly approximated hy log | p(z) |; but log | p(z) \ can bo uniformly approxi- 
mated on C by a sum of the form that appears in (32), so Lemma H follows at 
once. 

Lemma II with a slight change of notation yields now the necessity of the con- 
dition of Theorem 5. 


§7.7. Points of interpolation with extremal properties 


Theorem 6. Let C be a closed limited point set whose complement K is connected 
and regular. Let • • • , be a set of n -\- 1 points z\ n) of C such 

that the modulus of the product {Vandermonde determinant) 


V n (z { r\z { f\ 


Jn) \ 

> 2 H t \ ) 


i H 


n (2 < l n, -* < ; > ) 
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is greatest. If f(z) is single-valued and analytic on C, then the sequence of poly- 
nomials p„(z) of respective degrees n defined by interpolation to f(z) in the points 
converges maximally to f(z) on C, Consequently equations (4) and (17) are 
valid. 


The function | Vn(zi"\ • • • , z^’+i) | is continuous when the z[ n) lie on the 
closed limited point set C, and so possesses a maximum for the z[ n) on C. The 
points which furnish this maximum need not be unique, but any 

determination suffices for the present application; the points are obviously 
all distinct. 

Lot us take Lagrange’s interpolation formula for interpolation to the function 
F(z) in the form of §3.1, equation (3) : 


(36) 


»+i 


Pn(z) = ^ 


«»(z) 


(z 


/3i n, )« 




where «„(z) is defined by (6). From the definition of the points follows the 
inequality 


(36) 


0>n(g) 

(* - A n) ) u'M n) ) 


51, 


z on C , 


because the function (z — /5 ( , u) ) (z — P[ n) ) (z — p[ n 2 , ) (z — t ) ... 
(z — yS^+i) i« a factor which appears (for z = /3 ( ,;‘*) in the formula for l’„; the 
value /3 t /L “ ) apjiears in T r „ only in this factor; this factor considered as a function 
of z lakes on its maximum absolute value on C for z = /S[ u) ; the last statement is 
simply (36). 

Let R < p be given, where p has the usual significance (§4.7); there exist poly- 
nomials 7r„(z) of respective degrees n such that we have 


(37) |/(z) — 7r„(z) | g M/R H , zone. 

The polynomial />„ (z) of degree n of interpolation to /(z) in (he points /j ( A "’ is the 
polynomial P„{z) of degree n of interpolation to the function f(z) — 7r„(z) m the 
points fS[ n] {ilus the polynomial of degree n of interpolation to the function 7 r„(z) 
in the points \ the last polynomial is unique and hence coincides with x„(z) 
itself Then we have by (35), (36), and (37), 

| /(*) - /i„(z) | g 1/(2) - x„(z) | + | l\(z) | g if /If + („ + 1 )M/H» , z on C . 
Thus we have 


inn [max |/(z) — p n (z) | , z oil CJ 1 '" g l/R , 

n — »e© 

the maximal convergence of the sequence p n (z) to f(z) on C\ the remainder of 
the theorem [proved in another way by Fekete] follows from Theorems 3 and 4. 

Theorem 6 is due, in a somewhat less general form, to Fekete [1926], In par- 
ticular if C is the region \ z \ <| 1, then the points may be chosen as the 
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(n .(. l)-st roots of unity considered by Runge; for this case Theorem 6 is 
included in Theorem 1. 

It is clear that the conclusion of Theorem 6 persists if tho 2 ( A n) = fi[ n) arc not 
defined so as to give to V n its greatest value, but for instance arc chosen on C 
for each n so that tho expression 


»+i 

(38) max ^ 

* = i 


I 

. . (2 - «fc>i) & - 4+i) • • 

•(*-*W.) 





is least; these points are somewhat similar to points introduced in a different 
connection by Leja [1934]. 

It follows in this case from (38) and from our discussion of (36) that tho expres- 
sion (38) when the 4 n) are replaced by tho ft[ n) is not greater than n + 1; tho 
proof of maximal convergence goes through as before. Various other point sets 
with minimal properties will occur to tho reader; thus tho Mt" 1 can be chosen on 
C for each n such that the maximum on C of the sum of tho p-lh powers 
(p > 0) of the n + 1 absolute values which appear in (38) is least, or such 
that the maximum on C of a suitable linear combination of these p-lh powers 
is least. The conclusion of Theorem 6 holds even in this case.’ 1 ' 

If in Theorem 6 the restriction that K bo regular is omitted, but if C possesses 
infinitely many points, it is still true (by §4.9) that tho sequence p n (z) converges 
uniformly to/( 2 ) on 0, and the corresponding remark holds for tho other point 
sets ftp that we have mentioned. Indeed, the sequence p„(z) still converges 
maximally (§4.9) to f(z) on C. 

The following is an application of Theorem 4: 


Let the points p\ n) , p[ n) , • • • , Mu- , be chosen on C ( satisfying the hypothesis of 
Theorem 2) such that 


M„ = max | ( 2 - MMX* - MM) • • • (z - Mm) I , « on C , 


is not greater than the corresponding expression for any other si l of n + t points on 


* As another example, let the points 
of the » + 1 numbers 


= max 


(2 - 2 ( , H) ) 

•■•(*-*W l )(*-*Wi)*-'(*-*Wi) 

K n, - 2 V‘ ) ) ••• 

(* ( M - A n ±M" ~ ••• (4 n) - Wo 


bo chosen on C ho that liio gi cutest 


z on C , 


is least. The conclusion of Theorem G is still true. However, it follows from our dis- 
cussion of (30) that for z^ l) =* every is less than or equal to unity, and it is 
obvious by the definition of tho that every is greater than or equal to unity. 
Thus it is clear that the points of Theorem 0 satisfy tho present extremal require- 
ments, and it is not clear that other points can satisfy those requirements. 

An obvious sufficient condition for maximal convergence of the sequence of poly- 
nomials found by interpolation in the points to an arbitrary function analytic on C , 
whether the satisfy extremal properties or not, is 

lim U+L<;> + 4"> + ... + £ ( " /,]*'" - 1 . 

n— »« 



§7,8. EXISTENCE OP POLYNOMIALS CONVERGING MAXIMALLY 


173 


C. Then condition (17) is satisfied. 

There exists some set of points yVV y{ n) , • • • , yV+i on C such that 
lim [max | ( z — yV°)(z — 72 °) • • • (z - Y l „+i) | , z on C] l/(n+1) = A ; 

indeed Fekete’s points (Theorem 6) satisfy this condition, by Theorem 4, Thus 
we have, by the present definition of M n) 

Hm Mj /(n+1) S A. 

TV-* OO 

But by the Lemma of §7.3 we have ^ A, so (17) follows. 

Polynomials related to the one whose maximum modulus is M n have been 
studied by Tchebycheff, Faber, Fekete, and others. 


§7.8. Existence of polynomials converging maximally (Shen) 


Shen [1935] has constructed a simple proof of the existence of a sequence of 
polynomials converging maximally to a given function f(z) analytic on a closed 
limited point set C whose complement K is connected and regular. We shall 
present this proof, a proof of §4.5 Theorem 5 where the polynomials to be ex- 
hibited do not depend on R } which is entirely direct and relatively elementary 
although perhaps more artificial than the proof given in §4.5. 

Let f(z) be single-valued and analytic throughout the closed interior of 
Cr } and let R x be arbitrary, 1 < < R. We use the notation of §7.7; in par- 
ticular the points shall be chosen as the Fekeic points , that is the 

points of C such that the modulus of the Vandermonde determinant 


V n (z[ n \ 


Z 2 ) 


j ”* «+ 1 

*Wi) - rr <*v° - 

.<,-i 


is greatest. 

Let l be a parameter on C*,. The polynomial m z of degree n for interpola- 
tion to the function 1 /it — z) in the points 00, 00, • • • , f.ri is 


(39) p„(z, 0 = 


n+ l 

2 

1 “ 1 




») 


3 t — 1 > Pi + l) 


&li) 


t - 0 


U) 


n/rr 


00 , 


0:10 


we verify at once that the right-hand member represents a polynomial of 
degree n in z, which at the point z = 00 takes on the prescribed value 

1/0 - (8V 0 ). 

By the definition of the points 00 we have for z on C (as in (36)) 


I v(fi\ n \ ( 3 j °, , 0:1 u z, is w ., ••• , 0:10 I s I v(0:\ 00, ■■■ , 0:10 \ 


Consequently, if (h denotes the minimum distance from C to C«, we have by 

(39) 

(40) | p„(z, t) I s (« + 1)M, z on C, t on C fi , . 
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We set as usual o) n (z) = (z - p[ n) )(z - 0V 0 ) • ■ • (z — 0V&), and the identity 


- P»(*, 0 


1 <0n(z) 

i Z C 0 >i (^) 


is familiar (§3.1). From inequality (40) wo havo 


d>n(t) 


5 (ft H“ 2)/di , 


z on C , £ on (\ , 


1(2 - s) w n (2) | 

and if d 2 denotes the maximum distance from a point of C to a point of Ck,, 


(41) | w n (z)/o> n (t) | ^ (ft + 2)di/di t z on C , t on Cn, . 

For t on C n , we have | <j>(l) | =* R\ by definition. The function of t which 
appears in the left-hand member of (41), when z is fixed, is analytic exterior 
to C Ri and either vanishes identically or has a zero of order n + 1 at the point 
t = co. The function 

*>»(*) fo(0] B+l /«n(O 


is a function of l analytic except perhaps for branch points for i on or exterior to 
Cn lf even at t — co, when z is fixed on C } and its modulus although not the 
function itself is necessarily single-valued. The following inequality holds for 
z fixed on C and for all t on C*„ hence holds for z fixed on C and for all / on or 
exterior to 


«n(g) M)]" H 
«.( 0 


g (n + 2) ^ K'l ' 1 

« i 


In particular for t on Cn, R > Ri, we lmvc | | = R , 

(42) | "MM) | S (n + 2) | ^)" H , 2 on C . 


If p n (z) denotes the polynomial of degree n of interpolation to f(z) in Hie points 
/3 ( A n) , we have by (42) 


/(z) - p n (z) 


_1_ f <*»(z) fil) <H 
2 n Jc K w»(t) (l -z)’ 


z on C 


) 


inn [max [ J{z) - p„(z) | , z on C] 1 '" g UJU . 


By the arbitrariness of R x we may write 

iim [max | f{z) - p„(z) | , z on C] iln £ 1/R , 

n-»cc 


and this is essentially the same as the statement of §4.5, Theorem 5. 

It is to be noticed that this proof employs only the most elementary properties 
of the points ft[ n \ and of the loci C R . 
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This proof docs not apply to the general case that K is irregular, for it may 
be that all loci Cn x for R\ sufficiently near unity have points in common with C 
itself; the distance d\ is zero. 

§7.9. A synthesis of interpolation and Tchebycheff approximation 

It is obvious from the various results already proved on interpolation and 
Tchebycheff approximation that the relation between these two theories is very 
close, 

Lot f(z) be analytic on a closed limited point set C, and let C ln) bo a closed 
subset of C with at least n + 1 points. Let p» (z) be the polynomial of degree 
n of best approximation to f(z) on C in) in the sense of Tchebycheff. Then p n (z) 
exists and is unique, and the sequence p n (z) may converge to f(z) on C. If C (w) 
contains precisely n + 1 points, then p n (z) coincides with f(z) in those points 
and is found by interpolation. If C (M) coincides with C, the polynomial p n (z) 
is the Tchebycheff polynomial previously studied (§6.1). If in the usual nota- 
tion C (n) is a point set T independent of n and if C coincides with Vn, then the 
convergence of the sequence p n (z) to f(z) on C is implied by §5.1, Theorem 2. 

Wo shall now indicate a few situations, different from those just mentioned, 
where non-trivial point sets (?<"' with some degree of arbitrariness lead to se- 
quences p n (z) converging to f(z). 

Theorem 7. Let V be (be region \ z | ^ 1, let f(z) be analytic on C> and let the 
point set C (n) contain a set of n + N* points z } with z nl ‘ v “ — A^ Kn , N n 1, 

| A n | S L but let C (n) be contained in the set \ z | ^ \A n \, Then the sequence of 
polynomials p n (z) of respective degrees n of best approximation to f(z) on C (n) in 
the sense of Tchebycheff converges maximally to f(z) on C 

In the proof of Theorem 7 we shall find i( convenient to have for reference the 
following 


Lemma. If q(z) is a polynomial of deg) ce n such that in each of (he points 
z N + l = A AM 1 , N ^ n f we have } g(z) | ^ Aj, then for \ z \ = \ A \ we have 


(-13) 


q(z) \ g (n -|- l)Ai . 


The proof is by Lagrange’s intcr])olation formula Let w be a primitive 
(JV + l)-st root of unity, and let us set y(Aio K ) — <//.. Then we have 


<7(2) = 2 


1 _ ^ AM- 1 


<IK 


A*= l 
tf+1 


z - Ao> K (N + 1)A A 




! 7a 


{ (N + 1)4V* 


U' v + /lwV' -1 + + A 


V A.V1 
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Since q(z) is of degree n, we can neglect powers of z higher than the n-lh: 

AT+l 

q(z) = 2 ■ ?* a— * + • • • + 


K 

1 


{ (iV + 1 )AW' 


-s 


ff* 


(iV + 1) A"o>* M 


[z» + Aw^"- 1 H h /iV 11 ] . 


For | z | = | A | we now verify (43).* 

Let/(z) be analytic for | z \ < p > 1 but have a singularity on tho circle | z | = p. 
Let R < p be arbitrary, R > 1. If P„(z) is the sum of the first n + 1 terms of 
the Taylor development of/(z) About tho origin, we have for | z | = r g 1- 

( 44 ) \m -*.(*) I *Mr»/R\ 

where M is independent of r and of n. Then for | z | == | A n | we have 

\J{Z) - P»(z) | ^ M | An \ n /R n , 


whence by the definition of p„(z) wo have for z on C (n) 


|/(z) - vM I S M | A n \ n /R", | P„(z) - p n (z) | 3 2 M \ A„ \”/R" . 


The Lemma now implies the inequality 

I Pn(z) - 7 >„(z) | =g 2(n + l)itf | A. I "/P- , | z | = | A. \ , 

whence by tho Lemma of §4.6, 

(45) | P„(z) - p„(z) | ^ 2(n + 1)M/P" , z on C . 


Inequalities (44) and (45) imply that the sequence ?)„(z) converges maximally to 
f(z) on C : 

Tim [max | /(z) - p n (z) \ , z on C] l/ - g 1 /It. 

»-*co 

Let us denote the points p\ n) , p { 2 n \ • . • , {fl*h of Theorem 6 by the term Fvkcle 
'points of C of order n . Then we shall prove: 


Theorem 8. Let C be a dosed limited point set whose complement K is con- 
nected and regular, and let C (n) be a closed set which belongs to C and which contains the 
FeJccte points of C of some order AT ^ n. Then the sequence of polynomials p n (z) 
of respective degrees nof best approximation to f(z) (assumed analytic on C) onC (n) 
in the sense of Tchebycheff converges maximally tof(z) on C. 


Here too it is convenient first to prove the corresponding 

* Wo note in passing that the following can be proved ns in tho treatment of (37) : 

If f(z) is defined on C | z | — | A |, and if there exists a polynomial P(z) of degree n such 
that we have \ f{z) — P{z) | £ e n on C f , then the polynomial p(z) of degree n that coincides with 
f(z) in the points z n + l ~ A il+l satisfies the inequality |/(z) — p(z) \ £ (n + 2)e n on C '♦ 
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Lemma. Lei F be a closed limited 'point set, let q{z) be a polynomial of degree 
n > 0 which satisfies the inequality \ q(z) | S Ai on a set of Feketc points of r of 
order N ^ n. Then on r we have 

| q(z) | £ 2nA \ , 

Lei us sot N =» Jen + p, n > p 0, where k and p arc integers. In the 
Feketc points wo have the inequalities | q(z) | <J Ai, | q(z) |* g A*. The poly- 
nomial is of degree N, so (by (35) and (36) with the reasoning used in the 
proof of Theorem 6) wo have for z on F 

| q{z) |* g (N + l)Ai . 

We can therefore write for z on F 

| q(z) | £ (N + l) l ^Ai g [(A + l)n] lA Ai g 2>iAi , 

because the inequality (A + l) 1/Ar ^ 2 holds for all positive integers A. 

Theorem 8 can now be proved by the method previously used. There exist 
polynomials P n (z) of respective degrees n such that we have for z on C } hence for 
z on C (n) , 

(46) I/O 9) - Pn{t) | ^ M/Ii\ 

where R < p (usual notation) is arbitrary. Thus we ha\c for z on C in \ 

\f(z) - P n (z) \ ^ M/R" y | l\(z) - p n (z) | g 2 M/ll* . 

From the Lemma follows the inequality 

I Pn(z) - Pu(z) | ^ 4 uM/R n } 

and this together with (46) yields the theorem. 

Theorem 8 holds also if K is not regular, and the Fekele points may be re- 
placed by the other sets of points mentioned m §7.7. Theorem 8 also holds if C 
is a poult set bounded by a curve IV, and if the point set C (n) belongs to some 
Fif n> 1 < R n g Rq < R' f provided the set C (rt) contains the Feketc points of Vn n 
of some order A r „ ^ n. This last generalization of Theorem 8 essentially con- 
tains Theorem 7 as a limiting case. The reader can easily prove these generali- 
zations by the methods already used. These generalizations are all contained in 
the following theorem, provided we omit (as is allowable) in Theorem 9 the 
requirement that the complement of C be regular. 

Theorem 9. Let C be a closed limited point set whose complement is connected 
and regular. Let the closed point set C (n) belong to C or to the closed interior of 
Cn n , 1 < R n ^ r. Let the inequality \ q n (z) | g 1, z on 6 T(n) , where q n {z) is an 
arbitrary polynomial of degreen , imply \ q n {z) | ^ Q ( „ tf) («) for z on every C fff cr > t, 
and where for every such a 

(47) lim 


uniformly for z on C „ . 
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If f(z) is analytic on and ivithin C r , then the sequence of polynomials p n (z) of 
degree n of best approximation to f{z) on C w in the sense of Tchebycheff converges 
maximally tof(z) on C r , 


The condition of Theorem 9 is satisfied whenever C (n) is the set C Rn) for under 
such circumstances the inequality | q u (z) | g l,z on C 00 , implies [ q n (z) | g <* n /Rn 
for z on ft*. Consequently the condition of Theorem 9 is satisfied also whenever 
C (n) is a Fekete set of order N n S n on Cn tt > Let us proceed to the proof of the 
theorem. 

Let f(z) be single-valued and analytic for z interior to C 0) but not for z intc- 
tior to any C p ’ t p* > p. Let R <‘p bo arbitrary, Ji > r. There exist poly- 
nomials P n (z) of respective degrees n such that wo have 

| f{z) - P n (z) I g Mi/R n t z on C , 


For z on C« n we have therefore (method of §47) 

1/00 - Pn(z) | g MR«JR», 

where M depends on It and r but not on R n or n. Further inequalities follow 
immediately for z on C (n) (if C< tt) belongs to C wc sot R n = 1) : 

I f{z) - PM | g MR"JR\ | P n (z) - V M | g 2MWJR " . 

By the hypothesis on C {n) wc can now write 

I Pn(z) - ?>„(z) | g 2MR n n Q\: ) (z)/J{» , z on C , , 

The sequence P n (z) converges maximally to f{z) on C ff : 

\f(z) - P n (z)\ g il/VV/i", 

Then we have for z on C ai , 


\f(z) ~ V ,Xz) I g Jr M' -I- 2M 


<r n r . 
Ji’- L J 


kqw 


from which one can easily prove* 

lim [maxj/(z) - p„(z) | , c on g, <t/R , 


That is to say, we have proved maximal convergence of the sequence p n {z) to 
/(z) on every C„ a > -, from which the theorem follows. 


§7.10. Least squares and interpolation in roots of unity 

We have indicated a close connection (Theorem 7) between interpolation in 
roots of unity and Tchebycheff approximation to analytic functions. There is a 

* The relation p l „ — > 1, p„ > 0, implies (p„ + — > 1, if k > 0, for wo have 

+ fc > p,„ and wo have p n + k £ 2k if p„ £ k, p n -|- k £ 2 p„ if p„ fe L. 
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connection no less close between interpolation in roots of unity and approxima- 
tion in the sense of least squares. For the case of analytic functions, this con- 
nection appears from Theorem 1; for the ease of functions not necessarily 
analytic we shall prove [Walsh, 1932b] 


Theorem 10. Let F(z) be an arbitrary function defined and continuous {or more 
generally integrable in the sense of Riemann) merely on the circumference C:\z\ = 1. 
Let p n {z) be the polynomial in z of degree n of interpolation to F{z) in the (n + l)~s£ 
roots of unity , Then we have 


lim p n (z ) - f(z) 


JL f 

2m Jc 


F(l) (U 

l - t ’ 


1*1 < 1 . 


and this limit is approached uniformly on any dosed point set interior to C. The 
function f(z) is the function of class Ih which is the limit (§6.11, Theorem 15) 
interior to C of the formal expansion of F{z) on C in terms of the orthogonal set 

1 , Z, Z“ } • • * . 


A special case of this theorem is the illustration due to Mdray (§3.2), 
F(z) sa l/z, p n (z) S3 z n , Iim^ p n {z) as 0, for | z I < 1. If we similarly choose 
F{z) = 1 /z k ( k > 0), we have p n {z) — 2 n_Ml , n > k t for we verify at once the 
equality of 1 /z k and z u ~ khl in any point z such that z = i. Theorem 10 is 
immediate, then, whenever F{z) is of the form 1 fz k y k > 0. Theorem 10 in the 
general ease seems plausible, by the expression (§(3.1 1, Theorem 1(3) of F{z) as 
the sum of a function of class jf 2 and a function of class 0 2 J the conclusion of 
Theorem 10 has already been proved for typical functions (e.g,, powers of z) of 
class 77 a and of class (7 2 , lienee holds for any linear combination of such functions. 
Our formal proof is independent of these remarks 
If we introduce the notation to = Lagrange's interpolation formula 

(§3.1) yields 


M8) 


M+ l 

P,XZ) = 2 ^U) 


X = 1 


^(g" 11 - 1) 

{n + 1) (z - to 4 ) 


With (h<> exception of the term g" 11 in the numerator, which approaches zero, 
equation (-18) suggests computation of the integral which defines /(g), hy division 
of the circle C at the points to*. We have 


(‘10) 


M - lm ‘ S *-> 


u k ) 


or — z 


< 1, 


(50) 


lim I Hz) - pM) - fa [Jj + j— nffcAr>] S 


1 o >Hu — 1) F{o) k ) 


By (49), the summation in the right-lmncl member of (50) approaches the 
limit 2iri /(z), which is continuous for \ z\ < 1, and the limit is approached 
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uniformly (compare §1.4) for 1 2 | g r < 1. The quantity (n + l)(w — 1) 
approaches 2ir i as its limit, for we have 

co = 00 s [2ir/(?i + 1)] + i sin [2rr/(n + 1)] , 

. (ri+ 1) (co - 1) cos [2?r/(n + 1)] - 1 sin[2ir/(n + 1)1 . 

2ir i 2iri/(n + 1) 2ir/(n + 1) ' 

the last member approaches the limit unity. The square bracket in the right- 
hand member of (50) thus approaches zero for | z | <1, uniformly for | * | ^ 
r < 1, and the factor of this bracket is bounded uniformly in z and n, | z j g 
r < 1, so the proof is complete. 

If the function F(z) is analytic for | z | <1, continuous for | z | g 1, it is 
clear that/(z) coincides with F(z). For this special case, Theorem 10 is duo 
to Fej6r [1918]. 

A generalization of Theorem 10 to the case where C is more general than the 
unit circle has recently been given by Curtiss [1935]. 

Of further interest is the 


Corollary. Let F(z) be an arbitrary function defined and continuous (or more 
generally integrable in the sense of Riemann ) on the circumference C: \ z | = 1. 
Lei p~„(z) be the polynomial in \jz of degree n which vanishes at infinity and which 
interpolates to F(z) in the n-th roots of unity. Then toe have 


lim p- n (z) - g(z) ^ -L / 

n-»eo JC 


F(l ) dt 

t - z ’ 


|z | > 1, 


where the integral is taken in the clockwise sense, and this limit is approached uni- 
formly on any closed limited point set exterior to C. The function g(z) is the func- 
tion of class (?2 which is the limit exterior to C of the formal expansion of F(z) on ( ' in 
terms of the orthogonal set z~\ z~ 2 , • ♦ • . 


This Corollary can bo proved either by following the method ust‘d in Theorem 
10, or by using the transformation t f = 1//, z' = i/z and applying Theorem 10. 

Theorem 10 and its Corollary arc analogous to the (formal) Taylor develop- 
ment of a function. There is a corresponding analogue [Walsh, 1933] of the 
Laurent development, and which involves these same functions /(z) and g(z ) : 


Theorem 11 . Let C he the unit circle, and let F(z) he continuous (or more gen- 
erally integrable in the sense of Riemann) on C> Let Q<in(z) he the polynomial in 
z and l/z of the form 

a ttl -n*r n + a„,_ n *i *r B+l + * * « + a»o + a n \Z + . • . + a nn z n 
which interpolates to F(z) in the (2 n + 1 )-st roots of unity, and let us set 
q n (z) = a n0 + a n \Z H + a nn z'\ q~ n (z ) = + a, l( - 2 *” 2 -| + z~ n 
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Then we have 

lim q n (z ) = f(z) = /-. / 

(52) Jc 

lim q~ n (z) = g(z) = 

»~*00 JilTl Jc 


no dt 

i - z ’ 

F(t ) dt 

t - z ’ 


|z | < 1, 
I* f > If 


the latter integral being taken in the clockwise sense } and these limits are uniform for 
| z | ^ r < 1 and \ z \ £ 1/r > 1 respectively. The functions f(z) and g(z) of (52) 
are aZso the functions f(z) and g(z) of §6.11, Theorem 16, 

If F(z) is analytic in the annulus 1/p < | z \ < p > 1, equations (52) are valid 
respectively for \ z \ < p, uniformly for \ z | S R < p } and for \ z \ > 1/p, uniformly 
for | z | § 1/72 > 1/p. 77te polynomial Qz n (z) converges to F(z) for 1/p < | z | < p, 
uniformly for l/R S \ z \ ^ R < p. 


We set here w ~ e 2ir</ < 2n+l> . Since QgnC*) is found by interpolation to F(z ) in 
the 2n + 1 distinct points w*, the function z n Q^ n {z) is a polynomial in z of 
degree 2 n found by interpolation to z n F(z) in those points and is given by 
Lagrange's interpolation formula: 


2 n Q2/i(z) 

Qtniz) 


2, sr\ l , jV . v o) l (^ 2 ” +l - 1) 

S “ / (2n + 1) (z - 6> a ) ’ 

«n + X 


_ 1 


(2 n -f 1)2 


.s 


*V) i 




z — or 


Wc determine ? n (z) by omitting the negative powers of z. We find 

(s2»+i _ l)/*»(z - w l ) = *» + -t- + • — + 

from which the non-negative powers of z are 

Z n -f C O k Z n ~ X + • • • + 0) kn = (2' lU — 03 kinU) )/(z — <A) k ) . 


This yields 


1,XZ) = 2 


F(o>*) ai i(,,+1 ' (z 1141 - <i/ohi>) 

(2« + !)(«-«*) 


This equation suggests the direct computation of the definite integral in (52), 
where C is subdivided by the points u l : 

U+1 /'V)( w i+l - </) 

J 

Ol" — j? 

1 

and the limit exists uniformly (compare §1.4) for \z \ ^ r < 1. 

We may now write 


(53) 


+ 1 

A.) = 5- S 

2? rl f-f 0^ — 


U < i, 


lim [/(«) - ?»(z)] 


( 54 ) 


.. V f 1 . 0 } nk z n+l — 1 1 F(u k ) (w i+l — co*) , | 1 

= lim > , — + 7 ^ — 7T-7 rr- i -7 , ] Z | < 1 . 

.02 L^TT- (2 -(- 1) (id — 1) J ft)*- — Z 
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The quantity (2 n -f 1)(« - 1) approaches the limit 2ni f by equations (51), By 
the uniformity of the convergence in (53) as applied to (54), it follows that the 
right-hand member of (54) approaches zero uniformly for | | g r < 1, as wc 
were to prove. 

The second of equations (52) can be proved in precisely similar manner, as the 
reader will verify. We proceed to prove the last part of the theorem, 

It is now convenient to use the Hcrmite-Lagrange formula, The function 
z n Qin(z) is a polynomial in z found by interpolation to the function z n F(z) in the 
points z 2nH = 1. If P denotes two contours bounding a closed annular region 
D containing C in its interior but containing no singular point of F(z) } wc have 


z n F(z) - z”Qu(z) = 2 \lj r 

niz) = 2^ i 


(z 2 " +1 - 1) t n F(t) ill 

(lin+l _ 1 ) (t - Z ) ’ 
**»+! _ 1 


L i-z (< 2 " +l - 1) (t - Z ) 

If we omit the negative powers of z we obtain q n (z ) : 


l n F(l) 


z interior to D , 
lit , z arbitrary . 



f' 1 Q' H - Z" M) Fit) (U 
(f 2 " -11 - 1) (t — z) ’ 


z arbitrary . 


Let r' and T" be the respective circles | z | = R], 1 < 7fi < p; | z J = J //f, . 
We can then write 


(55) 


f(z) - J~- f ■ , 2 interior to r' , 

2tti Jv t - z 

~ “ L l [rh - 

1 f t» (/-**! - «"H) F(l) tU , . , fi/ 

- x— . / — J r ™“r i tt- 7, , z interior to V , 

2m J |>” — 1) (/ — «) 


where the integral over F" is taken in the clocdcwi.se sense. r Fhe square bracket 
in the first of the integrals in (55) can be written 

(i v +i _ 1 )/[«*» h - 1) (t- z )) , |/[ = Ah f 

so the first integral approaches zero uniformly for | z | ^ li < Ai, The second 
integral in (55) also approaches zero uniformly for | z \ g It < ti h \ i | = I /A h 
so we have established the first of equations (52) for \z \ < p, uniformly for 
I z | ^ A < p. In particular, if F{z) has a singularity on the circle \z | = p, the 
sequence (j n (z) converges maximally to f(z) on and within C. 

The remainder of the theorem can be proved in precisely the same way, and is 
left to the reader. 

The function Qi n (z) is of course a trigonometric polynomial on C, and is real on 
C if F(z) is real on C . 

So far as the writer is aware, Theorem 11 is the first known example of a 
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sequence found by interpolation to an arbitrary function analytic in a given 
multiply connected region which represents that function in the given region. 

One might suspect by analogy with Theorem 1 that the sequence q„{z) always 
converges to f(z) maximally for z on C. This is true in case f(z) has a singularity 
on tho circle | z ~ p, as follows from (55) , but it need not be true if f(z) has no 
singularity on the circle | z | = p, as we illustrate by the example F{z) = l/(t - z), 
0 < t < 1. The following equations can be verified directly [or from (55)]: 


- - — * Z n Q'l n (z) 

l — z 


<"(«*“+ 1 - 1 ) 

- 1) (i - z) ’ 


f^ 2 jl (#) “ 


(f* B+1 _ l) z » _ t»( Z *nH _ 1) 
(< 2 » +1 - 1 ) (< - Z ) Z » 


f(z) - Q«(z) = - q,Xz) 


t n (z n+l — t n+l ) 

(pn+l _ 1 ) (/ _ z ) ’ 


so that/( 2 ) — q n (z) approaches zero if and only if we have | z \ < p — 1/7, 

Even though the relation between interpolation in roots of unity and least 
squares is as close as Theorems 10 and 11 indicate, the functions represented 
need no longer bo the same if approximating polynomials are required to satisfy 
auxiliary conditions of interpolation. Wo shall illustrate this in §11.6. 


The present chapter does not by any means include all interesting results on 
interpolation by polynomials. Eor instance, let C lie a Jordan curve containing 
the origin 2 = 0 in its interior, and let w = <I>( 2 ), 2 = 'I'(iu) map the interior of C 
onto the interior ofy: | w ) = 1 so that the points 2 = 0 and w — 0 correspond to 
each other. A function f(z) analytic interior to C corresponds to a function 
/['I'(w)] analytic interior to y, and this new function can he expanded interior to 
7 in powers of w. That is to say, the function f{z) can he expanded interior to 
C in a series in terms of the functions 1 , 3 >(z), [>[>( 2 )]'-, [<I>( 2 )] 3 , • • . The series 
takes the form 

f(z) = 00 + (z) -j- (ljZ 2 <f>i(z) -f- tX}Z !l <fi 3 (z) d~ * • * , 

where the functions <fu(z) are analytic and different from zero interior to C. Tho 
functions <£ 1 ,( 2 ) may themselves he polynomials; more generally they can he 
replaced by suitable polynomials )» ( 2 ) approximating to them, in such a way that 
an arbitrary function f(z) analytic interior to C can still lie expanded interior to 
C in the corresponding series of polynomials 

f(z) = ho + bizpi(z) + b',z-[h(z) -)- b^ihiz) + • • • , 

convergent uniformly on any closed set interior to C. This new series is a series 
of interpolation; compare §3.2. If C is an analytic Jordan curve, this series con- 
verges uniformly on and within C whenever f(z) is analytic on and within C; the 
polynomials z k p k (z) belong to tho closed interior of C in the sense of §0.5. For 
the details concerning the functions Pl(z), the reader may refer to Walsh [1921, 
1928, 1929] and Heuscr [1934]. 



CHAPTER VIII 

INTERPOLATION BY RATIONAL FUNCTIONS 
§8.L Interpolation formulas 

Hitherto we have studied primarily interpolation and approximation by poly* 
normals in the complex variable z. Wc shall now commonco the study of inter- 
polation and approximation by more general rational functions, in tho extended 
plane* This new study involves more resources than the previous one, so the 
results are correspondingly more diverse as well as more general, Our first prob- 
lem is that of interpolation in prescribed points to a given function by a rational 
function whose poles are given. 

Theorem 1. Let the joints a \, «2, • • * , «», not necessarily all distinct, be given . 
Lei also points /Si, fa, * • * , fa+i distinct from the ah but not necessarily distinct from 
each other , and values p i, , M«+t be given , Then there exists a unique rational 

function r(z) of the form 

(l) & ot n + hz n ~ l + » * • + b u 

(z — «i) (z — a$) • " (z — a») 

which takes on the values \x v in the points fa. 

Theorem 1 can be proved by the method used for §3.1, Theorem 1. Thill is lo 
say, the determination of r(z) depends (even if the fa are not all distinct) on (ho 
solution of a system of n + 1 linear equations for the n + J unknowns b„ Tho 
vanishing of the determinant A of the system is a necessary and sufficient condi- 
tion that the corresponding homogeneous system of n 1 equations should 
admit a solution bo, b it . . • , b n of numbers not all zero, or in other no rds is a 
necessary and sufficient condition that there exist a rational function of form (1) 
not identically zero which vanishes in the n -)- 1 points (distinct or not) f) k . The 
latter eventuality cannot arise, so A is different from zero, the coefficients b v exist 
and are uniquely determined, and the theorem is established, 

In Theorem 1 and in the sequel, the possibility that one or more points tu may 
be infinite is not excluded. The actual form of (1) breaks down, but tho proof 
remains valid. The proper form both hero and below is obtained simply by 
omitting the factors z — a k which correspond to infinite values a*. {Simi- 
larly, if no otk is infinite, one or more of the points fa may be infinite. If pre- 
cisely v points fa are infinite, the requirement of interpolation at infinity is that 
(1) should be analytic at infinity, and that the first v terms of its development in 
negative powers of z should be equal to v prescribed terms. If one or more points 
fa are infinite, the proof of Theorem 1 already given requires slight modification, 
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for instance by first using a suitable linear transformation under which all the 
original ft correspond to finite points of the piano; the theorem remains true. 

Any function of form (1) or of form (1) with one or more factors omitted in the 
denominator, is called a rational function of degree n } even if the numerator and 
denominator have common factors. Then under the conventions already men- 
tioned, Theorem 1 is concerned with an arbitrary rational function of degree n 
whose poles lie in the points and that theorem asserts the possibility of inter- 
polation to arbitrary values in n + 1 arbitrary points of the extended plane 
distinct from the a v . Of course the interpolating function v(z) need not actually 
have poles in all or any of the points a y , 

We shall continue to make the restriction a v ^ ft, rather as a convenience than 
a necessity. If the function (1) is required to take on a given value say in the 
point on , a- finite a* of multiplicity m, the function (1) cannot actually have a pole 
in the point «i, and m factors z — <x\ must be common to numerator and denomi- 
nator. The problem reduces to one of interpolation in points ft, including the 
point ax, by a rational function which has no pole (formal or otherwise) in «i. 

The system of linear equations considered in connection with Theorem 1 leads 
directly to an interpolation formula. The natural generalization of Lagrange's 
formula (§3,1, equation (3)) is 


» + 1 


K.) - £ 


IM. 


o(z) 


1 


(2 - ft) w' (ft) 


/„\ _ (* — ft) — ft) • • • (z — ft>tl) 
~ (z- eti) (z — aj) ••• (z - «„) • 


This formula is valid whenever the ft are finite and distinct; the formula admits 
of direct verification as m §3.1. 

In order to find an interpolation formula for the rational function i'(z) of form 
(1) which interpolates to a given analytic Junction f(z) in the points ft (instead 
of merely taking on given values n r ), it is convenient first lo solve the problem 
for the particular function j(z) = 1/(1 — z), l ^ a,. The difference /(z) — r(z) 
is then a rational function of z of degree n + 1 whose poles lie in the points 
at, as, • ■ • , « n) t, and which vanishes in the points ft; wo can write 


(2) 


J(z) - r{z) = 


(z - ft) (z - ft) • • • (z - ftut) 

(2 — «i) (z — a/j • ■ ■ (z — «,.) (t ~ z) ’ 


where k remains to be determined. We can def ermine k by multiplying each 
term of (2) by l — z and then sotting z = l. We have 


- _ u - ft) it - ft) • • ■ a - ft-n) 

* (/. — ai) (t — ai) • • • (l — o„) ’ 


1 


t — z 


- r(z) 


(z — ft)(g — ft) • • • (z — ft+i )(t — «i)0 — <* 2 )•••(* — a.) _ 

~ (t- ft)(t - ft) ■ • • (i - ft+l) (2 - «l)(« -Oi) • • • (z - «n)(i - 2) ‘ 


( 3 ) 
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The validity of equation (3) can bo verified directly, even if t — «/. The deriva- 
tion of (3) is essentially valid, and indeed (3) can be verified directly also in the 
case that poles of r(z) or points of interpolation (but not both) lie at infinity. Of 
course the points jS 3 - or ai. need not be all distinct, but wo assume ft ^ a*. 

An interpolation formula for interpolation to an arbitrary analytic function 
f(z) can now be obtained (compare §3.1) by multiplying (3) through by the 
factor f(t)dt/(2n) and integrating over the boundary of one or more closed 
regions in which f(z) is analytic and which contain the points fir- 


Theorem 2. Let C be a closed limited region or several closed limited regions 
whose boundary r consists of a finite number of non-intersecting rectifiable Jordan 
curves, let the points ft, ft, • • • , ft+i lie interior to 0, and let the function f(z) be 
analytic in C. If r(z) denotes the rational function of degree n whose poles lie in the 
points « 1 , ai, ■■■ , <x n , and which interpolates tof(z) in the points ft distinct from the 
<n, then we have 


(4) /(z) - r(z) = 

J_ f (z - fil)(z - ft) • • ■ (g - fin-n)(t - adit -«»)•'•(*- «. ) fit) tit 

2ir i Jv It - ft)(f - ft) • • • (t- fti-i )(z - «i)(* ~ “ 2 ) (z ~ «»)(< - *) ’ 

z interior to C , z -f a.k , 


(5) 




(z — ft) • • ■ (z - ftm)(l — «i) 
(< - ft) • • • (i-ftlt)(2~«l) 


G-_a.)-l fit) fill 

( z - «„) J t — Z ’ 
Z 7*^ cv;. ♦ 


To be sure, equation (5) is not literally valid for all z cn because the in(<'- 
grand is not defined when z equals l, hence the integral is not defined for \ nines 
of z on r. Nevertheless, the integrand considered as a function of z has only an 
artificial singularity at such a point of I\ Xf the integrand of (6) is replaced by 
its limit whenever that integrand fails to bo defined, then equal ion (5) lias a 
meaning and is valid for all z an. If (5) is valid for z interior to C, it is also 
valid for aliz ^ « A , for the integrand now has no singularity in l when z lies on 1\ 

In both (4) and (5) integration is to bo taken in the positive sense with respect 
to the region or regions C. Then (4) and (5) are equivalent, by virtue of 
Cauchy’s integral formula for the function /(z) and the region or regions C. 

We can verify at once from (4) that the function r(z) defined by (5) interpolates 
to /(z) in the points ft, for equation (4) is valid for z interior to C, hence is valid 
in the neighborhoods of the points ft, and in such neighborhoods /(z) — r(z) is 
the product of the polynomial (z — ft) (z - ft) • ■ • (z — ft, 1 1 ) and an analytic 
function. It follows from (5) that r{z) as defined by (5) is a rational function of 
z of degree n whose poles lie in the points on. The conditions of interpolation 
and of location of poles determine r(z) uniquely, by Theorem l, so Theorem 2 is 
established. Points a* may lie in C, and of course points ai, may be infinite; in 
the latter case the factors containing oa, are simply to bo omitted. 
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If wo attempt to use equation (4) when the region (or sot of regions) C is infi- 
nite, no difficulty is experienced provided f(z) is analytic in C. The integrand of 
(4) has a zero in t at infinity of ordor at least two, so the equation is valid without 
change. That is to say, in the usual form of Cauchy's integral applied to an 
infinite rogion the integral is taken around the boundary of the region, and an 
additional constant term is added which is (except for the factor 2 wi) merely the 
coefficient of t~ l in the expansion at infinity in negative powers of t of the inte- 
grand. Under the present circumstances the additional term vanishes in (4) but 
need not vanish in (5). The previous verification of (4) ancl (5) is valid if wo add 
this possible constant term in (5). 

Moreover, if C is infinite ono or more of the points ft may be infinite. This 
fact is expressed in (4) simply by omitting the corresponding factors, as one can 
sec by comparison with (2). Equation (4) is also valid in this case, as appears 
by inspection. 

Corollary. Equation (4) is valid even if C is not limited and even if -points ft 
are infinite , 

Theorem 2 together with its Corollary includes general results on interpolation 
by functions of the form 

baz in + biz m ~ l + ••>+■ b m 
(Z — ai) {z — af) * • * (z — a H ) ’ 

in m + 1 prescribed points ft. The case m > n is clearly included, thanks to our 
convention regarding points a K which are infinite. In considering the ease 
m < n, wc may assume no point cn infinite. Then from the prescribed form of 
the function, it follows that the rational function (if not identically zero) lias a 
zero of order at least n — m at infinity. Equation (4) is valid in this case, with 
C assumed finite and with the factors containing ft, *4 2 , ft* *3, • • • , ft*n omitted. 
Wc interpolate to the given function /(z) m the points ft interior to C, and at 
infinity counted n — m times to the function which is identically zero. Accord- 
ing to the Corollary wo integrate over I 1 , the boundary of ( \ and also foim the 
integral corresponding to (4) where the region corresponding to C is infinite and 
the function corresponding to /(/) vanishes identically. The latter integral is 
clearly zero, so (4) is valid in its modified form when C is finite. When C is 
infinite, equation (4) in its modified form naturally implies interpolation to f{z) 
at infinity of order n — m. 

It is of course possible to base the entire study of interpolation not on rational 
functions of form (1), but on functions say of form 

hz n ~ x + biz n ~ 2 + • • . + b n - 1 

(2 — oti)(z — a 2 ) ♦ * • {z — a n ) 

with the usual convention for infinite points a*. This new form has the advan- 
tage over (1) of involving interpolation in n points (that is, the number of points 
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jSj b is the same as the number of points a*; compare Theorem 3 below) but the new 
form has the relative disadvantage of representing a rational function which 
vanishes at infinity, so that an entirely new problem is obtained by linear trans- 
formation of the complex variable; moreover, the new form presents an addi- 
tional complication if some of the fih lie at infinity. Wc shall continue to use 
form (1), mainly because of its invariant character under linear transformation 
of the complex variable. A certain amount of awkwardness inevitably arises, 
particularly in §§8.3 and 8.5, for we arc studying an invariant problem by the use 
of Cauchy's integral and related formulas, which are not invariant. 

§8,2* Sequences and series of interpolation 

We proceed now with the study of convergence of sequences of rational func- 
tions with preassigned poles found by interpolation to a given function in given 
points; the case that all the poles lie at infinity is the case of interpolation by 
polynomials, which 1ms already been discussed. Our present problem, to be 
more explicit, can be formulated as 


Problem I. Given the sequences 


«u > 

(6) 

) 


Oin f «22 , 

« ai, of 32, rtaa , 


( 7 ) 


00 ), 

011 , 012 , 

021 , 022 , 023 , 


with fini 5^ a n j, and a function f(z) defined in the points 0„i. 
gencc of the sequences of functions of form 


To study the conver- 


ts) r„(z) m V" + *>■.*' ‘ + • 1 • + *»» 

(« - «„i) (2 — ffni) • ■ • (2 — «„„) 

found by interpolation tof(z) in the points j9,i, p „ s , ... , 


In this statement, the requirement that f(z) be defined in the points is 
intended to include the requirement that suitable derivatives of /(«) exist in 
multiple points 0„i. That condition will be satisfied in our applications by the 
requirement that/( 2 ) is analytic in the points 0 l(l . The case that points a nt . or 
Pn>. are infinite is not excluded; the conventions already made (§8.1) apply. 
Equation (8) is merely intended to require that r„(z) shall be a rational function 
of degree n all of whoso poles (multiplicities considered) lie in tho points a„*. 
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There are various sorts of hypotheses that it is natural to make on the se- 
quences (6) and (7) (compare §7,1), as will appear in the sequel. 

The sequence r n (z) takes the particularly simple form of the partial sums of a 
sories of interpolation in the case that a n & and ft,* do not depend on n, a„u — at, 
ft* = ft. In fact, under these circumstances the function r„(z) — r„_i(z) is a 
rational function of degree n which vanishes in the points ft ft, • • • , ft because 
both r n (z) and r„- 1(2) interpolate to f(z) in tiioso points, and whose poles lie in the 
points «i, «a, • • • , That is to say, r„(z) — ?v~ 1 (^) can be written 

(z - ft)(z - ft) ... (2 - ft) 

" (z - «l)(z -«*)•••(*- «») ' 


so r„ (z) is the sum of the first n terms of a series of the form 

/r>\ _ , . 2 - ft , - - ft)(z “ ft) , 


do d" dl 


<*i + 2 0 - «0(S ~ «.) ^ 


111 writing (9), we have regard to the usual convention for points a k or ft which 
are infinite. In particular if all the ai are infinite the denominators in (9) are 
to be omitted and (9) takes the form of the right-hand member of §3.2, equa- 
tion (8), On the other hand, if all the ft arc infinite, (9) takes the form 


n . fli j ^ , 

0 z — (Xi (z ~ a{)(z — a*) ^ 

An arbitrary function f(z) defined in the points ft possesses a formal expansion 
'(9) determined by interpolation. We set z = ft and find a 0 ~ /(ft); set 2-/82 
(if ft 5^ ft) and find from the equation 

/(ft) =* do -j- Oi ; 

ft - «i 

and so on. In general, suppose that a 0j a i} * • ■ , a n ^i have been determined and 
that precisely m of the points ft, ft, * • • , ft* are equal to ftn, Then the wi-th 
derivative of the factor of a n \ 

(2 - ft)Qg -ft) - (2 - ft») 

(2 — ) (2 - ao) • * * (2 — «„) 

is different from aero at the point 2 — ft*n, whereas the m-lh derivatives of the 
factors of a ni .i t a IJf3} * * * , all vanish at this point 2 = ft Ml . Thus the coefficient 
a n is uniquely determined and can be computed in terms of ai, 02, * • • , fln-u 
hence ill terms of the a k) ft, and the derivatives of f(z) at the points ft; compare 
§3.2. The reader will make the appropriate modifications here for points ft at 
infinity. 

The formal expansion (9) of/(g) found directly by interpolation 10/(2) natu- 
rally coincides with the formal expansion of f{z) found first by defining the r n (z) 
as in Problem I and then writing the (n + l)-st term of (9) as r n (z) — r n _i(g); in 
fact, the sum of the first n -[- I terms of the formal expansion (9) found directly 
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by interpolation to /(z) is a rational function of form (8) which interpolates to 
f(z) in the points Pi, pi, ■ ■ ■ , /3 n+ j, hence (Theorem 1) coincides with r n (z), 

A series (9) which is the formal expansion of a function /(z) can be transformed 
by a linear transformation of the complex variable. Thanks to the conventions 
already made, series (9) is transformed into a new scries of type (9) which inter- 
polates to the transform of f(z) in the points which are the transforms of the ft.. 

A formula for the coefficients a,, in (9) can be obtained at once. Wo find from 
(4), under the hypothesis of Theorem 2, 


Yn(z) — ?’n— 1(2) • — C( ri 


(z - Pi)(z - ft) 
(z - «i)(z — a 2 ) 


(z - ft,) 
(z - «*) 


^1 f [" (z - ft) • • • (z - ft+i)(* - at) (l - «,,) 

2ni Jr L(« - ft) > • - (t - ft+i)(z - «i) * • ■ (z - «„) 

_ (z - ft) ■ • • (z - ft)0 <*„-i) ~| fit) (U 

it ~ Pi) (t - 1 3»)(z - «l) • * • (z - a„-i)J (l - z) ' 

Tims we find 

1 f (ft,i — a„)(< — ai) • ■ • (l — a„_i) fit) clt 
"~2irijr (t- ft) ••■(*“ Ami) 


The equation corresponding to (9), which holds at least in the points Pi, 


( 10 ) 


/(z) = Go + Oi 


z — <x\ 


ft , „ (z - ft)(z - ft) , 

T 7- -T7- -V + 


(z - «i) (z - <x 2 ) 


<*i ft , 


can be transformed into the equivalent form 


( 11 ) 


(z — fflj)(z — g 2 ) • ■ • (z - «„,) 
(z - ft)(z - ft) ■ • ■ (z - ft,,) 



— a 0 - «i 


z - ft 

Z — a ( 


.. (z - ft) ■ ■ • (z - ft„-, )~ 
1 (z - «|) • • • (z - 


— f-1 


2 — Pm f 1 
2 ” OfwU 




O' • j3m[l)(^ 

(* — «»in)0 ^ « wt2 ) 


+ *■ 


again ail equation precisely of type (10), Equations (10) and (11) are en- 
tirely equivalent as series of interpolation, in the sense that if the coefficients 
a 0t d\ t • * * , a m - 1 are determined from (10) by interpolation in the points z — 
Pu ft) • • * , /3m, then determination of the remaining coefficients a mf • . * 
from (10) by interpolation in the points z = p m * 1 , p m h2f • • • is equivalen t to deter- 
mination of the coefficients a int a„,u, • • * from (11) by interpolation in the points 
z = ftn+ 1 , p m j- 2 j * • • , In fact, no matter which of these methods is used to 
determine the coefficients a^k £ m) } the function 


a 0 + a x 


z - Pi 


+ * * ' + 


(z - ft) ■ • • 0 - Pn) 


Z ” «1 ' ‘ — CXj) - • * — « n ) 

is the unique rational function of form (1) which interpolates to J(z) in the points 
ft, ft) • ♦ • ) ft-H ; the arc successively uniquely determined. 
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If the function f(z) is analytic in all the points ft, ft, . . • , ft*, so also is the 
left-hand member of (11), for the square bracket in (11) vanishes in each of the 
points ft, ft, . * ♦ , ft*. Moreover, if f(z) is analytic in the points ax, a 2) • • * , a mj 
so also is the left-hand member of (11). If (11) is valid uniformly on some closed 
point set containing none of the points «i, a 2) * • • , a mf so also is (10), for on such 
a point set the factor 

(s - ft) * ■ ■ (s - ft) 

(z — aj) - * • {z — a m ) 

is uniformly limited. 

Equation (11) has two important advantages over equation (10); (i) in re- 
placing (10) by (11) wc study the validity of those equations by the use of the 
remainder formula (4) where now the first in points of interpolation ft and first 
in poles at, are omitted, and where f(z) is replaced by the square bracket in (11), 
so it is clear that the validity of equations (10) and (11) for various values of z and 
for general f(z) depends primarily on the behavior of the sequences ft and an for 
large v and k\ (ii) if f(z) lias polos in some or all of the points a h a 2 , • • * , a w , and 
if in this set each point is enumerated at least a number of times corresponding to 
its order as pole of f(z), then the left-hand member of (11) (when the artificial 
singularities are removed) is analytic in each of the points ax, a 2 , • * • , «„>; that is 
to say, the expansion of a meromorphic function /(s) with poles in points <xk (finite 
or infinite in number) in the series (10) can be reduced to the problem of expand- 
ing a function which is analytic wherever f(z) is analytic and also analytic in the 
points a\ } a 2} • • ■ , a m ; equation (4) can be used in connection with the new 
function. 

A further consequence of the use of (11) is tin* possibility of formal expansion 
of a given function f(z) not originally defined in all the given points ft of (10), 
for instance not defined in the points ft, ft, * • • , ft,,. Under these circum- 
stances, arbitrary values may be given to f(z) in those points, or (an equivalent 
statement) arbitrary values may be chosen for the coefficients a 0 , m, * , a m -i, 
the coefficients a m) a m +i, ••• can still be determined from (11) Jt may still 
occur that equal ions (10) and (11) are valid for suitably chosen Similarly, 
even if f(z) is defined in the points ft, ft, • , ft„, it may be desirable to modify 

the definition in those points; so far as (11) is concerned, arbitrary definitions 
can be given to/( 2 ) in those points, the formal de\elopmenl still exists 

As an application of this remark, we note that a series of form (L0) or (11) 
may represent the function /(z) ss 0 in a region not containing all the points ft 
whereas not all the coefficients a n are zero. For instance, let us choose ft = 1, 
ft = 0 for k > 1, an *= <*>, and let/( 2 ) vanish identically in the neighborhood of 
the origin, whereas/(l) — 1. We have a 0 = 1, and equation (11) can be written 

— t- [/{«) — 1] = a t -f ffjz + a 3 z 2 + • • ■ 

Z — 1 

:= 1 + 3 -|- 2 2 + ♦ ♦ • , I 2 | < 1 . 
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Then (10) takes the form 

/(z) b 1 -f (z — 1) + (z - l)z + (z - l)z 2 + . • • b 0, |z|<l. 

If a series of form (10) converges to /(z) in all the points Pu, and if the Pi. arc all 
distinct, then the coefficients (H must be those of the formal expansion of /(z). 
If a series of form (10) converges to /(z) in all the points Pi. not necessarily dis- 
tinct, and if the suitable derived series converge to the corresponding deriva- 
tives of /(z) in the multiple points fik (this condition is surely satisfied if the series 
converges to /(z) uniformly in some neighborhood of each pi), then that series 
(10) must be the formal expansion of /(z). 

Various expansions similar to (10) arc also of importance, such ns 

y/ 2 x = ao Qi(z - Pi) 

(z — «i)(z — a) • • • (z - «„,) ' (z - ai)(z — as) • • • (z - a m . H ) 

, ah - ft )(z - fc) 

"t* - «i)(z - a 2 ) • • • (z - a„H-s) + * ' ‘ ’ 

f(z) = (t °( z ~ fa) • • • (z ~ Pm) , ah - ft) • • • (z - j8 w| -i) 
z - a t (z - ai) (z - a 2 ) 

, 02 (g ~ Pi) • • • (z - ftn !-s) 

(z ai)(z — a 2 )(z — as) 

Such expansions may be treated cither (a) by virtue of our general remarks, 
where suitable points jS* or <n are chosen at infinity and where suitable coefficients 
in the general development (10) vanish, or (b) by writing these expansions in the 
respective equivalent forms 


(z - ai)(z — as) • • • (z — a m ) f{z) = no + -- 

(g - «». h) 


(z - ai)/(z) 

(z - Pi) (z - /3s) • • • (z - Pm) 


+ 


ah - < 3 i)(z - Pi) 

(z - a,„n)(z — a,„.|.s) 


a 0 + 


«l(g - Pm I 1) 
z — a 2 


(t%(z — (£ — ffw 1 2 ) , 

(z - as) (z - a 3 ) 


and using the general results. 

The formal expansion (10) of an arbitrary function /(z) defined in the points 
Pk, with proper reference to multiplicity, must converge to /(z) in the points Pi 
and may also converge to /(z) in other points z. We turn now to the study of 
such convergence both for series (10) and under the more general situation of 
Problem I. 
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§8.3, Duality: general theorems 

A very general theorem, from which can be proved nearly all of our results in 
connection with Problem I, is the following: 

Theorem 3. Let C be a closed region or a finite number of closed regions whose 
boundary V consists of a finite number of non-intersecting rectifiable J ordan curves . 
Let the sequences (6) and (7) be given } fink ^ fink interior to C . Let the func- 
tion f(z) be analytic in C, and lei r n {z) denote the vational function of form (8) 
found by interpolation to f(z) in the points fi n i, fi n 2 , • •*,/?», n +i. Then the condition 

(12^ lim ~ finl) • • ' (z — ffn.n+l) ( i — awl) ’ * * ( t — Ann) __ q 

v ; (t - 18 , 1 ) •••(<- ftwn+0 (* - « nl ) •■•(*- a nn ) - 

uniformly for t on V and for z on the boundary of a closed set C* interior to C contain- 
ing no point a n i implies 

(13) lim r n (z) = f(z) uniformly for z on C ’ . 

ft — *00 

The proof is immediate by the use of (4), integrating (12) term by term after 
multiplying by/(fl/(* — z); equation (13) valid uniformly 011 the boundary of C' 
implies that equation uniformly on C\ As usual, if points «„* or fi n i are infinite, 
the corresponding factors are to be omitted from (12). 

Corollary 1, Under the hypothesis of Theorem 3, let us suppose the expression 

(14 n (2 - o .■•(*- e'j a - o • • • 0 - O 

; (*-o 

(z m»l) ' * iz Cinq ) (t fin l) ’ ' * it — fin rj) 

(t — * Clfni) ' ' * it — finl) ’ * ‘ (z /^n-/) 

q independent of n , 

uniformly limited for t on V and for z on the boundury of C', where the fi' nk lie ulte- 
rior to C and where the a ' nk lie exieiior to C'. Then the rational function of degree 
n whose poles he in the points a nV a n2} * • * , a uq> a n . q + i , found 

by interpolation to f(z) in the points fi' nl) fi' nV • • * , fi' nqt fi n , q + 1 , fi ti , - • • , fi n ,*+ 1 , 
converges tof(z) uniformly for z on C\ 

The proof is immediate from Theorem 3 itself The expression (14) is simply 
the product of 2 q cross-ratios, which are invariant under linear transformation; 
this invariance is 111 the present connection and frequently elsewhere convenient 
in proving the boundedness of (14). 

A cross-ratio of the form 

{Zj ~ Zj) (z 3 — Zj) 

(*2 - zf) (z 4 - Zi) 3 

where the z* are variable, cannot become infinite unless z 2 and z 3 have a common 
limit point in the extended plane or unless Z\ and z 4 have a common limit point in 
the extended plane. We formulate 
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Corollary 2, The condition on (14) in Corollary 1 is satisfied provided the 
points f$ n ij fi nh . * . , fi nq have no limit point on the boundary of C f } the points 
fi f nl) fl' a , . ■ ■ , fi[ q have no limit point on T f the points a nl , a n2t • • • , a' nq have no 
limit point on the boundary of C\ and the points a ni} a n *, ■ • • , a, iq have no limit 
point on r. 

If the points fi f nk arc identical with the points fi nh} there is no restriction on 
the fi' nk ; if the a nk are identical with the a ?„*, there is no restriction on the a' nK , 

The function which appears in (12) is, except for the factor l/(t ~ 2 ), the 
remainder in the expansion of the function 1 /(t - 2 ) found by interpolation in 
the points fi nk . Equations (4) and (5) arc deduced from that expansion with a 
remainder, so equation (12) is precisely tho condition that the expansion of the 
function 1/(1 — 2 ) should be valid uniformly in t and 2 , and the conclusion of 
Theorem 3 follows from it, All of the sequences of interpolation of tho present 
chapter can be similarly interpreted, not merely as found by interpolation to a 
given function f(z) } but as found by suitable integration from an expansion of the 
function l/(t — 2 ), Of course it is not surprising that an expansion of 1 /(t — 2 ) 
should lead to an expansion of an arbitrary analytic function; compare §6.9, 
But it is significant that here and below an expansion of 1/(1 — z) involving 
interpolation to that function should lead to an expansion of an arbitrary analytic 
function involving interpolation to that arbitrary function. 

Condition (12) is entirely symmetric in t and 2 , and in the «„/ and fi n k, except 
that there are n + 1 numbers fi nk and only n of the numbers a,,,. Condition (12) 
suggests not merely convergence of a sequence of rational functions found by interpo- 
lation in the points fink and with poles in the points «»/, but also convergence of n 
sequence found by interpolation in the points a nj (with two additional points a ltJ at 
infinity; this convention can be lightened) until poles in the points fi „ a. This is the 
notion of duality [Walsh, 1933d], indicated more explicitly in 

Theorem 4. Let V consist of a finite number of non-inicrsechng rectifiable 
Jordan curves , bounding a closed region or set of closed regions Gy and let G 2 denote 
the complement of G\ closed by the adjunction of I\ Let A consist of a finite nuntlur 
of non-intersecting rectifiable Jordan curves interior to G\ } bounding a closed legion 
or set of closed regions L\ interior to GY and let L 2 denote the complement of L\ 
closed by the adjunction of A. 

Let the points (6) he interior to L 2 and let the points (7) he interior to GY Let the 
condition 

lira ^ fini) * * * (z finn } G 1 * * (l C^nn) q 

n-*e»3 (t fin 1) * (t finn) (z — <*»l) ' * ’ (z — Cfnn) 

be satisfied uniformly for z on A and for t on T. 

Let the points fi n , «+i have no limit point on l\ If f(z) is analytic in G lf and if the 
sequence of rational functions r n (z) of respective degrees n whose poles lie in the 
points oc n i, a n2) * • * , a nn is defined by interpolation tof(z) in the points fi nU fi n2} • • * , 
fin, n+i, then the sequence r n (z) converges Lof(z) uniformly in L ]t 
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Lei the points a n , n+i have no limit point on A. If g(z) is analytic in L 2} and if the 
sequence of rational functions s n (z) of respective degrees n whose poles lie in the 
points fi nh * * • , fi nn is defined by interpolation to g(z) in the points a n i, cv n2 , 
♦ ■ • , o? n , n\ 4 f then the sequence s„(2) converges to g(z) uniformly in G 2 . 

The function in (12) is not so favorable for our present use as is the function in 
(16), for the latter is invariant under linear transformation of the z-plane. In 
fact, the function in (15) is simply the product of n cross-ratios of the form 

( Z fink') G — CinA) 

(t fink) (# <*nk) 

The entire configuration with which Theorem 4 is concerned is invariant under 
linear transformation, except of course that the point at infinity must not lie on 

s-plane 



l 1 or A, so we may first assume Gi to bo finite. Then for n sufficiently large and 
for z on A and t on V the functions 

(z — fin, »■} \) f {t /3n,n}l) 

are uniformly limited, so (J5) implies (12) uniformly for z on A and l on I 1 ; the 
first part of Theorem 4 follows from Theorem 3. In proving the second part of 
Theorem 4 we assume L 2 to bo finite, as we may do. For n sufficiently large and 
for z on T and t on A the functions 

(z ~ \\)f(f — c *,,.»n) 

are uniformly limited, so by (15) we ha\ e 

y (t — j 3 »l) • • • G — finn) (% Q^l) * • (*j (Xn, 11 + l) q 

(z - fin 1 ) •••(«- finn) G ~ a nX ) • • • (/ - a H§n 1 1) 

uniformly for z on Y and t on A. The second part of Theorem 4 follows as before 
from Theorem 3. 
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Corollary. In Theorem 4 the requirement on the limit points of the « n , n ]-i and 
/ 9 n , n+1 may be omitted, provided ( 16 ) is replaced by the two conditions 

V ( g - fra) - * (* — ftwn+l) (t - Ond « • ‘ - «»«) _ q 

rt ™ (J - p n i) * * • (J ~ /?,», It+l) (z - dm) • * • (z - «n») 

uniformly for z on A and J on r , 

( g ~~ Pm) * * ‘ (z — ffnn) ft - Otnl) » * * 0 - <*n t n+l) = q 

n— •« ft — finl) * * * ft ” ' $nrt) ft ™" a nl) ' ' 1 ft “ C^n r n+l) 

uniformly for z on A and t on T . 

Most of the results on interpolation that wc shall have occasion to consider arc 
contained not merely in Theorem 3 but also in Theorem 4. The latter theorem 
is entirely symmetric with respect to interchange of the (3 n k and a n i provided the 
corresponding regions involved arc similarly interchanged. In Theorem 4 the 
duality is complete. 

In Theorems 3 and 4 the points <x n it> & n k and functions ?vft), $„ft) need not be 
defined for every n but merely for an infinite sequence of indices n. 

Duality varying somewhat in detail occurs in a large number of situations. 
Wc now set forth one such situation which occurs frequently in the sequel. 

Theorem 5. Let R be an annular region bounded by two Jordan curves (\ and 
C 2 , unth C 2 interior to Cu Let the points a nl , * • « , <x' Jin lie on or exterior to 
C\ and the points fth, /3„ 2t • • * , fi f nn lie on or interior to (7 2 and satisfy the 
relations 

lim [ (z - O (z - a' 2 ) • • • (2 - ««„) \ >'-* » | | , 

( 16 ) 

lim | (z - £„,) (z - /3„ 2 ) • - • (z - /?„„) | = | <l’i(z) I , 

n— »» 

uniformly on any closed point set interior to R, Let the function | 4>ft) | 

I 4> 2 ft)/<J>i ft) I be continuous in the dosed region R , and lake constant values yi 
and o'* < y\ on Ci and C 2 respedively. Denote genetically by C y the curve 
j <I>ft) | as 7 interior to li, y 2 < y < 71 . 

If /ft) is analytic on and interior to C y , then the sequence of rational functions 
r n (z ) of respective degrees n with poles in the points a,a = a nK defined by interpo- 
lation to /ft) in the points p n k ~ Pn{-i,k converges to /ft) uniformly on and 
within C y , 

If { ](z) is analytic on and exterior to C y , then the sequence of rational functions 
s n (z) of respective degrees n with poles in the points p n i — filk defined by inter- 
polation to g(z) in the points a n k = ovh, k converges to g(z) uniformly on and 
exterior to C 7 . 

It is consequently true that if /ft) is analytic interior to C\ but has a singu- 
larity on C\, then the sequence r tt ft) converges uniformly to /ft) on any closed 
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set interior to C\. If g(z) is analytic exterior to C\ but has a singularity on C\, 
then the sequence s»(z) converges uniformly to g{z) on any closed set exterior 
to Ox. 

The quantities | z — a' nK | and j z — ft' nk ] are uniformly bounded from zero for 
z on any closed set interior to R, so ( I>i(z) and ‘I> 2 (z) cannot vanish in R. Equa- 
tions (16) imply 


(17) 


lim 


lim 

n — »cc 


( z — fin-H, l) ( z ffn+l, 2 ) ■ ■ • (z — ^n + l, n+l) 

(z - O (z - a' 2 ) • • • (z - O 

( z ~ ffnl)( z ~ <Q • • • (Z - 
(z — 1 )(z • + i t g) ' * 1 ( z n+l) 


1/n 


1/n 


M*) I , 

*(*) I > 


uniformly on any closed set interior to R . Conditions (16) and (17) are un- 
changed if a factor z ~ l|W+1 is removed or inserted, and likewise if a factor 

z — a n+1| n+l is removed or inserted, provided «i+ lin +i is uniformly limited. 
The exponents 1 /n may be replaced by 1 /(n + 1 ). The case that the a nk are 
not uniformly limited is exceptional in (16) and (17) only in form; compare 
equation (26) and the Corollary to Theorem 8 below. 

The proof of Theorem 5 is immediate, for under the hypothesis on /(*) we 
choose CV, 7 ' > 7 , so that f(z) is analytic on and within Cy, The curve Cy 
is necessarily rectifiable. The curves Cy and C y play the respective rfiles of the 
curves r and A of the Corollary of Theorem 4. By (17) the n-th root of the 
modulus of the function in the left-hand member of the first equation in that 
Corollary approaches uniformly for z on C\ and t on Cy the limit 7 / 7 ', which 
is less than unity. The first part of Theorem 5 follows, and the second part 
is similarly proved. 

It is of course clear from (17) that for n sufficiently large the curve (\ must 
separate Cy{ 7 ' > 7 ) from the points p' nkt and that Cy must separate C\ from 
the points a nU for the function 

r (z-jBU lt i) ••• (s -pu ■,„.,) I 17 " 

L (z <*»i) • • • (z — <*»„) j 


is analytic (although not single- valued) except for branch points and has a single- 
valued modulus in the entire finite plane except at the points a nk . When n is 
large, this function has approximately the modulus 7 ' on Cy, Any Jordan arc 
connecting a point of Cy to a point must contain points where the modulus 
of this function has all values intermediate between 7 ' and zero; hence any 
such curve must pass through at least one point of t T y ; this reasoning is devel- 
oped in more detail and rigor in § 4 . 2 . Similarly, any Jordan arc connecting a 
point of C y to a point ct' nK must pass through at least one point of C y , 

In the hypothesis of Theorem 5 equations (16) can obviously be replaced by 
equations (17); this adds no generality; compare §9,11, Theorem 18. No gen- 
erality is added to Theorem 5 if we assume equations (16) or (17) merely to hold 
uniformly on two Jordan curves, say C [ : | \ Xi 7 * 0 and C[\ \ $( 2 ) | = 
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X 2 7 * 0 both of which separate the (3 f nh from tho a nk) instead of in a region. De- 
note by Q the region bounded by C[ and C 2 ; tlieso two curves cannot intersect. 
The logarithm of tho absolute value which appears in the left-hand member of 
either equation (17) is harmonic in Q , continuous in the corresponding closed 
region. This logarithm converges uniformly on the boundary of hence con- 
verges uniformly throughout the closed region Q , so equations (17) are valid 
throughout Q provided <h(z) is suitably defined interior to Q. 

Theorem 5 was stated in a particularly simple form, but it is obvious that a 
much more general result can be proved in the same way; tho details arc left to 
the reader: 

Corollary 1. Let the function <I>(z) be analytic except possibly for branch poinls t 
not necessarily single-valued, but not identically constant interior to a limited region 
or a finite number of limited regions R. Lei \ <I>(z) | be single-valued and con - 
tinuous on the corresponding closed point set , and take constant values 71 and 72 on 
Ci and C 2 , point sets belonging to the boundary of R and together composing the 
boundary of R. Denote generically by C y the locus | <t(z) | — 7, 71 > 7 > 72, inte- 
rior to R } and denote by R y and R y the two sets of regions (mutually comple- 
mentary with respect to the complement of C y respecting the entire plane) into 
which C y separates the plane. Denote by R y and R y the sets of closed regions 
which result from the adjunction of C y to R y and It”, Suppose that every R y 
contains the points ff f nK in its interior and that every R y contains the points a nk in 
its interior. Suppose finally that equations (17) are valid uniformly on any closed 
set interior to R . 

If f(z) is analytic on R y} then the sequence of rational functions r n (z) of respective 
degrees n whose poles lie in the points <x, a *=* a nk found by interpolation to f(z) 
in the points = fi' n hl<A converges uniformly to f(z) on R y . 

If g(z) is analytic on R yt then the sequence of rational functions s n (z) of respective 
degrees n whose poles lie in the points found by interpolation to g(z) w the 

points oL n i ~ converges uniformly to g(z) on R y . 

We shall study in §§8.7 and 8.8 in some detail the existence of sequences 
a nk and fi 7ik such that ( 1 G) and (17) are valid, In both Theorem 5 and Corol- 
lary 1 , the points a' nK and f} r nK and the functions r H (z) and tf»(z) need not be 
defined for every n } but merely for an infinite sequence of indices n. 

The following is essentially included in the proof already suggested : 

Corollary 2. Under the conditions of Corollary I, we have 

lim [max | f(z) - r n (z) | , z on iexI L/l * £ X/7 , X < 7 , 

»->oo 

lim [max | g(z) - s„(z) | , z on R”] lln £ y/\ , \ > y. 

It is worth pointing out that under the conditions of Corollary 1 , the sequence 
r„(z) may actually diverge at every point which is interior to both It and It", if 
/(z) is analytic interior to R[ but has a singularity on C\. We set /(z) s 
l/(t — z) y whence 
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f(~\ v _ (# '*' finl) • • • — Pn,n+l)(t — tt»|) • * » (l *— <*nn) 

JW } ~ <* - «nl) •■•(«- *»«)(< - ftu) * * • (< - fc..n)(* - *) ’ 

If z lies on the locus | $(s) | = X' > X, this right-hand member has X'/X > 1 for 
the limit of the ?j-th root of its modulus, so the sequence r n (z) diverges. 

A somewhat less restrictive condition than (17) is sometimes of importance in 
connection with Theorem 4. It is clear that equation (15) is satisfied provided 
wo have uniformly (compare §9.13) 


lim 

lim 

H — +oO 


(Z **" finl) * * * (.Z — ffinw) 

(z — «»i) • • • 0 - a„ n ) 

(z ■— ftnl) ‘ • * ( 2 — ftnn) 

(Z ~ «„i) ' • • (z — «„„) 


S [ 'I'i(*) I , 
[ *.(«) I , 


z oil A: | ’I'lCst) j = X , 
z on T: | 'I' 4 (» | = y > X ; 


in this ease the conclusion of Theorem 4 can be sharpened by writing 

lim [max | f(z) — r n (z) | , 2 in Li] 1/b 5 \/y , 

11 

lim [max 1 17(2) — s n (z) | , 2 in &' 2 ] 1M g 'K/y , 

n— » <» 

A large part of the material of the present chapter can bo built into a unified 
structure with this remark as fundamental. 

§8.4, Duality: illustrations 

Let m now indicate some' configurations [Walsh, 1933d] which are included 
under Theorems 3, *1, and 5 wilh their ( Wollaries. In every case we mention a 
particular configuration with special properties. A more general configuration is 
ol) tamed by modifying the sequences and & n i without changing the asymp- 
totic properties, in the sense of (1(5), and also by transforming by means of an 
arbitrary linear transformation of the complex variable 1 The render can easily 
formulate explicitly these more general theorems. 

l a. If the function, f(z) is analytic for \ z\ ^ /f, then the sequence of rational func- 
tions of respective degrees n with poles at infinity (*>., sequence of polynomials in z 
of degree n) and winch interpolate to f(z) in the origin considered of multiplicity 
n + 1, converges uniformly to f(z) for \ z | g It. 

l b. If the function g(z) is analytic for | 2 | g h\ then the sequence of rational func- 
tions of respective deg ices n with poles at the oiigm (i.c , sequence of polynomials in 
1/z of degree n) and which interpolate to g(z) at infinity considered of multiplicity 
n + 1, converges uniformly to g(z) for \ z | S 7L 

Ia simply deals with the Cauchy-Taylor series, and Ib with that of Laurent. 
Botli of those theorems are contained in Theorem 5, for the first of equations (16) 
is omitted (or more accurately both members are set equal to unity; a n k ~ 00 ) 
and the second of those equations takes the trivial form 

lim | z tl | l/n — | z | . 
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Ila, If the function f(z) is analytic for \ p(z) | S y > 0, p(z) m (z — z\)(z — z*) 

♦ • • {z — zi), then the sequence of rational functions of respective degrees In — l 
with poles at infinity (i.e, } sequence of polynomials in z of degree In — 1) and which 
interpolate to f(z) in the points Zu each considered of multiplicity n, converges uni- 
formly to f(z) for | p(z) | g ju. 

lib, If the function g{z) is analytic for \ p{z) | ^ m > 0, p(z) ss (z - Z\){z - z 2 ) 

• • • (z — zi), then the sequence of rational functions of respective degrees In with 
poles in the points z k each of multiplicity n } and which interpolate to g(z) at infinity 
counted of multiplicity In + 1, converges uniformly to g(z) for \ p(z) \ p, 

Ila expresses the result of the Jacobi series (§3.3). The dual, lib, is remark- 
able in that the region of convergence of the sequence of rational functions need 
not be simply connected, whereas the sequence is defined by interpolation in a 
single point. The function g(z) enters into the expansion only by moans of the 
coefficients of its Laurent expansion about the point at infinity. The second of 
equations (16) for Ila is equivalent to 

lim | [p(z)] n 1 1/c * n) = | p(z) | l// , 

n~>co 

itself of form (17). 

Ilia. Let C be a closed limited point set whose complement is connected and 
regular, let the points /3„* have no limit point exterior to C, and let the relations 
(notation of §7.2) 

(18) lim | (z - 0„i) (z - 0ns) •• • (z - 0„,»,.i) | l ' ( "' n = A | <l>(z) \ 

hold uniformly for z on any closed limited point set exterior to C. If /(z) is analytic 
on and within Cr, then the sequence of rational functions of respective degrees n 
with poles at infinity ( polynomials in z of degree n) which interpolate to f(z) in 
the points (t n i converges uniformly to /(z) on and within Cr. 

Illb. Let C and the points 0„t- satisfy the hypothesis of Ilia. If the function 
g(z) is analytic on and exterior to Cr, then the sequence of rational functions of 
degree n + 1 with poles in the points 0„i, 0„ 5 , • • • , and which interpolate 

to g(z) at infinity considered of multiplicity n + 2, converges uniformly to g(z) on 
and exterior to Cr. 

Ilia is included in §7.2, Theorem 2 and includes Ila; similarly IIII> includes 
lib. Under the present circumstances condition (18) is equivalent (o ( 17) in the 
form of the second of equations (16), Illb essentially refers to an arbitrary 
region If (the exterior of C) whether of simple or multiple connectivity, and with 
only very mild restrictions on If. The theorem yields an expansion valid 
throughout a multiply connected region If of an arbitrary function analytic in 
K, an expansion defined by the behavior of the function merely at a single point. 
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IVa. If the function f(z) is analytic for\z\ £. R,B <11 < A, then the sequence 
of rational functions of respective degrees n with poles in the n points (4' 1 ) 1/ " and 
which interpolate to f(z) in the n + 1 points ( 2 J«+i)uoh-u } converges uniformly to 
f(z) for \ z\ £ R. 

IVb. If the function g(z ) is analytic for \z\ £ R, B < R < A, then the sequence 
of rational functions of respective degrees n with poles in the n points (B n ) lln and 
which interpolate to g(z) in the n + 1 points (A" +l ) l/(n+t) , converges uniformly to 
g(z) for | z j S It. 

The case A = m is not excluded, nor is the case B = 0. IVa and IVb can be 
proved easily each from tho other by a substitution w - 1 fz. Conditions (16) 
may in IVa bo written 


lim j z” — A” | lln = A , | z | < A < «> , 

lim | z“ +1 - | i/(K+n = 12 1, | 2 | > B . 

«-HO 

IVa for A = contains pari of §7.1, Theorem 1. 

A remark on the behavior of tho sequence of IVa for | z | > A is made in §9.4. 

Va. If the function f(z) is analytic for l/Ii ^ | z \ S R > 1, then the sequence 
of rational functions ru(z) of respective degrees 2 n whose poles lie in the origin and 
the point at infinity each of multiplicity n and which interpolate to f(z) in the 
(2 n + 1 )-st roots of unity } converges to f(z) uniformly for i/R £\z \ £ It. 


Vb. If the function g(z) is analytic for \ z | ^ l/R and for \ z | ^ R > 1, then 
the sequence of rational functions of respective degrees 2/i — 1 whose poles he in the 
(2 n — roots of unity and which interpolate lo g{z) in the origin and point at 
infinity each of multiplicity n , converges lo g(z) uniformly for \ z | ^ i/R and for 
| z | & li. 


Va [Walsh, 1933], like Ilia in certain cases, involves interpolation and con- 
vergence in a multiply connected region. Theorem Va has already been proved 
(§7.10, Theorem 11) in a somewhat different connection. In Va, equations (1(5) 
take the form 


Urn [ z* [ w* = \z | 1/2 , lim | w - 1 | lliun) 

r > — *oo ►«> 


<l>(z) - 



|z I > 1 , 
| 2 | < 1 . 



I* I > 1, 

PI < 1. 


In Va the function r 2n (z) reduces to a trigonometric polynomial of order n on the 
circle [ z [ = 1. 

An expansion somewhat similar in properties to that of Vb but not defined by a 
sequence of interpolation of the kind considered in §8.2 has been studied by 
Ketchum [1934], 
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Va and Vb can obviously be extended so that the interpolating rational func- 
tions are defined for every degree ; it is sufficient to apply Theorem 5 Corollary 1 
with ct'nk the ft-th element of the sequence 0, », 0, «>,••• , and with the {i' uk 
the n-th roots of unity. 

In la and lb wo have developments in powers of z and 1/z respectively, but we 
have not mentioned as yet an analogue of the Laurent scries for a function F(z) 
defined and analytic merely in a ring Ri < | z | < Hi, Such a function F(z) can 
be split (§1.7) into two component functions: F(z) m /(z) + 17(2), where /(z) is 
analytio for | z \ < R lt and g(z) is analytic for \z\> Ri, zero at infinity. Then 
by la the function /(z) can bo expressed as the limit of a sequeneo r„(z) valid for 
j z | < Rt, and by lb the function g(z) can be expressed as the limit of a sequence 
s„(z) valid for | z | > Ri. Thus the function F(z) is expressed as the limit of the 
sequence r„(z) + s„(z) in the region Ri < \ z \ < IU. However, the sequence 
r„(z) + s„(z) is not determined by interpolation to F{z ) ; the component sequences 
arc defined by interpolation to /(z) and g(z) respectively. The two sequences 
r„(z) and s»(z) are mutually dual. The expansion of F(z) in the sequence r»(z) + 
s n (z) can of course be obtained from the corresponding expansion of the function 
1 /(< — z) ; compare §§8.3 and 6.9. 

This general remark (Laurent’s theorem) relative to the splitting up of F(z ) 
and development of the components has immediate application not merely to all 
the other results of §8.4, but also to all the results of §8.3, especially Theorems 
3, 4, and 5 (with Corollaries). For instance, under the conditions of Theorem 5, 
let F(z) be analytic in the annular region bounded by C\> and C\», X' > X". 
Then in that annular region we can write F(z) s f(z) -|- g(z), where f(z) is 
analytic throughout the interior of C\> and g{z) is analytic throughout the exte- 
rior of Cy. The two sequences r„(z) and s„(z) of Theorem 5 found by inter- 
polation to /(z) and g(z) respectively converge respectively interior to (\> and 
exterior to Cy, uniformly on any closed sets in those! regions. If we choose an 
arbitrary X, X' > X > X", we may write 

/(z) = — / -- , z interior to C \ , 

AlU Jc ^ l — Z 


f(z) - r„(z) 


1 f (z - ft„Q • • • (z — /?,». »-n) U - « ,u) • • • (< - <* ,..,) F(l) <lt 
2 n Jc x ( l - 0m) ••• (t - 0 n . „ 1 ,) (z - «„,) • • • (z - «„„) (t - z) ’ 


z interior to C\ ; 

4 

the proof is analogous to that of equation (4). A similar equation holds for 
g(z) - s n (z). 

We do not amplify this study of sequences of the form r u (z) and s n {z), for such 
sequences are not sequences of interpolation to the given function F(z), hence are 
beyond the scope of this work. The reader will note, however, that interesting 
sequences r n (z) and s*(z) found by interpolation to the components of a given 
F(z) suggest themselves not merely in connection with the results of §§8.3 and 
8.4, but throughout the remainder of the present chapter. Formulas for the 
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r n {z) ancl s n (z) in terms of the given function F(z), and regions known to be 
regions of convergence (the boundaries may be points, and the regions entire 
domains of definition of F(z )), present themselves at onco. 

§8.5. Duality and series of interpolation 

Some of the illustrations given in §8.4, such as Ilia and Illb, may give rise to 
scries of interpolation, We shall now devote some attention to series of interpo- 
lation as such, particularly in the light of Theorems 3, 4, and 5. 

Theorem 6. Lei C be a closed region or several closed regions whose boundary r 
co7isisls of a finite number of non-intersecting rectifiable Jordan curves . Lei the 
sequences fi h fi 2) * * - and ai, a 2 , ■ • • be given , aj ^ fii y all but a finite number of the 
fik interior to C. Let no ca lie on I\ Let the function f(z) be meromorphic in C , 
and lei all the poles of f(z) in C occur in the sequence a 2 , • * • at least a number 
of limes corresponding to their multiplicities . Then the condition 

i. {Z fii) * * ■ (Z fin+l) (t — G!i) * 4 * (t — «n) 

K J ™ (l- « ’ • ■ (< - A* 1) (z - «n) ” 

uniformly for t on V and for z on some dosed set C f interior to C containing no point 
otk and with no point fi k on Us boundary implies the uniform convergence to f{z) on C' 
of the formal expansion determined by interpolation in the points fi^; 

(20) /(«) - a. + a i — ^ + a 2 ^ + . . . 

2 - <XI (z - oil) (z - a 2 ) 


If the function f(z) is not defined in (he points fit l lint lie exterior to C } arbi- 
trary values may be used for interpolation in such points The function f(z) can 
have at most a finite number of poles in (\ so the number in can be chosen so large 
that the left-hand member of (11) is analytic in (', and likewise so largo that all 
the points fi m \-h fimw, • • * lie interior to C Condition (19) implies the condition 

(21 ) 1* f l) •_ (z fi n \ l) U — ' ' *_ (t a ») m n 

V } n —.to (/-X,,)"--* (t~ fi n u) (3™ a»,0 * • : G - an) “ 

uniformly for l on V and for z cm 6", by virtue of the fact that no nr* lies on V and 
that no fik lies on the boundary of C*. The set C f can contain no points a*. If 
points among fr, fi 2i * « * , fi m lie interior to C* 9 we first establish (2L) on a closed 
set C n obtained by deleting from C suitable neighborhoods of those points fi K \ 
condition (19) for t on I 1 and z on C" implies (21) for l on V and z on C n \ this im- 
plios (21) for l on V and z on C', Even if a point cu, ft,, or z can be infinite, the 
factor omitted from (19) : 


(g — ffi) • * - Qg — fi m ) (t — Cl]) ■ • » (l — cQ 

(t ft) • (/5 — fi m ) — C*l) * * ( Z — Gr m ) 


is uniformly bounded from zero for z on 0", for (22) is precisely the product of 
m cross-ratios each of which is uniformly bounded from zero on C". 
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Theorem 6 is now a consequence of (21), of Theorem 3, and of the equivalence 
of (11) and (20) as established in §8*2, 

Duality for series of interpolation is just as complete as for sequences of 
interpolation: 

Theorem 7. Let V consist of a finite number of non-iniersectmg rectifiable 
Jordan curves, bounding a closed region or set of closed regions ft and let ft denote 
the complement of Gi closed by ike adjunction of r, Let A consist of a finite number 
of non-intersecting rectifiable J ordan curves interior to ft, bounding a closed region or 
set of closed regions Lx interior to ft, and let L% denote the complement of Lx closed by 
the adjunction of A. 

Let all but a finite number of the points ft, ft, > • * lie in ft, and let no point ft lie 
071 A. Let all but a finite number of the points ax, a 2 , ♦ • ■ , a, ^ ft, lie in L a and let 
no point ai lie on r. Let the condition 

/r>Q \ i‘ (& — ft) (% — Pi) * * * (z — Pn) (t — <*l) * • * (t — ft») _ ~ 

V ™ (t - ft) (*-«.■■(*- ft,) (* - «0 ■ • • (2 - «n) 

be satisfied uniformly for z on A and for l on V. 

If no limit point of the ft lies on V, if f(z) is mcromorphic in ft, and if all the 
poles of f(z) in ft occur in the sequence a K ( with proper attention to multiplicity), 
then the formal development (20) of f(z) converges tof(z) throughout L { except at the 
points ai } and the convergence is uniform in Lx except in the neighborhoods of such 
points ai as lie in Lx. 

If no limit point of the cu lies on A, if g(z) is mcromorphic in L*, and if all the 
poles of g(z) in L 2 occur in the sequence ft, then the formal development of g(z) deter- 
mined by interpolation in the points cu, 


(24) 


g{z) = b 0 + b,. ^ + 

Z — Pi 


h ~ ~ k ~ 

2 (z - /3i) (z - ><) 


I 


, 


converges to g(z) throughout ft except at the points ft, and the convergence is uniform 
in ft except in the neighborhoods of such points ft as he in ft. 


The entire situation of Theorem 7 is unchanged by a linear transformation, 
except that r and A must be Unite, so it is allowable to assume L\ and ft finite 
regions. For z on L\ and t on Y and for n sufficiently large the functions 


(z — Pi\Vl)f(t — fto-l) 


are uniformly limited, so condition (23) implies (19) uniformly for i on I 1 and z 
oil Li except in the neighborhood of such points (at most finite in number) as 
lie in Lx, The first part of Theorem 7 now follows from Theorem 6, and the 
second part of Theorem 7 is similarly proved. The following corollary follows 
directly from Theorem 6: 


Corollary, In Theorem 7 the requirements on the limit points of the ak and ft 
may be omitted, provided (23) is replaced by the two conditions 
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lim ftn) (S - m) » • • (* - an) _ n 

»-»" (< — ft) • - • (l - j8f»+l) (» — «l) • • • 0* — «») * 

tmi/ormZy /or z on A and Ion r , 
lim ~ ft) • • ’ (* - ft) ~ “0 •••(*- aiM-0 a 

n J (<-/»!)•••(*- A) (* — «1> * * - (* — «,+!) ~ 


uniformly for z on A and < on r . 

Wc prove likewise the analogue of Theorem 5 and its Corollary 1: 

Theorem 8. Let the function $(z) he analytic except possibly for branch points } 
not necessarily single-valued but 'not identically constant interior to a limited region 
or finite number of limited regions R , Let \ $(z) | be single-valued and con- 
tinuous on the corresponding closed point sct,<and take constant values yi and < 71 
on Ci and C 2 , point sets belonging to the boundary of R and together composing the 
boundary of R, Denote generically by C y the locus | #( 2 ) | = 7 , 71 > 7 > 72 , 
interior to R } and denote by R f y and R y two complementary ( with respect to the 
complement of C y ) sets of regions into which C y separates the plane , Suppose that 
every R y contains in its interior all the limit points of the /3a, and that every R y 
contains in its interior all the limit points of the a k . Suppose finally that the relation 


(25) 


lim 

n —►00 


(z - 0i) ••• (z - /3„) 
(z — «i) • ' • (« — a n ) 


* 1 *(*) I 


holds umformly on each of a set of curves (\ everywhere dense in R } with cv« ^ 

If f{z) is mcromorphic on the closed set R y) and if all of the poles of f(z) m this 
closed set occur in the sequence a k) then the formal development ( 20 ) of f(z) con- 
verges umformly to f(z) in R y except in the neighborhoods of the points <2 a . 

If g(z) is mcromorphic on the dosed set R y} and if all the poles of g(z) m this 
closed set occur in the sequence /3a, then the formal development (2-1) of g(z) con- 
verges uniformly to g(z) in R y except in Die neighborhoods of the points /3 a 

The proof is immediate, by Theorem 7 and the method used in Theorem 5; it 
is necessary in the proof merely to avoid loci f T and C^on winch (25) does not 
hold uniformly, or on which points /5 a or a k lie 

It is desirable in the study of ( 20 ) and ( 2 - 1 ) not io require that (25) should hold 
uniformly on any closed point set interior to h\ for it is ac h an lagoons, as we have 
seen in §8.2, to allow points cu and /3 a to lie interior to R, If such a point dues lie 
interior to R, equation (25) must fail at that point. No limit point of the a k or 
/3a, can lie interior to Ah If P is an arbitrary point/ of R not on a curve C y which 
passes through a point a k or /3 a, equation (25) is valid uniformly on the boundary 
of some region bounded by curves C y containing in its interior P but no point a* 
or /3 a, so (25) is valid at P and uniformly valid on the curve (\ passing through P. 

Let X < 71 bo the largest number (if existent) such that f(z) is mcromorphic 
interior to R\ and all the poles of f{z) interior to R[ occur in the sequence a*. 
Then the development ( 20 ) converges uniformly to f(z) on any closed set inte- 
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rior to lii containing no point ax. From §3.4, Theorem 5 we have lim„->«o 
[ a„ | 1/n = A S 1/X. But A < 1/X leads to a contradiction and hence is 
impossible; choose X' < Yu A < 1/X' < 1/X, with no ax or flt. on Cx»; we can 
apply the transformation indicated by (11); if in is suitably chosen each term 
in the right-hand member of (11) is analytic in Ex' and the scries converges uni- 
formly in By with X' > X; this contradicts our hypothesis on f(z). Thus wo 
have A = 1/X, and hence the series (20) diverges at every point common to It 
and B'x at which (26) holds. If f(z) is mcromorphic interior to overy By X < 
Yi, and if all the poles of f(z) interior to every such 11 [ occur in the sequence ax, 
we merely conclude A I/71. 

Similarly, lot X > 72 be the smallest number (if existent) such that g{z) is mcro- 
morphic interior to R” an d all the polos of g(z) interior to li" occur in the 
sequence Px- We have | b n \ l/n = B = X, and the series (24) divorges 

at every point common to R and 7i( at which (26) holds. If g(z) is mcromor- 
phic interior to every R ", X > 72, and if all the poles of g(z) interior to every 
such R" occur in the sequence fix, we merely conclude B g yj. 

Condition (25) is sometimes inconvenient in form, for instance due to the fact 
that infinity is a limit point of the ax. A condition that may replace (25) is that 


(26) 


lim 

TJ~»0O 


PIP2 * * « Pn 


(z - ft) . . . (z - ft) 

(2 — ai) • • • (2 — «„) 


Un 


*M I 


should hold uniformly on each of a set of curves C y everywhere dense in R , where 
the pk are the a*. or arc other constants- It is dear that no such p k can vanish if 
(26) is satisfied, and is clear also that (26) can be used instead of (25) in the proof 
of (23) and of the conclusion of Theorem 8. We formulate the following remark ; 
a similar remark naturally applies to Theorem 5 and its Corollary 1 : 


Corollary. Theorem 8 is valid if (25) is replaced by (26). 


If a point ai is infinite, the corresponding factor z ~ cu is naturally to bo 
omitted in (25), (26), and similar relations, as well as in (20) and (2*1). 


§8,6. Illustrations 

We shall now state some applications of Theorems 6, 7, and 8. Mon* general 
results than those we mention are obtained in every ease by the use of an arbi- 
trary linear transformation of the complex variable, and in some eases by modify- 
ing the sequences eti and without changing the asymptotic properties. We 
leave to the reader the actual formulation of these suggested results, 

la, If the function f(z) is mcromorphic for \z \ g R,if the points ft approach zero, 
if the points become infinite , a ^ ft., and if all the poles of f(z) for | z | g R 
occur in the sequence ct k} then the formal development (20) of f(z) found by inter- 
polation to f(z) converges uniformly to f(z) on any closed set which belongs to the 
set | z | g R and contains no point cu. 
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lb. If the function g{z) is meromorphic for \ z \ fe R } if the points ft approach zero 
and the points <n become infinite , cu ^ ft, and if all the poles of g{z) for \ z | ^ li 
occur in the sequence ft-, then the formal development (24) of g{z) found by inicrpola - 
tion to g(z) converges uniformly to g(z) on any closed set which belongs io the set 
\z \ R and contains no point ft. 


Under the conditions mentioned, wo have 


lim 

n— 


an 


z — Pn 

z — a„ 


l*h 


lira log a„ - — 


= log I z I , 


uniformly for z on any closed limited point set not containing tho origin. For z 
on such a point set containing no point a>, or /3* we have 


lim log 

n— *«o 


<*1 


an 


(g - ft) 

(g - a,) 


(Z - J ft) 

(g — an) 


= l °g I * 1 1 


for this last relation corresponds to the sequence of arithmetic means (of the first 
order) of the preceding relation. If a number ai is zero, we omit the corre- 
sponding factor a*; if a number ft is infinite, we omit the corresponding factor 
z — ft. Wc arc able, then, to apply the Corollary io Theorem 8. 

Ia presents an expansion of an arbitrary meromorphic function, that is to say, a 
function meromorphic at every finite point of the plane . The expansion is valid in 
every point at which f(z) is defined , , and is found by interpolation in Ike points ft all of 
which may be chosen al ike origin if f(z) has no pole there . Angeloseu [1925] con- 
sidered the special case of Ia and its generalization by linear transformation, for 
the expansion of an analytic (not meromorphic) function, and without mention 
of the properties of the series so far as concerns interpolation. Ia in its present 
form is due to Walsh [L932a];il was later proved also by B. Lagrange [1935], but 
under tho unnecessary assumption that the series ^ 1/| ou | converges Ia is 
generalized in Corollary 2 to Theorem 13. 


Ila. Let C be a closed limited point set lohose complement K ts connected and 
regular t Id the points ft have no limit point exterior to (\ let the relation (notation 
of §7.2) 

lim | (z - ft)(z - ft) ‘ - * (z - ft-) | 1/?I - A | <f>(z) | 


hold uniformly on any closed limited point set ct tenor io C containing no point 
ft, and let the points a v become infinite, a v ft. If f(z) is meromorphic on and 
within Cn , and if all the poles of f(z) on and within C H occur in the sequence a^, 
then the formal development (20) converges uniformly lof(z) on any closed point set 
which consists of points on or within Cn and which contains no pond 

lib. Let C and the points tu and ft satisfy the hypothesis of Ila. If the function 
g(z) is meromorphic on and exterior to Cn, and if all the poles of g{z) on and exte- 
rior to Cn occur in the sequence ft, then the formal development (24) of g{z) con- 
verges uniformly to g(z) on any closed point set which consists of points on and 
exterior to Cn and which contains no point ft. 
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Ila ancl lib are generalizations of both Ila and lib, and Ilia and Illb respec- 
tively of §8.4. The proof of the present Ila aud lib is immediate from the 
Corollary to Theorem 8, by virtue of the following uniform relations on any 
closed limited point set containing no point ah* 


lim 

n—*co 



= 1 , 


lim log 



- 0 , 


l0S I (2 - aj(t - a>) ..*(*- «..) I ” ° * 

If a number a* is zero, we omit the corresponding factor a*. 

We call attention to the fact that §7,2, Theorem 2, Corollary 3 and tho method 
of §4.4 have important application here in the determination of sequences ft. 
Given any set of points interior to K but with no limit point in K, the set fit-, can 
be chosen to contain all of these points. Similar remarks apply frequently in 
the sequel. 


Ilia. If the function f(z) is meromorphic for \ z | g R, B < 11 < A, if all Ike poles 
of f(z) for | 2 | < I? occur in the sequence av, if the points on, have no limit point in- 
terior to [ 2 | = A and satisfy the condition 

’ lim | (z — ai)(z — 0 : 2 ) ... (z — «„) I*/" = A 


uniformly on any closed set interior to | z | = A containing no point cti., and if the 
points 1 S h 7 ^ a, have no limit point exterior to \ z | = B and satisfy the condition 

lim | (z - ft )(z - ft) • • • (2 - ft,) r = | 2 | 


uniformly on any closed set exterior to \z \ = B containing no point ft, then the 
formal development (20) of f(z) found by interpolation converges to f(z) uniformly on 
any closed set which lies hi the set \ z | g li and contains no point <n. 

Illb. Let the points a*. and ft satisfy the hypothesis of Ilia. If the function g{z) 
is meromorphic for \ z [ & R, B < R < A, and if all the poles of g(z) for | z | ^ A! 
occur in the sequence ft, then the formal development (24) of g(z ) found by interpola- 
tion converges to g{z) uniformly on any closed set which lies in the set \ z \ 7 t It anti 
contains no point ft. 

The hypothesis of Ilia is satisfied if the points cn and ft arc uniformly dis- 
tributed on | 2 | * A ancl | 2 | = B respectively with respect to arc length in the 
sense of §7.5; see §7.6. 

IVa. If the function f(z) is analytic for l/R g \ z j g It > 1, then the sequence of 
rational functions of respective degrees 2 n whose poles lie in the origin and the point 
at infinity each of multiplicity n and which interpolate to f(z) in points /Si, ft, ... , 
ftn+i, where the points ft are uniformly distributed on\z \ = 1 with respect to arc 
length as parameter, converges iof\z) uniformly for l/R g | z \ g It. 
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IVb, If the function g(z) is analytic for \ z | g l/R and for \ z | Ii > 1, then 
the scqtwnce of rational functions of respective degrees 2 n — 1 whose poles lie in 
points Pi, p 2 , . . . , fizn-u where the Pi arc uniformly distributed on | z | = 1, and 
which interpolate to g(z) in the origin and at the point at infinity each of multi- 
plicity n, converges to g(z) uniformly for \z \ £ l/R and | z | ^ R. 

The hypothesis on the points /Ms satisfied provided Pn - P K ,\P \ - l t where p 
is no root of unity (compare §7.6), For this case, the expansion in IVa reduces 
on j z | = 1 to a trigonometric scries which is real when f(z) is real, an expansion 
due to Euler ancl used by Lcvcrricr in applications to astronomy; the proposition 
is essentially clue to P61ya [1934], established in answer to a question 1 formulated 
by Winincr. 

IVa and IVb as stated refer to a series of interpolation with the terms grouped 
in pairs. The corresponding results hold without this grouping. 

§8.7, Harmonic functions as generating functions 

The illustrations that we have presented in §§8.4 and 8.6 arc only the most 
obvious ones; the choice is more or less accidental, depending on the convenience 
of certain elementary functions. We shall now set forth a general method 
[Walsh, 1934c] for obtaining sequences <x n k ancl p ti k which satisfy such conditions 
as (16) and (17), Interesting applications are far too numerous even to be 
stated in detail; we shall therefore emphasize methods rather .than results. Im- 
plications for duality are frequent and obvious, 

Theorem 9, Let C\ and C 2 be two non-inicr seeling analytic Jordan curves or 
non-intersecting sets each of a finite number of non-inlo seating analytic Jordan 
curves\ suppose a region R is bounded by the whole of (\ and (\, and suppose for 
definiteness that 07ic curve of the set (\ contains all the other curves of the set ( \ and 
all the curves of C 2 . Then there exist point sets a nK and p' lL on (\ and (\ respec- 
tively such that uniformly on every closed set interior to R equations (16) are 
valid with 

(27) | <I>G0 | = = exp \f-~- >j) . r constant , 

where U (x, y) is harmonic in R, continuous in the corresponding dosed region , and 
takes on the values zero and unity on (\ and C\ respectively , 

Consequently , if f(z) is analytic in the closed region or set of regions It? bounded 
by the complete locus U(x, y) — p, 0 < ju < 1, in R , where R» contains mils in- 
terior no point of CL, then the sequence of rational functions r n (z) of respective degrees 
n whose poles lie in the points ctnk = a' nK which is found by interpolation to f(z) in 
the points p n i = p* n . hliL converges tof(z) uniformly in R ^ I//(z) is analytic merely 

interior to such a region or set of regions R p , then the sequence r n (z) converges to 
f(z) uniformly on any closed point set interior to R». 
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Our method is essentially a generalization of the methods of Hilbert (§§4.2 and 
4.S) and Fej6r (§§4.3 and 7.6). We start with the formula 


(28) U(x 


• V) -T,IS 


u liar _ i„g ,*£!)* 

dv dv J 


+ i L v 


du Op 


^ ds , r 2 = (x - x') 2 -|- (// - y') 2 \ 


the running coordinates arc (x 1 , y'), v indicates the exterior normal for R, and 
integration,^ taken over Ci and C* in the positive sense with respect to the region 
R, Equation (28) is then valid for every (a, y) interior to It. But U(x', y') 
vanishes on C\, and we have 


V 

dv 


d log r 

dv 


= 0 , (x, y) in R , 


since for (x, y) in R the function log r is harmonic on and within each of the con- 
stituent curves of C 2 . Hence (28) can bo written in the form 


(29) U(x, y) = 


i 0U , 1 

108 r i; d ’-r. 


r j log (Is, Cv , ./) in . 

$7T J,’ 0 V 


We introduce a new variable a by the relations 

da - — (dU/di>)ds } on Ci\ da = ( dU/dv)ds , on C 2 ] 


this is allowable, for the function U(x f y) can be extended harmonically from H 
across Ci and C 2 . No point of C\ or C% can be a critical point of f/(.r, ?/), for at a 
critical point the tangents to the level curves of a harmonic function are equally 
spaced, and no such level curves can enter the region li. At every point of C\ 
and C 2 we have dU/ds ~ 0; interior to It wc have 0 < V < 1, m we must have 
dU/dv < 0 on Ci, dU/dv > 0 on C 2 . We introduce the notation 



r > 0, 


and wc may sot 0 ^ a ^ r on C h r < a % 2r on C 2 , 

Equation (29) can now bo written in the form (compare §§4.2 and 4,3) 

(30) U(x, y) « 1 £ " log r da - A jf log r da 

= — lim i0B r,tl + log r, ‘ 2 + “ 1 + Iq K 

271 J. — IQO 

r lim log p "‘ + + • • • + log pn »i 

2i r n -,t n 
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whore r nk = | z — | corresponds to the point a nk \ a = ftr/n on Ci and pn^ = 

I « — ftnh | corresponds to the point fi' nh : c r « (fc + fl)r/n on C 2 . The conver- 
gence in (30) is uniform for z on any closed set interior to R } and (30) is 

equivalent to (16) and (27), The remainder of Theorem 9 follows from 
Theorem 6, Corollary 1. 

The analogue of Corollary 2 to Theorem 6 is valid; we have for p f > m 

lim [max | f(z) — r n {z) | , z on R^] itn S ~ ,0/r , 

n~»oo 

Equation (30) holds with r nk = | z — a'* | and p nk « | 2 — |, as do equa- 

tions (16) and (27), whenever the points a nk and fi' nk are uniformly distributed 
on Ci and C 2 respectively with respect to the parameter a. In particular the 
a nk and p f nk may be chosen not to depend on n; the expansion of f(z) is a scries 
of interpolation, 

Theorem 9 is of especial interest in case f(z) has Ci or a locus U — p, 0 < 
p < ] , as a natural boundary, for the expansion found by interpolation is then 
valid throughout the domain of definition of the function. 

In the geometric situation of Theorem 9, suppose wc take as point of departure 
not the function U(x, y) but a function Ui(x } y) harmonic interior to R } con- 
tinuous in the corresponding closed region, assuming values 71 and 72 ^ 71 on Ci 
and C 2 respectively, the values 71 and 72 being constant but not necessarily zero 
and unity. Of course we have U(x } y) s= [[/i(.r, y) — 7 JA 72 — 71 )- When 
U(x t y) is replaced by U\(x t y), equation (28) remains valid, but equation (29) 
is to be modified by adding the term 


_1_ 

2ir 


l, 


JT , x Slog r 

Uilr, u) - 

OP 


(h - 7 1 


to the right-hand member. The points a nk and p' lk uniformly distributed on 
C 1 and C* respectively with respect to (.lie paniim^'r a are also uniformly dis- 
tributed oil C\ and (\ with respect to the parameter da { — dr (d(Ji/dv)ds, for 
the parameters a and a\ are linear functions of each other Equations (16) and 
(27) are valid in their original forms Of course (27) can readily be expressed in 
terms of U i(.r, y) instead of { J(x , y). 

We have by no means exhausted the possibilities of tin 1 method used m 
Theorem 9. Let us prove, for instance, the 


Corollary. Suppose in addition io the region R of Theorem 9 ivc have a region 
R ' bounded by C[ and C 2 satisfying analogous conditions, with analogous notation , 
where Cv and C[ are mutually exterior. Let (7'(.r, y) denote the new analogue of 
U(x , y). Then there exist points <x f nk on C\ and C[ and points on C% and C 2 
respectively such that (16) is valid simultaneously interior io both R and R*\ ice 
have (27) and its natural analogue (270* Consequently , if f(z) is analytic in the 
closed regions or sets of regions R^ and then the sequence of rational functions 
of respective degrees n whose poles lie in the points a, lk — <x nk found by interpola- 
tion io f(z) m the points p nk = + converges to f{z) uniformly in R „ and R „* 
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The right-hand member of equation (28) represents a function identically 
zero for ($, y) exterior to R, for under such conditions the functions U(x', y ) 
and log r are both harmonic throughout R, For (x, y) in R', the right-hand 
membor of (29) similarly represents a function identically zero. Hence the ex- 
pression 



represents the function U(x, y) for (x, y) in R and the function U'(x, y) for (x, y) 
in R', The proof now goes through as before, if wo set da equal to ~(dU/ dv)ds, 
(dU/dv)ds, — (dU'/dr)ds, (dU7dv)ds on C u C\, C'i, C'„ respectively, 

t = / da -l- I da ~ l da -j- i da . 

Jc l Ja[ Jc, Jc, 

The Corollary clearly extends to the case where the two regions Jt and R’ 
are replaced by any finite number of such mutually exterior regions. 

Even if we do not assume that C'i and C[ are mutually exterior, the points 
a nk and fi' nK exist so that (16), (27), and (27') arc valid; but the topological 
properties demanded in Corollary 1 to Theorem 5 arc not exhibited. However, 
other properties are possessed by this configuration, as wo prove in Theorem HI. 


§8.8. Harmonic functions as generating functions, continued 

Still another application, similar to the Corollary to Theorem 9, of the method 
of §8.7 is of interest; wo choose a restricted situation for simplicity. 

Theorem 10. Lei C u C 2 , C 3 , C , < be four analytic Jordan curves, with (\ interior 
lo Cz, no point of Cs exterior to C 2 , and C 2 interior to C\. Lei R and R' denote the 
annular regions bounded respectively by C'i and C 2 , and by C\ and C\. Lei U(x, ?/) 
denote the function harmonic interior lo R, continuous in the corresponding closed 
region, and taking on the values zero and unity on C 2 and Ci respectively. Lei 
U'(x, y) denote the function harmonic interior to R’ , continuous in the corresponding 
closed region, and taking on the values zero and unity on C a and C\ respectively . 
Then there exist points a nK on C 2 and C 3 and points fi' nl on C\ and C\ such that 
we have equations (16) valid uniformly on any closed set interior to R or R', with 


Hz) I - 


( 31 ) 


ss u exp £ — U(x, y) in R , 
<1 >(z) | * u exp ~ U'(x, j/)J in R ' , 


<I>l(2) 


where u and r are positive constants. 
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Consequently if f(z) is analytic in the two closed regions li' t bounded by and 
exterior to the curve U (x, y) = p, 0 < p < 1, and bounded by and interior to the 
curve U'(x, y) — p respectively, then the sequence of rational functions of respective 
degrees n whose poles lie in the points a nk = a nk and which is found by interpola- 
tion lof(z) in the points P„k = converges tof(z) uniformly in R k . If g(z ) 

is analytic in the closed annular region R k bounded by the two curves U(x, y) — 
y, 0 < p < 1, and U'(x, y) — p, then the sequence of rational functions of 
respective degrees n whose poles lie in the points p„h — Ph which is found by in- 
terpolation to g(z) in the points a„t = a4+i. n> converges to g(z) uniformly in 2B„. 


From (28) wc find as before 

U'(x, y ) , (x, y) in R 1 , 

0 , (z, y ) in R . 



Wc have, however, 

J_ f u 9 lQ g 1’ 

2ir Jo t bv 



i 


d log r 
dv 


ds =2 


1 , 


Or, y) interior to C \ , 


whence 



| U(x, y) - 1 , (a, y) in R , 

j - 1 , (a, y) in Ii ' . 


Let us inlroduce a now variable a- by soiling da equal to (dU/bv)ds, 
-( dU/dv)ds , —(a U'/bv)ds, (bU'/br)ds rosiicctivcly on (fi, C 2 , C 3 , L\; then 
wc have 


= I da -(- j da = I da -(- j 
Jc , Jc, Jc , Jc, 


da 


il will be noticed that each of those four differentials and integrals is posi- 
tive. Wo may set 0 g a < r on C\ and Cj, r < <r ^ 2r on Ci and (\. We 
can evaluate the sum of the left-hand members of (32) and (33), as in (30), and 
obtain 


(34) 


T log ?’n| "b log l'n2 4" 

27T' .a, n 


log r„ n 


T .. log Pni -|- log Pnt 4~ ~f log P»» 
2 7 r ,i — .qo n 


U(x, y) - 1, 
U'ix.y) - 1, 


(a-, y) in R , 
(a, y) in R' , 


whore r»* = | z — ah | corresponds to the point a = kr/n on C\ or Cj 
and p n k — | z — P h I corresponds to the point p' nk - a = (& + n ) T / n on ft or ft- 
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The convergence in (34) is uniform on any closed sot interior to Ii or R\ and of 
course (34) can be written in the form (16) with (31) true, where v = c 2Wr . 

Equations (34), (16), and (31) hold whenever the points «'* arc uniformly 
distributed on <7 2 and C 3 with respect to the parameter <r and the points fi' nk are 
uniformly distributed on Ci and C\ with respect to a. 

Limiting cases of Theorem 10, in which the curves Ct and C 3 coincide and Ci 
and Ct shrink to points, are given as §8.4, Va and Vb, and §8.6, IVa and IVb. 

It will be noted that in Theorem 10 the two curves Ci and C 3 may coincide,* in 
this case the points a nh may simply be chosen uniformly distributed on C 2 with 
respect to the parameter <r',d<r' = —[(dU/do) + (dU'/di>)]ds. We have then 
an expansion in the neighborhood of an arbitrary analytic Jordan curve Ci of an 
arbitrary function analytic on C' 2 ; the curves Ci and C.\ may bo chosen in a 
variety of ways, and the function f(z) enters into the expansion merely by 
means of its values on Ct. Similarly, if we start with an arbitrary annulus 
bounded by two analytic Jordan curves 0 and C. i, an arbitrary function /(z) 
analytic in that annulus can be expanded throughout the entire annulus, and 
the function f(z) is involved in the expansion merely by its values on an arbi- 
trary analytic Jordan curve Ct = C 3 which separates C'i and C. i. 

Theorem 10 extends at once to the case that Ci and C . i arc sets of curves in- 
stead of single curves. If the region R is bounded by several Jordan curves, 
either a single region or several regions may simultaneously play the rflle of 
the region R' of Theorom 10. 

Let us present one further detailed illustration to show how sequences of inter- 
polation can be obtained by starting with harmonic functions as point of depar- 
ture; the geometric situation is a limiting case of that of Theorem 10. 

Let C be an analytic Jordan curve of the 2 -plane containing the origin in ils 
interior, lot w = cj>(z) map the exterior of C onto | w | > J so that the points at 
infinity correspond to each other, and let to — %(z) map the interior of C onto 
| w | > 1 so that 2 = 0 corresponds to w = «> , We lun e (§*1.3) uniformly for z on 
any closed sot exterior to c’ 

Hm | (z — |3„i) ( 2 - j 3 u2 ) • • • (z - /3, m ) | = A | <j>(z) | , A =’l/| <£'(«>; | , 

whom the points /3 1lL arc uniformly distributed on C with respect to <r, (fa — 
(2k)~ 1 ( dG/dv)ds } where G(x, y) is Green's function for the exterior of C witli 
pole at infinity, v is the exterior normal of (7, and whom A is the capacity of <7. 
On any closed set interior to C we have (§4.3) 

lim | (z - ftn) (z - p Ht ) jftj 1 l/, ‘ « A . 

n— ♦'so 

Similarly, let points bo chosen on C uniformly distributed with rasped to 
<r f , cfa ' — — (2tt)“ 1 (dG'/dv) ds y where v is the exterior normal, and where 
G'( x > V ) Green's function for tho interior of C with pole at the origin (). 
That is to say, G'(x, y) is harmonic interior to C except at O, is continuous in 
the corresponding closed region except at O, vanishes on C, nnd in the neighbor- 
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hoocl of 0 can be expressed as — | log (a: 2 + if) plus a function harmonic in that 
neighborhood. A representation for G'{x, y) interior to C is found from (28) : 

0'{x, y) =» ~ Jo log r ~ ds - log ro , n = (a: 2 + 2/ 2 ) 1/2 ; 


this right-hand member represents the function zero exterior to C, Then we 
have uniformly on any closed sot interior to C not containing the origin 


lim 

»o0 


(z - /?,',) (z - @U) (z ~ fi' nn ) 


z" 


lln 


| x(z) I - e°' , 


and uniformly on any closed limited set exterior to C we have 


lim 


(z - fa) (z - O 

z n 


(* - Pnn) 


1/n 


= 1 , 


Let us now set 

&'L t h ** Pnk when k S n } Pt ntn +h = PL when * g n ; 

it is sufficient also to require that the be uniformly distributed an V with 
respect to the parameter a" } da" — da + da\ We find from the previously 
derived relations 


lim 
» -►<» 


(_3_ — P2 n, 1 ) ’ ’ ' ( g ” ^2 ii t 2 n ) 

Z n 


1/(2 n ) 


|a W2 i 0(2) | 1/2 , 

W /2 ixto i i,, f 


z exterior to C , 
z interior to C ; 


these limits hold uniformly on any closed limited set exterior to C and on any 
closed set interior to ( r not containing the origin respectively. Indeed, we need 
merely to lake logarithms and to note that the relations lim*-* — pi, 
lim,,-,* j u' = n' imply liin„_.* [(*<„ + /, t )/2] = Ou + f)/2 
The ])roeess just indicated can be described as that of "mixing” the points 
fink and in equal proportions; in terms of parameters, it means setting 
da" — da -(- da ' instead of using \arions multiples of da and da'. It is like- 
wise possible to use other proportions oi 0 J4 * and fi f nk , For inslanee, let X I >e 
arbitrary, 0 < X < 1. Then 1 exist monolonieully non-decreasing sequences ol 
positive integers n, and n\ becoming infinite and such that 

lim nJUij -|- n]) = X . 

. j-f cc 

As an example 1 we can choose the sequences so that n, + n \ takes on all the 
values 1, 2, ■ • • ; it is sufficient to set n, -(- n\ — n> n t — [Xn], that is, w, is the 
largest integer not greater than \n. We have 

^ n } _ Xn — [Xn] 
n n J 


which is not less than zero and not greater than \/n ) hcncc approaches zero 
We do not in the sequel suppose that n } + 7i f necessarily takes on all values. 
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The two general relations lim y n = Ab Uni fx f n = V now hnpl y 

llm(n/jun 9 + A**;)/(ft/ + «/) - + (1 - %'> 


so we may sot 

*= A) ^ or & = fin t njbk 5=3 Pnj t k) ^ ^ J 

if we prefer we may require directly that the points be uniformly dis- 
tributed on C with respect to the parameter <r 77 , tfer 77 = X dcr + (1 — X)r/cr 7 , 
adding the equations for G(x f y) and G'(x f y) after multiplying by X and 1 — X 
respectively. Either requirement yields 


A* [ ${z) | x , z exterior to C , 

A x | xGO [ 1-x ) z interior to C , 

uniformly on any closed limited set exterior to C and on any closed set interior to 
C not containing the origin. 

Corollary 1 to Theorem 5 is applicable. The locus | <J>(z) j = R consists hero 
of the curves | <j>(z) | » A" 1 H llx and | x(z) I *= A~ x ' (l " x) /i 1/(l_X) , A function 
analytic in the regions | <j>(z) \ > A* -1 R 1/x and | x( z ) I > A~" x/(1_x) 7£ l/(1 ~ X) can be 
expanded by interpolation in the points 0 and go of respective multiplicities n\ 
and n } + 1, by rational functions of respective degrees n = n, + n\ with polos 
in the points fi" K . A function analytic in the region | </>(z) | < A~ l /i 1/x and 
| x(z) I < A~ X/<1 ~ X) 2J l/(1 ” X) (with the curve C included) can be expanded by inler- 
polation in the points fi nK) with rational functions of respective degrees 
n = n, + n\ with poles at infinity of order n } — X and in the origin of order n ' . 

In the case that C is a circle, the points fink and also the points fi’ uK may be 
chosen as the n-th roots of unity or as the «4h roots of any constant or variable 
number A tl of modulus unity. Indeed, it may be verified directly from the 
asymptotic formulas that the fi” K themselves may be chosen as the n-th roots of 
any constant or variable number of modulus unity. If in particular wo choose 
X = 1/2 and the fi u nk roots of unity, we have §8.4, Theorems Yn and Vb. 

Our discussion, here suggested to apply lo a single Jordan curve, can also be 
applied without essential change simultaneously to several mutually exterior 
Jordan curves. 

We have presented in §§8,7 and 8,8 merely a few illustrations of a method. 
Further illustrations, analogous to some of the preceding results of the present 
and of other chapters, will readily occur to the reader. For instance, further 
results can be obtained (i) by using the methods of the Corollary of Theorem 9, of 
Theorem 10, and of (35) to combine (in various proportions) simpler configura- 
tions already studied; (ii) by removing the restriction on the boundaries of the 


(35) 


lim 

n— »«> 


(g - /C) • ••<*- /O 


Z"l 


t/n 


= | «>(*) 
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regions; throughout §§8.7 and 8,8 tho given Jordan curves need not be taken as 
analytic, provided the integrals arc taken in the sense of §§7.G and 0.12; those 
Jordan curves may frequently be replaced by Jordan arcs; tho method used in 
§4.4 enables us to treat any region with certain topological properties provided 
merely the harmonic function U(x, y) exists; the regions may be finite or infinite; 
(iii) by formulating the duals of those various results; for instance the dual of 
the Corollary to Theorem 0 leads to an expansion valid in a multiply connected 
region; (iv) by elaborating the remark at the end of §8,4 relative to the com- 
ponents of a given function, and applying it in these situations; (v) by studying 
series of interpolation and allowing the functions expanded to be meromorphic 
instead of analytic; (vi) by allowing some of the points cn or 0* or both in the 
series of interpolation to lie interior to the regions in which functions are given, 
so that the given functions may bo meromorphic in those regions and still 
expansible; (vii) by taking as point of departure not a region and a function 
depending on it as in Theorem 0, but a harmonic function directly, as in §§8.4 
and 8.6 and the derivation of (35); such a harmonic function may become infinite 
in one or more points without seriously altering the application. All of these 
suggested results arc now more or less immediate, thanks to the methods already 
developed, and are loft to the reader. 

The significance of the results just suggested for the general problem of the 
representation of functions is in part as follows. Wc may start with an arbi- 
trary finite region Jt say bounded by a finite number of non-intersecting .Iordan 
curves. An arbitrary function f(z) analytic in Ji can be represented in Jt uni- 
formly on any dosed set interior In R by a sequence of rational functions r n (z) 
found by interpolation to J(z). All the points of interpolation may be chosen 
identical, in which case the sequence r n (z ) involves tho derivative's of f(z) at a 
point, or those points of interpolation may he chosen (for each n) all distinct, in 
which case r tl (z) involves functional values of/C?) but no derivatives, Tho points 
of interpolation and the pre.*cribod poles of the r ft C0 depend on It but not on 
f(z ) ; the points of interpolation may be chosen on an arbitrary Jordan arc or 
run e C m It (which may even separate components of the boundary of It), so the 
sequence r n (z) depends on f(z) merely through the value's of j(z ) on C If a 
function J(z) is analytic on C hut not throughout lt } the sequence r n (z) found by 
interpolation still exists and converges uniformly io f(z) in tin* neighborhood of 
C, m fact uniformly on any dosed set interior to a definite region interior to It 
and containing C which depends only on It, (', and the singularities of /(*). If 
poles cm and points of interpolation (I U f for r«(z) are chosen independent, of v, 
ns may always be done, the sequence r n (z) is found as the partial sums of a series 
of interpolation (20). If /(*) is analytic on 0 but not throughout It, the regions 
of convergence and of divergence* in It of the sequence r n (z) are then separated 
by a specific locus which depends only on It, (\ and tlie^shigularilies of /(z), and 
such regions can bo uniquely defined from It, C, and | a n | l/ " in (20), 

The study of asymptotic conditions of form (16), with significance for the 
problem of interpolation, is to be resumed in Chapter IX, 
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§8.9. Geometric conditions on given points 

We have already met various conditions for convergence of sequences anc 
series of interpolation, conditions expressed in such a general form as (12) or ir 
terms of (16). We turn now to the discussion of conditions [Walsh, 1932, 1932a 
1934b] which are expressed directly in geometric language on the points a nf: anc 

Theorem 11. Let IR, R 3) IR be closed point sets, and lei II be the locus of al 
points i when ex, P, z have IR, IR, R 3 as their respective loci and the relation 

(36) |(U«,0)|S1, 

holds. Let the points a, a have no limit point exterior to Ri, the points j3 nk no limit 
point exterior to IR. If the function f(z) is analytic in R, then the sequence oj 
rational functions r»(z ) of form (8) which interpolate to f(z) in the points j3„a . con- 
verges tof{z) uniformly in R 3 . 

The point set Ii may be the whole plane. This case is trivial, for/(z) must be 
a constant, and every r n (z ) is identically equal to /(a). This case is henceforth 
excluded. 

Whenever the cross-ratio ( t , a, z, p) is indeterminate, or whenever the denomi- 
nator in the equation of (36) vanishes, we consider (36) satisfied] this is a natural 
convention, as one may find by studying the relationships involved. The set II 
is the whole plane, under this convention, whenever IR and IR have a common 
point. 

The point set R is closed; this follows from the closure of the sels JR, IR, IR 
and the continuity of the function (t, a, z,0), It may be similarly pnn ed that R 
is a closed region if R h IR, and IR are closed regions. 

The locus R contains tho set IR, for when l ~ P the convention already made 
includes the validity of (36). The locus II contains the set IR, for when l = z 
the cross-ratio (l, a, z, ft) if defined takes the value unity. 

The locus R depends continuously on the point sets Ii,, IR, IR, in the sense t hat 
a slight enlargement of JR, IR, IR causes only a slight enlargement of R, for (36) 
is a continuous relation which defines l (the trivial ease that z and « may lie 
equal has been excluded, because then R is the entire plane), uniformly con- 
tinuous on suitably chosen closed point sets containing IR, IR, Ii 3 in their respec- 
tive interiors. The given function /(z) is analytic in R, lienee analytic in some 
closed sot R' containing R in its interior; we choose It' as a finite number of 
mutually exclusive closed regions each bounded by a finite number of non-inter- 
secting contours r. There exist closed sots ll[, lif, li[ which contain the sets 
R\, Ri, Rs in their respective interiors, and such that the locus of all points t 
satisfying (36) when a, 0, z have Il[, iR, R' 3 as their respective loci lies interior 
to R\ The sets R and IR belong to the locus of /, hence must lie interior to IV, 
Then for a, p, z in 7?,, IR, R 3 respectively and for t on r we have uniformly 

(37) | ( t , «, z, 0) | g p < 1 , 
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where p is suitably chosen. The uniformity follows from the closure of the point 
sets involved. 

In the proof of Theorem 11 wo assume, as wo may do, that R f is finite. For 
suitably largo n, the points a n k and 0 n k lie in R[ and R[ respectively; by (37) wo 
have (x n j 0 m* Equation (4) is valid for z on R/ S) since both R' 2 and R[ lie 
interior to R'. For z in R f z> 0 n , n +i in R 2) and t on r, the expressions 


I 0n,n{-l)/{t — 0n t Ti-f-l) | 

* 

arc uniformly limited for all n, say less than g. Then the expression which 
appears in (12) is in absolute value loss than p n p for t on Y and for z on 72 3 . 
Theorem LI follows at once from Theorem 3; indeed we have proved uniform 
convergence of r n (z) to f{z) not merely in Rz but also in a region /f 3 which 
contains R 3 in its interior. 

It is worth noting that under the geometric conditions of Theorem 11, failure 
of analyticity of f(z) at a boundary point of R may cause failure of convergence 
to f(z) of the formal development of /(z), at a point z f of 77 3 . We need merely 
choose a, 0 , z* ^ 0 ,t (they exist in their proper loci):/(z) = 1 /(/ — z), a tlf = a, 
0,a - 0, where | (t, a , z' , 0 ) | = 1, Wc have 


/(*) “ r n (z) - 


(z - 0 ) n + l (t - ct) n 
(t - 0 )" H {z - ccY {l - z) ' 


and for z «= 2 ' the right-hand member fails to approach aero as a limit. An 
obvious modification is to be made in this example if t js infinite. 

The method of proof of Theorem J 1 yields 

Corollary 1. If, under the hypothesis of Theorem 11, the function f(z) is 
analytic in the point set which is the locus of all points t where a, Q ) z have R\, R* } Rz 
as their respective loci and the relation | (t, a, z } 0 ) | ^ p < 1 obtains, then we have 

Urn [max | f(z) - r n (z) | f z on 7r’ 3 ] 1/ ” g p . 

n—*x> 


Certain special cast's of 'I'licorcm 1 1 arc worth stating explicit lj’ 

( 'ouoLT.AHY 2. I A the function /(;) be analytic for | z | < T, let the numbers 
ct„K have no limit point whose modulus is less than J, and the numbers f)„i> have no 
limit point whose modulus is greater than B < T. Then the sapience r„(z) con- 
verges to f(z) for \z \ < (AT - BT - 2 AB)/(A - B + 2 T), uniformly for 
| z | g Z < (AT - BT - 2 AB)/(A - B + 2T), provided AT - BT - 2 AB > 0. 

Tlie condition 


(t — ct)(z — /3) 
(z - a)(t - &) 


& 1 


for 1 1 1 = r < T, T‘ > B, I « I S A, I p | ^ B implies 


(T 1 + A)( | si | + B) ^ t 
(A-\z\)(T’-B) ^ 


Msz = 


Ar-BT-2AB . 


(38) 


A - B + 2 r 
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this limit on | 2 | is automatically less than A . Thus the circle t | = T' lies 
exterior to the locus R of the theorem for the assigned loci j a J A, | /? | ^ B, 
1 2 | S Z' < Z, The locus R is a closed region and contains the locus | jS | £ B, 
lienee lies interior to 1 1 1 =* T ' ; the hypothesis of Theorem 1 1 is satisfied. Corol- 
lary 2 now follows from the fact that T' < T is arbitrary, for the extreme right- 
hand member of (38) increases with T', 

The locus R for the assigned loci | a | S: d, | j < B,\z\ £ Z is precisely the 
locus \t\S T' t for ft is a closed region with circular symmetry about the origin; 
the locus R contains the locus | /3 j g B; by (38) the point t = T' belongs to R, 
but no point on the axis of reals of greater modulus belongs to R. 

The limit which occurs in Corollary 2 is by no means accidental. Indeed, we 
may set f(z) = 1 /(z + T),0„k = — B, a H i = A. Welmvo 


/(«) — (2) = 


(39) 




~(A + Tyiz + BY* 1 
(?’ - 5)»+>(* + T)(z - A)" 

(A -|- T)(z + B) 


z + B 


(T ~ B)(z - A) J ( B - T)(z + T) 
For the value z (AT — BT — 2A7?)/(A — B + 2J 1 ) we have 

(A + T)(z + B) 


( T - B)(z - A) 


- ~ li 


so the last member of (39) approaches no limit as n becomes infinite, 

A generalization of Corollary 2 is obtained by the use of an arbitrary linear 
transformation of the complex variable, 

If in Corollary 2 wc make the allowable substitution A » «> , we have 


Corollary 3 [M6ray, 1884], If the points have no limit point of modulus 
greater than B } and if the function f(z) is analytic for \z \ < T > 2 B f then (he 
sequence of polynomials of respective degrees n found by interpolation to f(z) in the 
points /3 nf{ converges i tof(z)for \ z [ < T 1 — 27?, uniformly for \ z | g Z < T — 27?, 


If in Theorem II wo choose 7fi as the point at infinity, inequality (36) lakes 
the form | z — 0 | £ 1 1 — /3 |, so we have 

Corollary 4. Let Si and S 2 be closed limited point scls } and let S be the closed 
set consisting of the closed interiors of all circles (i.e. circumferences) whose miters 
lie on Si and which pass through points of $ 2 . If f(z) is analytic on S } and if the 
points j!3 n i have no limit point exterior to Si, then the sequence of polynomials of 
respective degrees n defined by interpolation to f(z) in the points ft,a converges uni- 
formly tof(z) for z on S 2 . 

Corollary 3 is a special case of Corollary 4, as is also 

Corollary 5, If the points He in the interval a g z £ b and if the function 
f(z) is analytic for \ z — a \ £ b — a and for \ z — b | S b — a, then the sequence 
of polynomials of respective degrees n defined by interpolation to f(z) in the points 
p nK converges uniformly tof(z) on the interval a S z g 6, 
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The locus R that appears in Theorem 11 and the locus that occurs in Corollary 
1 have never been studied in great detail in their dependence on Ri, AT, and AT. 
However, when AT is the point at infinity and AT and AT are the interiors of 
circles, then the locus R of Theorem 11 and the corresponding locus of Corollary 
1 arc bounded by Cartesian ovals; compare Walsh [1924a], 

§8,10. Geometric conditions, continuation 

The geometric problem which occurs in Theorem 11, that of the determination 
of the region R } is not symmetrically related to the four regions R\ } AT, AT, R , 
because the variables a f ft z arc independent and the variable i is dependent on 
them, even though not uniquely determined. There naturally exist three situa- 
tions other than Theorem 11 but analogous to it, where the variables ft z are 
respectively chosen as dependent. Let us study a single one of these analogous 
situations; the omitted situations are likewise of interest : 

Theorem 12, Lei Y consist of a finite number of non-intersecting contours } and 
lei S denote the complement of the locus of the point z satisfying the relation (36) when 
t has T as its locus and a and p have closed point sets Si and Sz as their respective 
loci . Let the points a n k and p,a lie in Si and S 2 respectively . If the function f(z) is 
analytic in closed regions hounded by r containing S and S 2 in their interiors , then 
the sequence of rational functions r n (z) of form (8) which interpolate to f(z) in the 
points P,a converges to f(z) in S f uniformly on any closed subset of S. 

The relation (37) holds for t on l\ a on S ]} P on AT, z on aS', and uniformly if z 
lies on any closed subset of S. The proof of Theorem 12 now follows from (12) 
by the method used for Theorem 11. 

Theorem 12 is not merely the analogue of Theorem 11— the difference is 
primarily one of emphasis in the geometry of the configuration — but is also its dual 
in the sense that we shall indicate. Let both V and A consist of a finite number 
of non-intersecting contours, and let tin 1 relation (37) hold uniformly for all t in 
Ti f - i |1 7’n , a on lit, and p on AT, where AT and AT are closed sets and where T\ 
and 7T are sets of closed regions bounded by 1’ and A respectively. The sets T 1 
and 7T can have no common point, for when l and z coincide, the cross-ratio 
(/, tv, z } p) takes tin* value unity if defined It is clear from (30) that a point of 
AT cannot belong to 7 T 2 nor a point ot AT to 7T; when z and a coincide and t and p 
are distinct, (37) cannot be satisfied; and when t and p coincide and z and a are 
distinct, (37) cannot be satisfied. The present configuration is entirely sym- 
metrical with respect to t, a and z } p . If f{z) is analytic in the closed comple- 
ment of T h if the <x nK lie in R\ } ancl if the p n K lie in AT, then the sequence r n (z ) 
of form (8) which interpolates to f(z) 111 the points ft,* converges to/(z) uniformly 
in 7T; this is essentially Theorem 11. If g{z) is analytic in the closed comple- 
ment of 7T, if the a nK lie in Hi, and if the ft* lie in AT, then the sequence of 
rational functions s,fz) of respective degrees n with poles in the points fta found 
by interpolation to g(z) in the points a u h converges to g(z) uniformly in 7T; this 
is essentially Theorem 12. From (37) we have a n i ^ ft v* 
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Corollary 2 to Theorem 11 yields its own dual, in the sense that the theorem 
obtained from Corollary 2 by reversing the r61es of t, a and z, 0 can also be ob- 
tained from Corollary 2 by the transformation w — 1 /*. The duals of Corol- 
laries 3, 4, and 5 are neither trivial nor uninteresting, and are left to the reader 
for formulation. 

Wc leave to the reader the proof (by Theorem 11 and the transformation (11)) 
of the analogue [Walsh, 1034b] of Theorem 11 for scries of interpolation : 

Theorem 13. Let Jfa, R 2i R% be dosed point sets, and let R be the locus of all 
points t when a, (3, z have R\ , R 2} Rz as their respective loci and the relation (36) 
obtains . If the function f(z) is meromorphic at every point of R, if all the poles of 
f(z) in R belong to the sequence a kf if the points a k have no limit point exterior to R h 
and if the points ft are different from the a y and have no limit point exterior to R 2> 
then the formal development (20) off(z) converges iof(z) uniformly for z on any closed 
set in Rz containing no point a*. 

The analogues of the Corollaries of Theorem 11 arc corollaries of Theorem 13. 
Let us state the analogue of Theorem 11, Corollary 2. 

Corollary 1. Let the function f(z) be meromorphic for \ z\ < T, let all the 
poles of f(z) for \ z\ < T belong to the sequence a k which has no limit point of 
modulus less than A y and let the sequence ft ^ ct v have no limit point of modulus 
greater ihanB < T ♦ Then the formal development (20) converges to f(z) uniformly 
on any dosed set interior to the circle \ z \ - (AT — BT — 2AB)/(A — B + 27’) 
containing no point a k . 

The case ^4 — co, T = gives 

Corollary 2. Let the function f(z) be meromorphic at every funic point of (he 
plane, let all the finite poles of f(z) bdong to the sequence <x k —' <*>, and let (he sequence 
ft ^ a v be uniformly limited Then the formal development (20) converges to f(z) 
uniformly on any closed limited point set containing no point or*. 

Corollary 2 [Walsh, 1932a] is to be compared with §8.6, la. 

The dual of Theorem 13— that is the analogue of Theorem 12 for series of inter- 
polation — is left to the reader. 

Throughout the present chapter, we have emphasized interpolation to analytic 
functions instead of to meromorphic functions except when we are dealing with 
scries of interpolation. It is of course possible to study interpolation to mero- 
morphic functions by a transformation of the same sort as (11). For instance, if 
the prescribed poles of the interpolating functions are a nU «, <2 , . * . , „ } i, if the 

region R in which convergence is studied is finite, and if the poles of f(z) in R are 
points a nk for every n sufficiently large : m = a„ h a 2 « <** 2 , . . . , = a n> m , then 

wc may replace the problem of interpolation to the function f{z) by a function 
of form (8) by interpolation to the function (analytic in R) 

(z - «i )(* - a 2 ) • * • (z - <x m ) f(z) 
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in the given points of interpolation by a function of form 

H- "b\z n 1 H - ' * • 

{z — 

The two problems of interpolation arc equivalent. Results on convergence for 
the modified problem load directly to results on convergence for the proposed 
problem. The modified problem is the problem considered in detail in Theorems 
3, 4, 6, etc. 

The material of the present chapter, the study of interpolation to an analytic or 
moromorphic function by rational functions whose poles arc prescribed, has 
obviously certain applications to the problem of interpolation by rational func- 
tions whose poles arc not prescribed but are automatically determined by other 
conditions in the problem. For cxamplo, a rational function of degree n may be 
required to interpolate to a given function in 2n + 1 coincident or distinct points. 
Fruitful methods for the study of this latter kind of problem have been developed 
in detail in various cases, especially for functions which are real on the axis of 
reals. These methods involve particularly the use of continued fractions, and 
deserve further study in connection with more general functions. For further 
details, see for instance Pad 6 [1892], Stieltjcs [1894], Norlund [1924], and Perron 
[1929]. 



CHAPTER IX 

APPROXIMATION BY RATIONAL FUNCTIONS 


The present chapter is a study of convergence, degree of convergence, and best 
approximation by sequences of rational functions whose poles arc preassigned, 
therefore an analogue and a generalization of Chapters IV and V. Wo shall 
need results on interpolation by rational functions supplementary to those of 
Chapter VIII. The caso of approximation on the unit circle is of especial inter- 
est, and is treated in some detail. 

§9.1. Least squares on the unit circle and interpolation 

The fact (§6.1) that approximation in the sense of least squares by poly- 
nomials on the unit circle | z | = 1 is intimately connected with Taylor’s series 
and therefore with interpolation suggests that approximation in the sense of 
least squares by moro general rational functions may also be connected with 
interpolation in points related to the polos of those rational functions. Let us 
prove 

Theorem 1. Let the function f{z) be analytic on and within 0: | z j = J. 
Then the unique function of the form 


(1) 


jv(z) 


boz" -f bjZ’'- 1 -j- b„ 

(z — «i) (z — a 2 ) • • • (z — a n ) ’ 


I «/■ I > 1 , 


of best approximation to f(z) on C in the sense of least squares, where the are pre- 
assignecl, is the unique function of form (1) which interpolates to f(z) in the points 
0, 1/ai, l/a s , • • • , 1/Sn. 


An arbitrary function of form (1) is also an arbitrary function of form 


( 2 ) 


B a + 


B , 

z — at 


+ 


B, 


a 2 


+ 


Bn 

z — a„ 


except that (2) is to be suitably modified if points «i occur multiply; the ease 
that one or more a k lie at infinity is exceptional in form and only in form for both 
(1) and (2): for (1) the corresponding factor (or factors) should simply ho omit- 
ted from the denominator, and for (2) the corresponding fraction (or fractions) 
should be replaced by B k z (or B i z i , B t z 3 , etc.). 

The natural method of proof of Theorem 1 is to orlhogonalizc (§6,2) the sot of 
functions 


(3) 1, l/(z - «,), 1 / (z - at ), • . • , 1 /(* _ «„), 

with the usual modification in this set for multiple or infinite a k * That method 

Phis method is carried out (with the exceptional cases omitted) by Takenaka [1925], 
Malm quiet [102C], Walsh [1032]. 
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is relatively unsatisfactory precisely because of the exceptional cases, which are 
of much importance, but which involvo elaborate notation, and computation. 
We shall therefore content oursolvos with a direct verification of the theorem. 

It is convenient to prove first 

Lemma I. If the function $(&) analytic on and within C: f z | =* 1 vanishes in 
the point z =* 1/a, then 4>(z) is orthogonal on C to the function 1/(2 — a), | a \ > 1. 


Tho proof is immediate, for we have 




dz 

z — 1/a > 


and this last expression vanishes by Cauchy's integral formula. 

In precisely the same way, tho reader can verify by tho use of Cauchy’s integral 
formula for the function z v '4>(z) and the formulas obtained from it by differentia- 
tion; 


Lemma II. If the function 4>{z) analytic on and within C vanishes in the origin , 
then 0(2) is orthogonal on C to the function 1. If (p(z) has a zero of order at least h 
in the point z ~ 1/a, then is orthogonal on C to each of the functions 1/(2 — a) } 
1/(2 - a) 2 , • • - , 1/(2 - a)*, | a j > 1. 

Lemma II is valid also in the limiting case that at is infinite: if <j>(z) has a zero 
of order k in the origin, then 0(2) is orthogonal on C to each of the functions 
1,2,..., z k ~K 

We are now in a position to prove Theorem L If r n (z) is the function of form 
(1) found by interpolation to/(z) in the points 0, 1 /on, 1 / 0 : 2 , * ■ • , 1 /&,„ the dif- 
ference f(z) — r n (z) vanishes in each of those points, hence is orthogonal on C 
to each of the functions (3), with the suitable modification in (3) for multiple 
and infinite It follows (§6.1, Corollary 3 to Theorem 1) that r n {z) is the 
linear combination of form (2) of best approximation to f(z) on C in the sense 
of least squares, Tho proof is complete. 


Corollary. If the function f(z) of Theorem 1 is not necessarily analytic on and 
uithin C but is represented interior to C by the integral 


(4) 


/(*) 


JL [ /i(0 dll 
2irl Jr t — 2 } 


where f\{z) is of class //“ on C T , then the function (1) of best approximation lof\{z) on 
C in the sense of least squares , where the oa arc prcassigncd } is the unique function 
(1) which interpolates to f(z) in the points 0, 1/ai, l/« 2 , ■ • * , 1 /ckr. In particular 
it is sufficient for equation (4) if f{z) is of class TI i} fi(z) = f(z) on C. 


Let us first treat tho case that f{z) is of class IZ 2 , with /1 ( 2 ) ss f(z) on C . We 
remark that the equation corresponding to (4) 




(0 dt 


t — 2 


w ^ 0, 


2 interior to C 
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is also valid; this appears directly from the relations for z interior to 0 

m f(z) - — f - = JL f k 1 " - dl . 

H Jq l — z 2 ri Jo t — z } 

the right-hand member vanishes by virtue of §6.10 equations (45). The Corol- 
lary now follows in the present special case from the fact that in the proof of the 
Lemmas and of Theorem 1 we have used only Cauchy's integral formula for 
(j>(z) and z tn <f>(z) t and the formulas which are obtained from it by differentiation. 
Those formulas all remain valid under the present hypothesis. 

We now treat the general case that /i ( 2 ) is an arbitrary function of class L 2 on 
C, The function /i(z) can be expressed almost everywhere on C as the sum of a 
function of class Ih and a function of class (?$; the latter is known (§6 11) to be 
orthogonal on C to every function of class H 2f henco orthogonal to each of the 
functions (3). Thus the original reasoning in the proof of Theorem 1 remains 
essentially valid also in the present case, and the Corollary is established. 

If the points ai which arc not infinite arc all distinct, we do not need to assume 
in this proof that /1 ( 2 ) is of class L 2 ; it is sufficient if f(z) is represented interior to 
C by (4), where /1 ( 2 ) is integrablc on C in the sense of Lcbcsguc. But the expan- 
sion of fi(z) on C is then to be interpreted merely as a formal expansion in terms 
of orthogonal functions; the least-square property may fail because | / t (z) j 2 need 
not bo integrablc on C . 

In Chapter VIII it was natural to study rational functions of form (1) rather 
than of form 


(5) 


C Q Z"~ l -f ClZ"-* + « • . + Cn— 1 

(2 - a x )(z — a 2 ) ■ ■ * (2 - cc n ) ' 


because the situation of §8.1 is essentially invariant under linear transformation. 
Our present problem docs not have the properly of invariance, and it is in order 
to study functions of form (5) ; infinite points cu are not excluded. 

To be sure, an arbitrary transformation of the form w = (nz — 1 )/(z — a) 
with ) a \ > I transforms C\ its exterior, and interior, into C, its exterior, and 
interior respectively; a function f(z) analytic on and within C is transformed into 
a function analytic on mid within C ; a rational function of degree n w ith poles in 
the points ai is transformed into a rational function of degree n with poles in 1 ho 
transforms of the points interpolation in the one plane corresponds to inter- 
polation in the other. Nevertheless, the transformation used introduces a non- 
trivial weight function; that is, approximation on the unit circle in the z-plunc 
in the sense of least squares with a weight function unity corresponds to approxi- 
mation on the unit circle in the 10 -planc in the sense of least squares with a weight 
function which is not identically constant, In some of our later work, wc shall 
admit approximation with an arbitrary continuous weight function, and then the 
invariance is of interest. In the present study of approximation by functions of 
form (1), we do have invariance except for a weight function under such linear 
transformations; in the study of approximation by functions of form (5), the 
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function (5) is itself subject to the requirement of vanishing at infinity , a non- 
invariant property, but best approximation is characterized by interpolation in 
n notable points: 

Theorem: 2. Lei the function f(z) be analytic on and within C: \z \ = 1, or 
more generally be represented interior to C by (4), where fi{z) is of class L 2 , Then 
the function of form (5) of best approximation iof{z) on C in the sense of least squares, 
where the are preassigned } is found by interpolation tof(z) in the points 1/cti, 


Theorem 2 follows directly from the Lemmas; the details are left to the reader. 
Theorem 1 suggests a series of interpolation, if an infinite sequence of points 
<xk is given; the sum of the first n + 1 terms is the function of form (1) which is 
found by interpolation to f(z) in the points 0, 1/ai, l/« 2 , ♦ • • , 1 /& n : 


( 6 ) 


f(z) — Oq -| [- 

z — aci 


a 2 z( 1 — ct\z) 

(z — «i ){z — OL%) 


l ^1 - aig)(l - ct&) , 
h lz - ai )(2 - t 2 )(z ^ ( sj f 


! Of A | > 1 - 


If any <xi is infinite, the factors involving that cu arc to be omitted from the 
denominators in (6); corresponding factors in the numerators are to be replaced 
by z> Kach term in the right-hand member of (6) is orthogonal to all the pre- 
ceding terms, as we see from the Lemmas by expressing these preceding terms in 
form (2). lienee, if f(z) is analytic on and within C, then then' are two formal 
expansions of/(2) of form (6), the one found by interpolation to }{z) in the points 
0, I /&i, 1 /a 2j ■ - • , and the other found by formal expansion (as in §6.1 ) of f(z) 
on C in the series of orthogonal functions. 

Theorem 3. Let f(z) be analytic on and within C:\z\-l or more generally 
analytic interior to C and represented interior to C by the integral 01), whete }\{z) is 
of class i? on (\ Then the two formal expansions of f(z) of form (ti) found respec- 
tively by interpolation tof(z) in the points 0, 1 /eh, l/aa, * * • and by expanding f } (z) 
formally on C in the scries (0) of orthogonal functions } are identical. 

Theorem 3 follows directly from the Lemmas The sum ,s\(s) of the first n + 1 
terms of the right-hand member of the senes of inlet polatwn (6) interpolates to 
f(z) m the points 0, l/« if l /« 2> • • • , hence by the Lemmas (extended) tile 
function fi(z) — s n (z) is orthogonal on V to ouch of tin* functions (3), lienee is 
orthogonal to each of the functions 

l z z( I — ct\z) z(l — ociz) - ■ » (t — a n -\z) 

' z — a[ f {z — a\) {z — a 2 ) 1 1 (z — ai) • * * (z — «») 

Conseciuently the series of interpolation (6) is identical with the formal expansion 
(6) ot fi(z) on C in the series of orthogonal functions. 

Theorem 3 can also be proved from the converses of Lemmas I and II, which 
are likewise true, or from the Corollary to Theorem 1, 

Consideration of (6) as an expansion in orthogonal functions yields the 
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Corollary. Under the conditions of Theorem 3 we have (n > 0) 

f f( z ) til ~ «■*> ’ • ' (1 - *»-**> \dz\, 

Jo {z — Oil) * * • (z “ «n) 

«l) • • * (z — Qfn-l) dz 


oc n a n 


a n ~ 


QfnQftt — 

2?rf 


f- 1 f M 

I Jc Z(1 — 


«1«) • • • (1 - «n«) 

m the case «„ = «> f/ie /ac/or a„5„ — 1 is to he replaced by unity. 

If one prefers to start not with the set of functions (3) but with the set 
1/(2 — ai), l/(z — a a ), • • • , | <xs \ > 1 , 

one is led to n series of interpolation whose partial sums have the form (5) : 


(7) f(z) 


a 0 


«i 


+ 


aiCl — &iz) 


H- 


Oa(l — «iz)(l — cetz) 


(z - ai)(z — at) (z — «i)(z - at)(z ~ a 3 ) 


”h 


M >i- 


To be sure, series (7) is not a series of interpolation of the form of §8.2, equation 
(10) ; nevertheless the fundamental properties that wo have established for series 
of interpolation hold for series (7), I 11 fact, we have the more usual form (com- 
pare §8.2) if wo write (7) as 


(2 - «i) f(z) = a a -[- cii ~ — ~~ + at ~ + 


Z — «2 


(z — a 2 ) (z ~ « 3 ) 


The precise analogues of Theorem 3 and its Corollary hold for series of form (7), 
In the remainder of the present chapter, wo shall not emphasise series of inter- 
polation. The reader will notice many applications to such series, and to the 
expansion of mcromorphic functions, by methods used in Chapter VIII. 


§9,2, Unit circle. Convergence theorems 

Wo shall now (§§9. 2-9,6) study the convergence of sequences of form (1) 
(where the <xk depend on n) and of series of form (6) with various conditions on 
the points <x k , We first apply merely geometric conditions on the given poles. 
Our results [Walsh, 1932] arc then of considerable generality, but on the other 
hand our conclusions arc not so strong as when more specific conditions an' 
placed on the given poles, as in §9.5. 


Theorem 4, Let the points ct H i } cv n2f * • • , a rth have no limit point of modulus 
less than A > 1, let the function f(z) be analytic for \ z\ < T > l, and Id r n (z) 
be the rational function of form 


T n (z) 


b,flZ n -|- * * 1 ~b bun 

(s - Otnl)(z - «n0 •••(«- «nn) 


of best approximation tof(z) on C: \ z\ » 1 in the sense of least squares . Then the 
sequence r n (z) converges to f(z) for \ z \ < (A*T + T + 2A)/(2AT + A 2 + 1), 
uniformly for \ z | g Z < (A*T + T + 2A)/(2AT + A 2 + 1). 
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In the proof of Theorem 4 it will be convenient to have for reference the 
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Lemma. Under the conditions \t \ ** T > l } \a \ A > 1, and \z\ = Z > 1, 
Z < A, we have 


( 8 ) 


t — a 

^ A + T 

az — I 

at — 1 

~ 1 + AT ' 

Z — a 


£ AZ-1 
S A - Z 


The transformation w ~ {at — 1 )/{i — a) } where a is fixed, transforms the unit 
circle into itself, the point t ~ <x> into to = a, the point t = a into tv =* , and the 

point t = 0 into w — l /a. The circle | t | = T lies exterior to C, hence is trans- 
formed into a circle C 1 exterior to C with respect to which to = a and w = 1/a 
are mutually inverse points. If T > \ a |, the circle | i | ** T separates the 
points t = a and t = <*>, so C 1 separates to = co and w = a, hence C f is a circle 
containing to — a in its interior, If T < | a |, the circle | t | = T does not sepa- 
rate the points t — a and t = qo } so C f does not separate w = co and w = or, 
hence C* is a circle which does not contain w = a in its interior. The line in the 
i-plane passing through the points t = 0, a, « must correspond to a “circle” pass- 
ing through the points w ~ l/a, that is to say, to the straight line through 
the origin and the point w - a. Thisline passes through the points of Clearest to 
and farthest from the origin, so the points of C ' which are nearest to and farthest 
from the origin must correspond to the points t — Taf \ a | and t = — Ta/\ a [. 
The corresponding points of C'are the points w = (Taa — | or \)/{Ta — a: | a | ), 
tv = (Taa + | a \ )/(Ta + a \ a |); direct comparison shows that the latter of 
these is smaller in modulus, no matter whether T is greater than, less than, or 
equal to | a |. Thus we have the first of the inequalities 


& - 1 > \a\T+l > AT + 1 , 
t - a = | a| + T = .4 + T' 


the second of these inequalities may be verified by direct companion, so the fir^t 
of inequalities (8) is established. 

From the discussion already given, if we use the fact proved concerning the 
moduli of the two points on C' which are respectively nearest to and farthest 
from the origin, we have the inequality 

I az — 1 \a\Z ^ 1 


which implies the second of inequalities (8). 

The proof of Theorem 4 is now immediate. We have for n sufficiently large 


/(*) - r n (z) 

1 _ f zjoCnl % — 1) » ’ ’ g — 1) U — QT„l) » “ (l ~ ttnn) f(t) dt 

2m Jr t(di n i t — 1) * • ■ (a nrt t — 1) (z — a n \) ■ ■ • (z — a nn ) (t — z) * 


z interior to T : | i \ *= T f < T* 


(9) 
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For n sufficiently large, we have | a, a § A' < A, A' > 1. The right-hand 
member of (9) converges uniformly to zero by virtue of (8), provided wo have 
\z\'= Z, Z < A',Z < T 1 , 

A' + T' A'Z~ 1 
1 + A'T' ‘ A' -Z <l> 


that is to say, provided wo have 

(10) Z < (A ,2 T' + T' + 2A')/(2A’T' + A n + 1) ; 


this last quantity is automatically less than A' and T' , If we allow the numbers 
A' and T' to approach monotonically tho limits A and T, the right-hand member 
of (10) increases and approaches the corresponding limit. Theorem 4 is com- 
pletely proved. 

The cases A = °° ancl T =» « arc not excluded in Theorem 4. The corre- 
sponding limits on Z are respectively T and (d 2 + l)/(2d). In the former case 
the functions r„(z) are not necessarily polynomials; the requirement is merely 
that the have no finite limit point. 

The limit which appears in Theorem 4 is by no means artificial. The conclu- 
sion is false if that limit is replaced by any larger limit, as may bo seen by choos- 
ing /(z) — l/(z + T), cc n K = A. We have 


( 11 ) 


/(«) - rA.z) = 


(/I + T) tt z(Az - 1)" 
T(AT + 1)» (z + T) (z - A)- 1 • 


For the particular value z = (A*T + T 2A)/(2AT A 2 -\- 1) wc have 


(/I + T) (Az - 1) 
{AT + 1) (z - A) ~ 


so the right-hand member of (11) approaches no limit. 


C OROLLARY. U ndcr the hypothesis of Theorem 4 we have. 

lim [max | f(z) — r»(z) \ ,zon C] 1 '" A (d + T)/{ 1 -\- AT). 


The Corollary follows from (8) and (9), for when z is on C wcliavo 

i — l)/(* — «»«.) | = 1. 

In the specific example considered above, wc have from (11) 

lun [max | f(z) - r,,(z) \ , z on Cl 1 '* = (A + T)/{ 1 + AT) , 

n— »«> 

so the result of the Corollary cannot be improved, 

A relation similar to that of the Corollary is easily written down for z on tho 
circle \z\~ Z < (A*T + T + 2 A)/(2AT + A* + 1), Z £ 1: 

iim [max | f(z) - r.(«) \, f z | = Z] 1 '" 5 ~ . 

n— »oo I Ai A — ■* /j 
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The special case of Theorem 4 in which the a n k clo not depend on n naturally 
leads to a series of interpolation; compare §8.2, equation (11): 

Theorem 5. If the function f ( a ) is meromorphic for \z \ < T > 1, if every pole 
of f(z) interior lo the circle | z | =s T occurs in the sequence ai t a 2 > ♦ • • al least a 
number of times corresponding to its multiplicity , if the points au are distinct from 
the origin and from the points 1/a*, and if the points ak have no limit point interior to 
the circle \ z \ « A > 1, then the formal development (6 ) found by interpolation in the 
points 0, 1/ai, l/a 2) • ■ • , converges tof{z)Jor \ z \ < (A 1 2 T + T + 2A)/(2AT + 
A 2 + 1) except in the points uniformly on any closed set interior to \z \ < 
{A 2 T + T + 2A)/(2AT + yl 2 -f 1) containing no point a 

If f(z) is analytic interior to C; \ z | =: 1, and if all the lie exterior to C, then 
the sum of the first n + 1 terms of (6) is the rational function of form (1) of best 
approximation iof{z) on C in the sense of least squares . 

Iff(z) is mcromorphic at every finite point of the plane , if all the finite poles of f(z) 
occur in the sequence oik, if the ak are distinct from the origin and from the points 
l/a„ and if lim*_,oo a/t — go, then (6) converges to f(z) uniformly on any closed 
limited point set containing no an. 

The last part of Theorem 5 is included in §8.10, Corollary 2 to Theorem 13. 

In Theorems 4 and 5 we have studied interpolation and approximation by 
rational functions of form (1) rather than (5); the latter problem is readily 
handled, and yields exactly similar results. 


§9,3* Unit circle. Other measures of approximation 
We establish for reference the following 

Lemma I. If P(z) is a rational function of degree n whose poles tic on or exin lor 
lo the circle [ z \ — pr > r, and if we have 

\l\z) \ £ L, for \s\ - r , 

then wc have 

(12) | P(z) I i /, > for\z \ = rlii , 1 < /i\ < p . 


We prove Lemma I in the case r — l, as is sufficient. For definiteness let the 
poles of P(z) exterior to the circle | z \ — 1 be on t a», > • , a m , m S n. The 
function 


« fe > - (i 3$ 


(z 

(1 -a )n z) 


is analytic in the extended plane for | z \ > 1 and continuous for | z | g L 
Thus we have | Q(z) | g L for | z | =* 1, hence for | z | 1. The inequality 

| otk | fe p implies by the Lemma of §9.2 for | z | == 2?i 

1 — OikZ < plh — 1 

z — (Xk P — R\ * 
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from which (12) follows. 


Theorem 6. Let the points a n i, a n % } • ■ • , a nn have no limit point of modulus 
less than A > 1, let the function f(z) be analytic for \z\ < T > 1, and let ir n (z) 
be the sequence of rational functions of form 


(13) 


irn(z) = 


bnQZ n 4“ 1 4" ' 1 ' 4“ b nn 

(z — a„i) (z — Otni) • • • (? — ®nn) 


of best approximation to f(z ) on C: | z | = 1 in the sense of Tchebycheff, in the sense 
of least p-th powers (p > 0) on C, or on the set\z\ S 1 in the sense of least p-th 
powers (p > 0), in every case with a positive continuous norm function. Then the 
sequence % „(z) converges to f(z) for | z \ < (A*T + T + 2 A)J( 2 AT + A* + 1), 
uniformly for | z | g Z < (A^T -+■ T 4- 2 A)/(flAT + A 2 + 1). 

In every case ive have 


(14) lim [max J f(z) - v„(z) \ , z on C] lln g (A -(- T)/( 1 + AT ) . 

n— »co 


Let ir„(«) bo the function of best approximation to f(z) on C in the sense of 
Tchebycheff with the norm function n(z), with 0 < Wi g n(z) g N on C. If q > 
(A 4- T)/(l + AT) is arbitrary, we have for the rational functions r n (z) of 
Theorem 4 (by the Corollary to Theorem 4) 

(15) I f(z) — r n (z) | g Mq" , z on C . 

Consequently we have 

n(z) |/(2) - r„(z) | g MNq”, z on C ; n(z) j f(z) - ir n (z) | g MNq ” , 2 on C ; 

(16) j r„(z) — 7r„{z) J g 2 on C . 

ih 

For n sufficiently largo the moduli | a, a | are greater than an arbitrary A' < A, 
A' > 1, so from Lemma I now follows 


| Jn(z) - 1Tn(z) | g 


2J1/IV jA’Ih - l\" 
— * 


for | 2 | g lit < A' < A , Jii > 1 . 

Hence the sequence r n (z) — 7r„(z) converges uniformly to the limit zero whenever 
we have 


q(A'Ri - 1 )/{A' -!?,)< 1 , or Ri < (A' + ry)/(l + A’q) . 

We can allow A' to approach A and q to approach {A -\- 2’) /(I 4- AT ) ; the limit 
of (A' 4- <?)/( 1 + A’q) is (vl 2 2' 4- 2 A 4- T)/( 2 A T 4- A i 4- !)• From the known 
regions of uniform convergence of the sequence r„(z) vve can now conclude that 
the regions of uniform convergence of the sequence v „{z) arc as stated. In- 
equality (14) follows at once from (15) and (16). 

The remainder of Theorem 6 is readily proved by this same method, by the 
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uso of the present Lemma I with r < 1, of §5.3 Lemma II, and of the Lemma of 
§6.5, The details can be supplied by the reader, 

Theorem 6 is the best theorem of its kind, in the sense that the limits given on 
the region of convergence and degree of convergence cannot be improved with- 
out further specializing the points a n k or the function f(z) ; this follows from our 
remarks in connection with Theorem 4. 

By inspection of the proof of Theorem 6, we can also state 

Corollary 1. Let the points a n i , a n ^ ■ « • , a nn have no limit point of modulus 
less than A > 1, let the function f(z) be analytic for \ a\ < T >1, let C be the unit 
circle , and lei R n (z) be a rational function of form (13) such that we have for a fixed qi 

lim [max | f(z) — R n (z) \ ,z on C] 1/H £ q\ £ (A -f 70/(1 + AT) , q x < 1 , 

n— »<* 

Then the sequence R n (z) converges tof{z) for \ z\ < (A + qi)/(l + uniformly 
for \z \ £ Z < (A + (?i)/(l + Aqi). Moreover, rue have for 1 < Z < (A + 

lta [max | /(*) - R n (z) \ , | « | ~ Z)'"> g Ql (AZ - 1 )/(A - Z ) . 

— >00 

Corollary 1 clearly applies to the functions t*(z) of Theorem 6. 

If the analytic character of f(z) is not known, we must content ourselves with 
a less favorable result: 

Corollary 2. Let the points a n i, • « • , a un have no limit point of modulus 
less than A > i, let C be the unit circle , and let R n (z) be a sequence of rational func- 
tions of form (13) defined for every n such that we have 

lim [max | f(z) — R n (z) \,zon C) l{n g q < 1 , 

>00 

where f(z) is defined merely on C. Then Ihe sequence R„(z) converges for [ z | < 
{A + <Z 1/2 )/(l + Aq 11 -), uniformly fur | z | g 7, < (/I + 1 + Aq m ), and 

f(z) is analytic for J z \ < (A + ^ 1/2 )/(I + Aq lu ). 

Let Q > q be arbitrary; we have for suitably chosen M 

| f{z) - 1 ?„(*) | g MQ " , | f{z) - «.„(*) | £ MQ' l+l , z on C . 

Combination of these inequalities yields 

| R,fz) - R n+l (z) | ^ il/(l + Q)Q H , * on V , 

whence from Lemma I 

| R n (e) - R„+i(z) | si M( 1 + Q)Q n [(4'fli - l)/(A’ - fli)]*"”, 

for | z | = ffii < A ‘ < A , Ri> l, 

provided merely n is sufficiently large; under such conditions the function 
R n (z ) — R n +i(z) is a rational function of z of degree 2n -f- 1 whose poles lie exte- 
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rior to | z \ « A\ Consequently the sequence R n (z) converges uniformly pro- 
vided merely 

Q'*(A'Ri - 1 )/(A' — 720 < 1 , ll\ < (A' + Q '**)/( i + A'Q 112 ) , 

Corollary 2 follows by letting A f and Q approach A and q respectively* 

This same reasoning obviously leads to a more favorable result if the numbers 
<Xnk = on, arc independent of n, for the function R n (z) — R n + \(z) is a rational func- 
tion of degree only n + 1, whose poles lie in the points «t, . ■ • , 

Corollary 3. Let the points a n k = otk be independent of n } and have no limit 
point of modulus less than A > 1, Let C be the unit circle, and let R n (z) be a 
sequence of rational functions of form (13) defined for every n such that toe have 

lim [max | f(z) - R n (z) \ , z on C] lln £ q < 1 , 

where f(z) is defined merely on C. Then the sequence R„(z) converges for \ z\ < 
(A + q)/(l + Aq), uniformly for | z | g Z < (A + q)/( 1 -\- Aq), and f(z) is ana- 
lytic for | z | < (A + q ) / (1 + Aq). 

The situation of Theorem 6 is invariant under linear transformation of the 
form id = (az — 1 )/(z — a), | a | > 1, in the sense considered in §9.1. Best 
approximation on the unit circle C to f(z) by rational functions of degree n 
whose poles lie in the points <*„/, with a positive continuous norm function, corre- 
sponds to best approximation on the unit circle in the tc-plano to the function 
which is the transform of/(z) by rational functions whose polos lie in the trans- 
forms of the points <*„*, with a suitably chosen positive continuous norm function. 
Thus we may state 

Corollary 4. Let the points a 0 i, «„», > • • , have no limit pond interior to 
I {az — l)/(z — «) | < A > 1, | a | > 1, let the function /(z) he analytic for 
| («z — l)/(z — a) | < T > 1, and let t„(z) he the rational function of form (13) of 
best approximation tof(z ) on C: \ z | « 1 in the sense, of Tchchychef), in the sense of 
least p-th powers (p > 0) on C, or in the region | z | g 1 in the sense of least p-th 
powers (p > 0), in every case until a positive continuous norm function. Then the 
sequence ir»{z) converges to f(z) for 

| (az - 1 )/(z - a) | < {A*T + T + 2A)/(2AT + A* + 1) , 

uniformly on any closed set interior to that circle. In every case, inequality (14) 
is valid. 

Corollaries 1, 2, and 3 have their analogues in this new situation. 

One further result [Walsh, 1931b] is a consequence of tlio method of proof of 
Corollary 2, and may be proved by the reader by a method entirely analogous 
to that of analytic extension : 

Corollary 5. If the sequence of rational functions r„(z) of respective degrees n 
converges in a region C ( containing no limit points of poles of the r„(z)) in such a way 
that we have 
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lim [max | f(z) — r»( z) \, zon G] lln = 0 , 

where f(z) is defined merely on C, then the sequence r n (z) converges andf{z) is analytic 
at every point P of the extended plane except the limit points of poles of the functions 
r n (z) and except points separated from C by such limit points. Convergence is uni- 
form in any closed region C\ of points P containing no such limit point f and we have 
also 

lim [max | f(z) — r n (z) \ , z on CJ l/n = 0 . 

H-tOQ 

The conclusion of Corollary 5 applies in fact if C is no longer required to be a 
region but is a closed point set not a single point whose complement is simply 
connected; compare §9.7, Lemma L 


§9.4. Unit circle. Asymptotic conditions on poles 

Other conditions than the geometric conditions of §§9.2 and 9.3 are of interest. 
AVc shall prove 

Tiieouem 7. Let the points a n i Ho exterior to C\ \ z\ — 1, and let the relation 


(17) 


lim 

u 


(ttnl Z ' — 1) (o!n2 Z 1) • 1 ' (&*»« Z ‘ 1) 

(z — ot n i) (; z — <x n o) • • * (z - a H „) 


1 In 


— 1 1 p(z) | ^ constant 


hold uniformly for z on an arbitrary closed subset of some legion S, Let S contain 
r in its interior but contain in Us interior no limit point of the set !/&„*. Let the 
function f(z) be analytic interior to the region Hr, where lt T ' gcnenrally denotes the 
region which contains in Us interior C and its interior , contains in its interior no point 
exterior to C not m S , and is bounded by the locus | $(z) \ — T f > 1 in S . Let 
T,fz) denote the function of form (13) of best approximation to f(z) on C in the 
sense of Tchebycheff in the sense of least p-th powers (p > 0), or in the region 
| z | ^ 1 in the sense of least p-lh powers (p > 0), m every case with a positive 
continuous norm function Then the sequence 7r n (z) converges to f(z) in JVr, uni- 
formly on any closed set interior to R T , 

In every case we have 

(18) Inn [max \f(z) — t h (z) I, zon OJ l/ ” ^ l/7\ 


Let us denote by $ n (z ) the function whose modulus appears in the left-hand 
member of (17). By inspection we see that ^>Xz) satisfies the equation 

* V'l'niz ) . 


It follows that whenever (17) is valid on a point set S' exterior to (\ the equation 
also holds (if \f(z) is suitably defined and if \p(z) ?*■ 0) on the point set which is the 
inverse of S' with respect to (\ The function | \p(z) | satisfies the equation 

i*a/«i = i/i mv 

The function \p(z) cannot vanish interior to S } for at each point of S the factors 
| ( a n kZ — 1 )/(z — <*„*) | arc uniformly bounded from zero; compare the trans- 
formation a! = ( az — 1 )/{z — a), where z is fixed and a and a! are variable. 
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The function log | f (z) j is the limit of a uniformly convergent sequence of 
harmonic functions, hence harmonic interior to S. On C wo have | \{/(z) | = 1. 
Exterior to 0 the function | H z ) | is the limit of a positive function which is 
.greater than unity. The function | yj/(z) | is not identically constant, so we 
must have | Hz) \ > 1 throughout S exterior to C. It follows that the locus 
| \p(z) | = T' < T, T 1 > 1, lies interior to Rr and exterior to C, 

■ It will be noted that equation (17) is valid in some region whenever wo have 
uniformly 

(19) lim | ( z - a„i) ( z - a M ) • • • (z — «„,.) j l,n = | x(z) | 

on every closed set interior to some region 2 containing in its interior C and its 
Interior; equation (19) holds (§7.6) with x(z) constant whenever the ct n k are 
uniformly distributed on some curve r exterior to C with respect to the harmonic 
function conjugate to Green's function for the exterior of r. Equation (19) 
implies uniformly in the region common to 2 and its inverse in C, 

Jim | («„i z - 1) (a n2 z - 1) • • • («»,» z — 1) | Un 

71— teO 

=■ lim | z | • | (am — 1/z) (a n2 - 1/z) • • • (a„„ - 1/z) [ 1/ " = | z | • | x(l/z) I • 

n -»«> 

That is to say, (17) is valid uniformly if we set 

»A(z) » zx(l/*)/x(z) * 

For instance the a n i> may bo the n-th roots of A n , A > 1; equation (L9) is valid 
for | z | < A with x(z) — A> and (17) is valid for A > J z \ > 1/A with $(z) z . 
Whenever x(z) in (19) is identically constant, wo can choose \f/(z) z in (17). 
Whenever we can choose \p(z) ^ z, uniform convergence of the sequence 7r n (z) is 
in character like the uniform convergence of the Taylor development of f(z) t so 
far as points interior to £ arc concerned; degree of convergence of the two series 
corresponds if S contains the entire region of convergence of the Taylor de- 
velopment. 

We proceed to the proof of Theorem 7. We choose first the case that 7 r n (z) — 
r n (z) is the function of best approximation to f(z) on C in the sense of least squares 
with norm function unity. Convergence of this sequence 7r*(z) on the point sets 
as stated follows directly from (17) and from (9), where I 1 is now chosen a locus 
| \p(z) | = T f < T in S and z lies interior to R T t/, 2 1 " < T\ Moreover, for z 
on C we have | (a n iz — 1 )/(z — <*,,0 | » 1, so (18) follows. 

By the method of proof of §9.3, Lemma I wo have at once: 

Lemma II, If P{z) is a rational function all of whose poles ai, a<z f • • • , a n lie 
exterior toC: \ z | « 1, and if we have \ P(z) \ ^ Lon C } then we have exterior lo C 

{cciZ — lHgsg — 1) > « * (a n z — 1) 

(z - ay}(z - at) • * • {z - ct») 


\P(z ) | g L 
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The remainder of Theorem 7 can be provod now by the use of Lemmas I and 
II. We present the details only in a single case. Let us choose, for illustration 
and for comparison with tho proof of Theorem 6, the case that ir n (z) is the func- 
tion of best approximation to /(«) on C in tho sense of least p-th powers. For 
simplicity we choose the norm function unity. 

For tho functions ?’„(«) already studied (functions of best approximation in the 
sense of least squares on C ) we have for an arbitrary T\<T 

(20) \f(z) - r n (z) | g M/T1, z on C . 

Thero results tho inequality 

j c \f(z) — Vn(z) I” I dz I g Mx/TT, 

or by the Lemma of §5.5, 

(21) | M - ir n (z) | g M t /Tl , | 2 | g r < 1 . 

If wc combine (20) and (21), wo have 

! r n (z) ~ r„(z ) | g M 3 /T " , 1 z | g r < 1 . 

From the conditions of the theorem it follows that all the | ot»K | have a lower 
bound A which is greater Ilian unity. By §9.3, Lemma I wc now have (pr — A, 
rlt ■ = 1) 

(22) | „.(*) - r.W | S (^i)", MSI, 

where M* depends on r. Of course the factor (A — r 2 )/[r(/l — 1)] is licre 
greater than unity. By virtue of (20) and (22) we have 



from which follows 

iim [max | f(z) ~ x„(z) [ , z on C] ifn £ — * -y . — \ . 

n — *qo a i ri^r ' 

If wc allow T { to approach T and r (n approach unity, inequality (18) results. 
By virtue of (22) we may write for an arbitrary r l\ < T 

It r n (z) - r n (z) | £ MJTl , zonC. 

From Lemma II we have 


I ir»(«) - r n (z) | g 


Af, 

rnn 
1 2 


(dnlZ — l)(&n2Z — l) * * • (a nn Z — 1) 
(z Oi n i)(z <*n2) * OC nn ) 


z exterior to C , 


The locus | \p{z) | a* I* < 1\ lies interior to Rr r The uniform convergence to 
f(z) of the sequence r n (z) interior to li Ti now follows from (17) ancl from the 
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rgenoo of the r n (z). The proof is complete, for r J\ < T 
, the region S of Theorem 7 may contain the point at infinity in 

i 7 we have supposed for simplicity that (17) is valid uniformly on 

an arbitrary closed subset of £; it follows that S contains no limit point of the 
ant,* It is sufficient, however, for every a n k to lie exterior to C and for (17) to be 
valid uniformly on any closed set interior to S except in the neighborhoods of a 
set of points having no limit point Interior to S . In this case, the points may 
have limit points in S. The sequences r n (z) and ir n (z) still converge to f{z) inte- 
rior to any Rt in which f(z) is analytic, except in the limit points of the «»* j con- 
vergence is uniform on any such closed set containing no such limit point. In 
the special case a n k = <xi f the sequence r n (z) corresponds to a series of interpola- 
tion, and/(z) may be mcromorphic in It T 

In both Theorems 6 and 7 the conditions may be modified so that the given 
function /(z) may be analytic merely for | z | < 1, continuous for \z | g 1. Under 
these circumstances it is still true, and follows by the methods already used 
(eompare §5.8), that the sequence x n (z) converges to f(z) interior to C t uniformly 
on any closed point set interior to C. 

In Theorems 6 and 7, the points a n k and functions r n {z) and ir n (z) need not be 
defined for every n . 

We leave to the reader the proofs of the analogues of line Corollaries of Theo- 
rem 6: 

Corollary 1. Let the points oc n k satisfy the condition of Theorem 7, and Id the 
function f{z) he analytic interior to R T . Let R n (z) be a rational function of form (13) 
such that we have for given T' 

lim [max | f(z) — R n (z) | , z on C\ [/u g 1/T' g 1/T . 

71 “100 

Then the sequence R n (z) converges tof(z) interior to Rf, uniformly on any closed set 
interior to Rt'. Moreover, for T\ < T 1 we have 

Bin [max | f(z) - R n (z) \ , z on g Ti/T. 

n — 1 

Corollary 2. Lei the points a n k satisfy the condition of Theorem 7, and let the 
R n (z) be a sequence of rational functions of form (13) defined for every n such that 
we have 

lim [max | f(z) - R n (z) \ , z on C] lfn g 1/T < 1 , 

n-'oo 

where f{z) is defined merely on C. Then the sequence R»(z) converges interior to 
Rt'o, uniformly on any closed set interior to Rt'”, and f(z) is analytic interior 
to Rt'I *. 

Corollary 3. Let the points a n k ~ a* be independent of n and satisfy the con- 
dition of Theorem 7. Let the R n (z) be a sequence of rational functions of form (13) 
defined for every n such that we have 
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where f(z) is defined merely on C. Then the sequence R n (z) converges interior to Rr, 
uniformly on any closed set interior to R T) andf(z) is analytic interior to Rr. 

No new result is obtained from Theorem 7 by the transformation w = 
(az - 1 )/(z - a), | a I > 1, for the modulus | (a'z' - 1) /{z‘ - «') I is invariant 
under such a transformation. 

The general condition (17) will be discussed in some detail later (§9.5), but 
several further remarks arc of interest here. 

In a sense, Theorem 7 is the ' ‘best.” theorem possible under the given hypothe- 
sis, for let us choose /(z) = 1 /{i — z), \ \f(t) \ = T,t in S. If r„(z) denotes the 
function of prescribed type of best approximation to f(z) on C in the sense of 
least squares, wo have 


/(z) - r„(z) = 


z(ctnlZ — 1) • . . ( a„„Z — 1)0 — Otnl) •••(<— «■»■>) 


fl»n 


,)« - *) 


t(.a„it — 1) • • • ( OC nn t — 1 )(z — «nl) * • • (z 
For a point z in S at which | Kz) I - T' > T, we have 

lim | /(z) - r n (z) |‘/» = T'/T > 1 , 

n— •» 

so the sequence r n (z) cannot converge. For this special function f(z), it is clear 
too that inequality (18) cannot be improved. 

Under the hypothesis of Theorem 7, the function /(z) may be analytic through- 
out S and also on Lhc boundary of S, and yet the sequence rjz) may converge 
in a region exterior to S to a value different from /(z). Vie choose /(z) - 
\/(T — z ), T > 1, and choose the a n i as the n-th roots of A n , l < A < I ■ le 
region S can be chosen as | z | <C A . Then \\ e lia\ e 


f(z) - r„(z) = - 


z(A"z n - 1)(T" - .4’*) 


T{A "T n — l)(z n - -4 w > ( T - z' 
41 - l/(.lV)Kl - .-l */Tf_ 


y[l __ i /(_-l "'T’ , )](l — A n ,z' , )lT — z) 

For a value z such that A <\z\ < T, or even \z\>T, this nght-hand mem- 
ber approaches the limit z/[T(T — z)} , . /, s i 

The same 'example shows anew the accuracy of the limit cxpiessed In (18j, 

even if f(z) is analytic in the closed region S. Inspection yields 

fl/r, 1<T<T; 

lim [max | /(z) - r„(zO i j z on C ’l Wn ~ K l < A < T . 

Ti-tCO K * ~ * 

§9.5. Applications 

One faidyob^stT^ the ^ 

i „ nin lhc first n ot the numbers 

bers ctni) am, ■ • • , a,c 11 
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oci, «2| • • • , <X V , a\ } # 2 , •*' t a vt on, Ct 2 , , | or* | > 1 . 

Equation (17) is valid, whore 8 consists of the extended plane except the points 
otkt and wo can sot 

| xb(z\ I S3 ~ ~ 1) * ‘ 1 ~ 0 Ui> 

(z - «i ) (z — « a ) ♦ ♦ ■ (z — a,) 

If the given function /(#) is analytic at every point of the extended plane different 
from the a*, thou the sequences r H (z) and r n (z) converge to f(z) on tho entire 
plane except at tho points a*; this region may well bo the complete domain of 
definition of f(z ). The functions r n (z) (i.o, of best approximation in tho sense 
of least squares) can be written as the partial sums of a series of interpolation 
of form (6), 

Another situation is somewhat similar to this. Let us suppose 

i 

// // ti 
«2> • • ' « ; 


a ( /> «V\ 


where all of these numbers are in modulus greater than unity. Lot the numbers 
ani, ani, • • • , aim be chosen as the first n of the numbers 

/O 0 \ / // (r) ’ » (»)/// 

(23) ot u a u •••,«, a 2 , a s , • • • , a\ a 3 , a s , • • • . 


( » ) ' w 

a\ a 2 ,a 2 , 


{ „ ) / // 
a 2 , «s, at, 


Equation (17) is valid, as the reader can easily verify (compare §3,5), and wo 
have 


I t _ (a'g - 1) (fi"g -!)•■• (&w a - 1) ■" 

( 2 : — «') (2 — a”) • • • (2 — a (, ' , ) 

The region 5 is the extended plane except the points a a> and tho points a l , k) . 
If f{z) is meromorphic at every point of the extended piano other than the « a) , 
if all the poles of f(z) other than the a (L) belong to tho sequence (23), where each 
polo is counted according to its multiplicity, then the sequences r n (z ) and ir„(z) 
both converge to f(z) at every point of the extended plane except the points « (l) 
and the points a ( , k) ; this region of convergence may well be the complete domain 
of definition of f(z). The functions r„(z) are the partial sums of a scries of inter- 
polation (6). 

Whenever the points a,,* = a-;, are independent of n and oi modulus greater 
than unity, the functions r„ (z) are the partial sums of a scries of form (0) . Under 
these conditions suppose the points satisfy the conditions of Theorem 7, 
and let us assume purely as a mailer of convenience that S and the a„ arc 
bounded. Then an obvious consequence of (17) is 

Um ~ 5 i*) C - «gg) -••(!- a„-iz) Un 
n-)» (2 — «i) (2 — cut) • • ’ (2 — a, i) 


= | vK*) I , 2^0, 
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for z in S, uniformly on any closed set interior to S not containing the origin. 
Consider an arbitrary series of form (6); let us set lim n -»«, | a n \ l/n ~ 1/T\ 
We assume T' > 1; in the contrary case the series converges at no point of S 
exterior to C. It follows then from §3.4, Theorem 5 that (6) converges uni- 
formly on any closed set interior to R T * and diverges at every point of S exterior 
to R t r if R t / exists; the sum f(z) of the series is analytic throughout the interior 
of Rt If R t * does not exist, the function f(z) is analytic interior to every 
existent R T [ } T[ < T\ We have 

lim [max \f(z) — s„(z) \ 9 z on C] ifn S 1 /T', 

n— »oo 

where s n (z) is the sum of the first n + 1 terms of the series. Of course this 
series (6) is the unique formal expansion of f(z) found by interpolation, hence 
is also the formal expansion of f(z) on C in the series of orthogonal functions. 

Under the hypothesis of Theorem 7 with a nfy — ai suppose that f(z) is ana- 
lytic interior to Rt but has a singularity on the boundary of R T . Let us set 
limn-oo | a n | 1/n - 1 /T', where a n is defined as in (6). The inequality T* > T 
would imply uniform convergence of the development (6) in some region con- 
taining R t in its interior, which is impossible. The inequality T' < T would 
imply divergence of (6) exterior to R T * } hence at some point interior to R T) in 
contradiction to Theorem 7. Thus we have T' — T; series (6) diverges in S 
exterior to R T . If/(z) is analytic interior to every R T) then we have 


lim | a n | l/ " ^ 1/To, 

n— 

where T 0 is the least upper bound of all T for which R T is defined. Of course 
the function \p(z) may be defined exterior to S, but a locus | \p(z) | = T f wholly 
or partly exterior to S has no significance in the present connection. 

Theorem 7 has application also to the case of an arbitrary region D which 
contains in its interior both C and its interior, and which satisfies certain broad 
requirements. Let us suppose for the moment that D is finite and is bounded 
by a finite number of non-intersecting analytic Jordan curves. Let S be the 
region common to D and to the inverse of D m C. Then £ is also bounded by 
a finite number of analytic Jordan curves We shall use the method of §8.7. 

Let Si denote the subregion of D exterior to C. Let U(x, y) be the function 
which takes on the value zero on the boundary of D and the value +1 on C, 
is continuous in Si and harmonic in Si. Then V (.r, y) can be extended har- 
monically by reflection across C, so as to be harmonic throughout the interior 
of S, and takes on the value — 1 on the boundary of S interior to C. 

If the points a n k are uniformly distributed with respect to the harmonic 
function conjugate to U(. r, y) on the boundary of D and the points p f nk on C 
(by the method of §8 7) we have 


(24) 


lim 


(z - /O (z - p' nt ) • ■ ■ (z ~ iO 

(z — Ctnl) (z — a„ 2 ) • • • (z — a„n) 


1 jn 


= exp [all(x, 2 /)] , 
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uniformly for z on any closed set interior to Si, where the constant u is suitably 
ohosen. 

If we set z = \/z' and make use of the fact | p' nk | = 1, wc have 
I 0 - 0 'j/(* - «„i) [ « | (2' - p' nU )/{a nk z' - 1 ) | , 


(26) lim 

n— »oo 


W - O • • • (J - (O 

(a ni z' - 1 ) • • • (&«„z' - 1 ) 


l/ll 


exp [<tU'( x', y’)} , 


z' = x ! 


for z' on any closed point set interior to S it the subregion of S interior to C‘, in 
(25) the arguments (x' } y’) of the function U’ arc naturally those which cor- 
respond under inversion in C: z — 1 [%' to those in (24). We define V by the 
equation U(x, y) = U'(x', y'). 

For z on any closed set interior to $ 2 , the limit of the left-hand member of (24) 
exists (compare §§8.7 and 8 . 8 ) uniformly and is a non-vanishing constant. 
For z' on any closed sot interior to 81 , the limit of the left-hand member of (25) 
exists uniformly and is a non-vanishing constant. From (24) and (25) we now 
have for suitably chosen V(x, y) 


(26) 


lim 

n-100 


fa , iz — 1 ) •• • (a Hn z - 1 ) 
(2 - «„0 • • • (2 — 0 


1 la 

- V(x, y ) , 


uniformly for 2 on any closed set interior to Si or interior to St. The actual 
computation of 7(x, y) is not difficult here; compare §§ 9.11 and 9 . 12 . It is 
sufficient for our present purposes to notico that V(x, y) is constant on I lie 
boundary of D. Since the points «„* lie on the boundary of D and the points 
1 Joi n k lie on the boundary of the inverse of D, the logarithm of the left-hand 
member of (26) is harmonic and bounded from zero on any closed set interior 
to S. Hence equation (26) is valid uniformly for z on any closed set interior 
to S, and is precisely of form (17). Wo shall point out later (§9.11 , Theorem 18) 
that V(x, y) cannot be identically constant. 

If there is given a region 0 which contains in its interior C and its interior 
but is no longer bounded by a finite number of non-intersecting analytic Jordan 
curves, let Si denote the subregion of D exterior to C. The left-hand member 
of (26) is invariant under transformation of the form tv = (az — 1 ) /(z — a), 
| a | > 1 , so we can assume the point at infinity not to lie interior to D. Assume 
that there exists a function U{x, y) harmonic interior to Si, continuous in Si, 
which takes on the value unity on C, and which takes on the value zero on the 
boundary of D. By the methods of §§4,3, 4.4, and 7.6, there can lie chosen 
points on C and points a„ k on the boundary of D if C is bounded by a finite 
number of non-intersecting Jordan curves and otherwise approaching the 
boundary of D, such that (24) is valid for z on any dosed set interior to S\. 
Similarly wc can satisfy (25) interior to S t , hence (26) uniformly for z on any 
closed set interior both to D and to tho inverse of D in C. The points a,,* may 
also be chosen as points «*. independent of n. 

Equation (26) is now sufficient for the application of Theorem 7 ; our reside- 
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tions on the region D are quite light, and involve merely the existence of a cer- 
tain harmonic function. If the region D is here the complete domain of defini- 
tion of the function f(z) } then the sequence r n (z) represents /(z) throughout its 
entire domain of definition. 

It is worth remarking, in connection with the study of the region D bounded 
by Jordan curves, that the properties expressed by (18) and uniform convergence 
of the sequence T n (z) interior to every R T >, T* < T } are also possessed by the 
functions of the sequence r n (z) studied in §8.7, Theorem 9 for the present region 
Si and found by interpolation in the points ph+i, i on C. In fact, the present 
function V(x , y) is constant on the boundary of D exterior to C and is constant 
on C; its logarithm is harmonic in the region Si. It is immaterial in §8.7 
whether we start with that harmonic function U(x, y) or a harmonic function 
of the form aXJ{x } y) + b not identically constant, where a and b are constants; 
the same uniformly distributed points a n i and p n k present themselves. In par- 
ticular, for the present region Si one can use the harmonic function log F(.t, y). 
Of course in Theorem 7 a sequence of functions of best approximation can be 
written down immediately (namely the sequence for least squares), so it is un- 
necessary to use the functions of §8,7; but other situations (e.g. §9.10) are less 
simple; in these other situations it is frequently desirable to have at hand se- 
quences with known and strong convergence properties. As a matter of fact, it 
is true that the points l/5w themselves are uniformly distributed on the boun- 
dary of S with respect to the harmonic function t r i(*r, y) conjugate to T(:r, y). 
This follows from the fact that the points a n ; are uniformly distributed on the 
boundary of D with respect to Fi(,r, y), and from the fact that each level curve 
of U i{x, y) is its own inverse (is anallagmatie) v ith respect to the eiicle C Our 
present use of (26) is thus essentially an application of §8.7, Theorem 9 

§9,6. Poles with limit points on circumference 

In our study of com ergencc of rational functions oi best approximation m the 
sense of least squares on C with preassigned poles, Theorems 4 and 7 represent 
certain sufficient conditions for convergence, demed by means of (9). Equa- 
tion (9), or what amounts essentially to the same thing, the corresponding 
expansion of l/(/ — c), furnishes the natural basis for the study of the problem. 
When z lies on C certain factors under the mtegial sign ni (9) are of modulus 
unity, so actual convergence to the given junction of the sequence of best ap- 
proximation would seem to depend on the approach to zero of the factor 

(j — a n i) » ( t — Qfnw) j ^ I i 

(ci n it — 1) • * — 1) } 

We proceed to elaboiate this remark, and shall take up the general study of 
approximation on the unit circle when the prescribed poles are still exterior to C 
but may have limit points on C itself. 

Theorem 8. Let the points a n k exterior to C:\z \ = 1 be given , and let f(z) 
be an arbitrary function analytic on and within C. Let r n (z) denote the function 
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of form (13) of best approximation to f(z) on C in the sense of least squares . A 
necessary and sufficient condition that for every suchf(z) we have 

(27) Hm }•«(*) = fie) , I * I < 1 , 

?>-»«> 


is 

(28) 


lim 

«-»eo 


it — CXnl) it — <Xr2) 1 ' 1 it - tX nn ) 
(«» 1 1 1) (ana t — 1) • • • («nn t — 1) 


= 0, 


uniformly for 1 1 1 T > 1 . 


If this condition is satisfied, we have 
(29) lim r n (z) - f(z) , uniformly for | z | ^ r < 1 , 

n ~»oO 


not merely whenever f(z) is analytic on and within C } but more generally whenever 
f(z) is of class tf*. Whenever f(z) is analytic on and within C> we have 

(30) lim r,» (z) = f(z ) , uniformly for \ z [ ^ 1 , 


If wc make the substitution z «= 1 /l, and replace the corresponding function 
by its conjugate, equation (28) assumes the equivalent form 


(31) 


lim 

n~»*> 


feu Z — 1) (tt ft 2 Z — 1) ' * ’ (#nn Z — 1) 
(z — Gfni) (z — <^>12) * * * (z ■ Of«n) 


-0, 


uniformly for | z | £ r < J . 


The mere existence of the limit in (28) implies the uniformity as slated, for 
each function (t — and /(and — 1) to analytic in the closed region exterior to C 
and in that closed region is of modulus not greater than unity* Hence the 
functions 


( t — Qfnl) * * * (t — 

(a,a t — 1) ■ ■ * (a nn l — lj 


arc uniformly limited exterior to G and form a normal family exterior to (!) 
the uniformity of convergence in (28) follows from the convergence. 

If/60 Is analytic interior to C and continuous on and within G r , condition (28) 
implies not merely (27) but (29) ; wo sec this from (9) and (3 1), where in (9) we 
identify r with C; we note that | (l - a n k)/(a n U — 1) | = 1 for t on (\ liven if 
/(O is of class II 2 equations (9) and (29) are valid; indeed, it is sufficient if /CO 
is merely represented by Cauchy's integral provided the a nk are all distinct, ex- 
cept that r u (z) is then to be defined by interpolation instead of by least-square 
properties on C, If f(z) is analytic on and within C, condition (28) implies (30) ; 
this follows from (9) and (28), if the curve V of (0) is chosen as a circle con- 
taining C in its interior, such that f(z) is analytic on and within r. 

It remains to establish the necessity of (28). We need prove merely the 
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convergence in (28) without the uniformity, which we do by choosing /(«) = 
l/(f — «), 1 1 1 > 1. Wo have 


/(«) - r»(z) = 


^(flnl £ j-) * * * (o^nn 2 i) (f — **nl) * * * (f — Qfn«) 

f(a n i £-!)••• (a nn t — 1) (z — a„i) • • • (« — ce n „) (t - z) ' 


For the particular value 2 = 1 /l, our liypothcsis (27) yields 


lim - a »") 2 = 0 , 

ji—400 (dtni t ~ 1) • • • ( a nn t — 1) 

and this implies (28). 

It is worth noticing that if the limit in (28) is zero even for a single value of J, 
say Jo, j Jo | > 1, not a limit point of the a n k, then condition (28) is fulfilled uni- 
formly as statod. Indeed, the functions / n (J) defined above form a normal 
family exterior to C> Every limit function of the family vanishes at to, hence 
by Hurwilz's theorem vanishes identically. That is to say, the sequence /„(J) 
converges to zero exterior to C , hence converges uniformly for | J | ^ T > 1. 
In particular (this remark is due jointly to Shcn and the present writer) if the 
<Xnk arc uniformly limited, a necessary and sufficient condition for (28) is (Jo = «>) 


lim | ani<x n2 • • * a n n | ~ ■*> . 

«-HOO 


It is not true that (28) as stated is necessarily a consequence of having the 
limit in (28) zero at a single value of J, | t \ > 1, say Jo, if Jo is a limit point of the 
a n k. We illustrate this fact by an example. Choose the distinct points J 0 and 
h both exterior to C, and let us set 

| (h - to)/(toti - 1) I - X > 0 , X < 1 . 

Choose a n i near J 0 so that we have 


| (Jo — a n i)/(a n \to — 1) | < 1 /n , | (Ji — «ni)/(a«i/i — 1) | > X/2 ; 


then choose a n k, k > 1, near C so that we have 

(Jl — «nl) * ■ » (Jl — a nn) ^ X 
(dinltl — 1) • • • (ttim Jl - f) 2 


The inequality 


(Jq — a n i) • * ♦ ( Jo — a it «)__ 
(or»i Jo ~ * f) * * ■ to — J ) 


n 


holds. The limit in (28) is zero for i — J 0 , and cannot be zero for l — Ji, 
Theorem 8 has immediate application to other measures of best approxima- 
tion: 


Corollaey 1. If the function f(z) is analytic interior to C , continuous for 
\z \ g 1, if condition (28) is fulfilled, and if tt n {z) is the sequence of rational func- 
tions of form (13) of best approximation tof{z) on C in the sense of Tchebycheff, on 
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C in the sense of least p-th powers (p > 0), or on \ z \ 5 1 in the sense of least p-th 
powers (?) > 0), in every case with a positive continuous norm function, then the 
sequence ir,.{z) converges uniformly to f(z) for | 2 | £ v < 1. For best approxima- 
tion in the sense of Tchebyckeff, convergence is uniform for | 2 | g 1. 

Let e > 0 be given. By §2.4, Theorem 5, there exists a polynomial p(z) such 
that we have 

\f(z) - p(z)\ £ t, \z \ g 1, 

Let p„(z) denote the function of form (13) of best approximation to p(z) on C in 
the sense of TchebycheiT. The expression 

= max | p(z) - p„(z) | , 2 on C , 

is not greater than the corresponding expression where p»(z) is replaced by the 
function of form (13) of best approximation to p(z) on C in the sense of least 
squares. Then by Theorem 8 equation (30) we have lim„_ >M p n ~ 0. If 7r„(2) 
denotes the function of form (13) of best approximation to f(z) on C in the sense 
of Tchebycheff, we now have for 2 on C 

max J f(z) - ir n (z) | ^ max | f(z) — p n (z) [ 

g max | f{z) - p(z) j + max | p(z) - p„(z ) | , 

lira [max | f(z) — ir n (z) | , 2 on C] S e ■ 

Then we can write 


lim [max | f(z ) — ir„(z) | , 2 on C\ = 0 , 

so the sequence ir n {z) converges uniformly to f(z) for | 2 | £ I. 

If 7r n ( 2 ) is now the function (13) of best approximation to f{z) on C in the sense 
of Tchebycheff with a norm function, or in some oilier sense, it follows from 
what has just been proved that the measure of approximation of v u (z) to f{z) 
approaches zero with 1/n. Our conclusion follows from the Lemma of §5.5 and 
from Lemma II of §5.3. 

In Theorem 8 we have considered r„(z) as the function of form (13) of lies! 
approximation to f(z ) on C in the sense of least squares. A similar result is 

Corollary 2 . Let the points a n k exterior loC: | 2 | = 1 be given, and let f(z ) be 
an arbitrary function analytic on and within C. Let r n (z) denote the function of 
form (13) of best approximation tof(z ) on C in the sense of Tchebycheff. Then (28) 
is a necessary and sufficient condition that for every such function f(z) equation (30) 
should be valid. 

The sufficiency of condition (28) is already established; let us prove the neces- 
sity. Equation (30) implies that for the sequence of rational functions (13) of 
best approximation 10/(2) on C in the sense of least squares the measure of ap- 
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proximation approaches zero. Equation (27), whore the r„(z) are the functions 
of best approximation to /(z) on C in the sense of least squares, follows from §5.8, 
Theorem 10; equation (28) now results from Theorem 8. 

Condition (28) is essentially the condition for the divergence to zero of the 
infinite product B 


n n 

n-l Lf>~l 


t — CCnL 
Oinkt — 1 


n - 1 

TT Otn-ltkl — 1 

Lt t — < X n ~ l.k ' 


where the second product in the bracket is to be taken as unity for n a= 1. 
Various conditions for the divergence to zero of such an infinite product arc of 
course well known. Let us consider in detail such a condition which involves 
merely the moduli | a n i |. 


Theorem 0. Let the numbers A n i > 1 be given . Equivalent necessary and 
sufficient conditions that for every choice of the a A k } with \ <x n i | = A n i finite or 
infinite , equation (28) be valid are 


(32) 

(33) 


n 

hm 2) 


— t 
A n k 


co 


) 


lim fl 


K~ I 


( T + A nk \ 
\A Kk T+Lj 


= 0, 


T > 1, T finite . 


Condition (33) is independent of 7’, os we shall see. Lei us first prove the 
equivalence of (32) and (33). From the condition A nk > 1 we may write 


T — 1 ^ ( T ~ 1)U„* - 1 ) /(Ayr + 1) r - 1 
T+l ~ " (A„l~ i)/A nk ' T " 

It follows that (32) is equivalent to the condition 


(3-1) 



(T_- !)(-!»/ - 1) 
Ayr + t " 


oc , 


T > 1 . 


For 0 < .(• iS A' < 1 the condition 


mx < log (I — .r) < il/.i , m < 0, M < 0 , 

is satisfied for suitably chosen values of m and M depending on X. The quantity 

(t - i)(yi,.A - i)/(Ayr + i) 

is positive and not greater than ( T — 1)/T, so condition (34) is equivalent to 
lim £ log [l - (T - l)(/l Bl - D/UmT + 1)1 

»->co A~1 

= lull log [(7’ + A n {)/(A n/ ,T + 1)] = — « ; 

n-*« o A — 1 
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this last condition is equivalent to (33), which is therefore equivalent to (32) 
and is independent of T , 

If the numbers A n i arc uniformly limited, condition (32) can be written in the 
simpler form 

& 

lim 2 — 1) = =° • 

The general condition (32) is satisfied, as can be proved easily, provided wo have 
A n k S A n > 1 and provided the two conditions 

lim n(.4 n — 1) = », lim 4J s », 

n— *co «-»» 

(which are equivalent to each other) are satisfied. Wc proceed with the proof 
of the theorem. 

Let (33) be satisfied. By the Lemma of §9.2 we have 

I (< t — a n k) / (dinkt — 1) I ^ (| t I -f- Ank) /(Ank \ t j + 1) , 

so that (33) implies (28) without the uniformity, hence with the uniformity as 
stated. 

Reciprocally, let (28) be satisfied for every choice of t and of the | a nJ{ | = 
A n We choose t — — T t a n * = A„a, so that (28) takes the form of (33). 
Theorem 9 is complete^ proved. 

It is worth remarking that equation (33) implies (28) merely under the condi- 
tion | a nk | S A n K t as follows again by the Lemma of §9.2. Furthermore, the 
condition | a n K | S A nK implies 

0 < (Ank - 1 )/Ank ^ (| I - 1)/| <X,U | , 

so (32) implies 


lim (|«»i | - l)/\a n >. | = oo. 

n — 1 

Thai is to say, in Theorem 9 the condition [ a nK | = /1„ji can be replaced by the 
weaker condition | <x nk | g A nki in deriving (28) from cither (32) or (33). 

Equations (32) and (33) clearly may even be equivalent to (28), for a given sot 
of numbers a n k, j a«t. | = A , For instance, wc may choose the «,,* as the n-th 
roots of — A’^, A n > 1, /1„ bounded. Condition (28) can be written 

(35) lim (f‘ + AD/UT + 1) = 0 , for every 1 1 \ > 1 . 

11 -100 

, When we set l = T, this condition becomes 

(36) lim (T n + Al)/U n n T n + 1) = 0 , 

n-tao 



§9.7. GENERAL POINT SETS) DEGREE OF CONVERGENCE 


249 


which in turn implies (35) by virtuo of the Lemma of §9.2, Condition (33) here 
takes the form 

Um [(2 1 + A n )/(A n T + 1)]» - 0 , 

n— »<# 

which like (36) is equivalent to tho condition lim rt _»eoAJ| = «> , 

The conditions of Theorems 8 and 9 arc applicable even in the case that 
otnh = cxk is independent of n. Condition (28) is then equivalent to the diver- 
gence of the infinite product 

II | (t - cik)/(&ht — 1) | , 

ji»i 

a condition to be studied in more detail in Chapter X, 

§9.7. General point sets; degree of convergence 

The extension of the results of §§9.2 - 9.5 to regions D more general than 
circles is not easy. When D is a circle and poles lie exterior to Z>, and when 
the given function f{z) is analytic in the closed region D } a particular set of 
rational functions (13) of best approximation (i.c., for least squares) can be writ- 
ten down directly; this set enables us to study the convergence of the sequence of 
rational functions (13) when best approximation is measured in any of a large 
number of other ways. When D is no longer a circle, it is still possible to 
orthogonalize the functions (3) with respect to the boundary of D t and thereby 
to study convergence of the sequence (13) of best approximation in the sense of 
least squares. The formulas are so involved, however, that simple results on 
overcon vorgence and degree of convergence are not readily obtainable* from them. 

In a most interesting paper, Slum [1935] 1ms been able to define' points of inter- 
polation which yield sequences (13) with a sufficiently high degree of convergence 
and with sufficiently great ovemmvergonoe to enable us to study in a satisfactory 
manner the convergence of functions of best approximation. Tin* method is the 
natural generalization of Shell's method for polynomials (§7 8) 

Theorem 10. Let C be a closed limited point set not a single point whose com- 
plement K is simply connected. Let w — <t>(z) d< note a function which maps K onto 
| m» | > 1 so that the points at infinity concspond to each other. Let Cn denote 
generic ally the curve | </>(*) | = A 1 > 1 vi K. Let the points k = 1, 2, • • , n; 

n = 0, 1, 2, - • . be given with no limit points interior to (\. Then there exist points 
Pnk on C such that for evny function f(z) analytic on and within ( V the rational func- 
tion r n (z) of form (13) found by interpolation to f(z) in the points satisfies the 
conditions 

(37) fim [max | f(z) - r n (z) \ ,z on C] ,/n g (A + T)/(AT + 1) , 

n-too 

(38) lim r„(z) = f{z ) , 

uniformly for z on and within Cz, Z < ( A*T + T + 2A)/(2AT + A* + 1). 
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Before proceeding with the proof of Theorem 10, it will be convenient to have 
for reference two lemmas. 

Lemma I. Let C , <£(z) and Cn be as in Theorem 10. Lei the points lie 
exierior to C } and lei P(z) be a function analytic in the extended plane exterior to C 
except for possible poles in the pomts anh no such pole of greater multiplicity than 
the number of times the corresponding appears in the set. Let us sicppose 

(39) | P(z) | ^ L } z on C } 


in the sense that every limit value of \ P(z) | when z approaches the boundary of C 
from the exierior is less than or equal to L , Then for z exierior to C toe have 


P{z) I ^ 


[^(a»i) <j>(z ) — 1] • 

• [<}>(ec,m)<l>(z) — 1] 

l4>(z) - <K«»i)J • 

• • [<£( 2 ) - 0 («„»)) 


In particidar , if all the points a n k lie on or exterior to Ca } then for z on C 7} Z < A } 
we have 

(41) |P(*)| £ L[(AZ - 1)/(A ~Z)Y. 

Inequality (40) is immediate, for the function 

P(z) Dftfe) ~ 0(«nl)] • • • [^(z) — 0(«»w)] 

t#(««l) <t>(z) — !]••• [#(«,»») f{z) — 1] 


is analytic exterior to C; its modulus is single-valued and continuous in K; of 
course the obvious modification is to be made hero and in similar formulas below 
if any a„K is infinite. This modulus is not greater than L on C, in the sense used 
in connection with (39), hence is not greater than L in K\ this implies (40). 
Inequality (41) follows from (40) by the Lemma of §9.2, if we sot w = <j>(z). 

Lemma II. Let C, 4>(z) and Cn be as tn Theorem 10. Let the points a, he 
exterior to C, and let P(z) be a Junction analytic exterior to C which vanishes in 
each of the points a, a. Let us suppose (39) valid in the sense of Lemma I. Then 
for z exierior to C we have 

I P(z) I S L M*) - 4>(<*..i)l •• • fc(z) - </>(«,, J] 

[<Ka n i) — 1] • • • [£(«„„) <h(z) - 1] 

In particular, if all the points a, a lie on or exierior to Ca, then for z on Ct we have 
1 P(z) | g L [(yl + T)/(l + AT)]». 

The proof is immediate, by consideration of the modulus of the function 

P(z) [‘ftfc'u) ^( g ) — !]'■■ [0(«n») 4>(z) — 1] 

l<Kz) ~ i)] • • • [<j>(z) - <£(«„„)) 

and by further application of the Lemma of §9.2. 
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To prove Theorem 10 we introduce the notation 

n-f-1 

n & - 

/ii-i 

V n (Zl) Z$y ’ * • , Z n + 1 ) *=* } > 

n (*t “ «"*) 


this is a continuous function of the n + 1 independent variables ^ on Cja pos- 
sible factor Zj — a n K corresponding to an infinite a n x is simply to be omitted. 
The modulus of this function therefore has a maximum, necessarily positive, for 
the Zj on C; we suppose this maximum taken on for the arguments z } =* p nj . The 
points are not necessarily uniquely determined, but any particular determina- 
tion is satisfactory for the present purpose. The points /S n2 , * • * , Pn, n+i are 
clearly all distinct. 

Let t be an arbitrary point of Ri < A. Choose n so large that the 
points ct n i lie exterior to C. Denote by r n (t } z) the function of form (13) which 
interpolates to 1 f{t — z) in the points p n} . We have 

/An\ ti J\ ND 1 Vniffnh * * * i ‘ ) &n,n+ l) 

(42) rn (l,z) = 2 j ^ , 

as we shall proceed to verify. For fixed t, the function r„(t, z) defined by (42) 
has as its only poles in 2 the points ot„k, with not more than the prescribed multi- 
plicities; when 2 takes on the value the function ?„(/, 2 ) so defined takes on 
the value 1/(1 — /5„,) as it should do, the function i„(t, 2 ) is a rational function 
of 2 of degree n. These conditions determine r n (l, 2 ) uniquely 

The modulus of the last fraction 111 (42) is not greater than unity foi 2 on C, by 
the very choice of the points /?„„ so we may write for 2 on C and t on C R , 


(43) 


| >n(t, z) I g (« + l)/dl , 


where ch is the minimum distance from C to C R| . By \ iitue of §8.1, equation 
(3) we have 


1 


t - 2 


r,Xt, z) 


1 o>n(z) 
t - Z C 0,(0 ’ 


fz — /3„i) • • • (Z - „+l) 

(2 - a„i) • • • (2 - a nn ) 


If we take (43) into account, we now ha\ e for 2 on C and t on C’«, 


(44) 


1 tJn(z) 

— 2 C0„(f) 

ujz ) 

W n (f) 


< n + 2 
= d, ’ 


< 


(ft + 2)di 

Z 1 


where dj denotes the maximum distance from a point of C to a point of Co,. 
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For z fixed on C, we consider m„(z)/m„( 2) as a function of t on and exterior to 
Cfi t and apply Lemma II. The function which maps the exterior of C«, onto 
| w | > 1 is here <t>(z)/Ri', for n sufficiently large the points a nk lie on or exte- 
rior to Ca , = (Cb,)a,/«,, Ax < A, so inequality (44) yields for z on C and for t 
on Cr, = T i > Ri, 


(45) 


U>„(z) ^ (n 2)(h /Ri(Ti _•+ dj)\ * 

^(i) “ dv + 


These preliminaries complete, we can now choose Ti > T so that f(z) is 
analytic on and within Cr„ then choose A\ < A so near A and Ri > 1 so near 
unity that we have 

(46) Ri(Tx + AO/iA^ + R\) <(T + A)/(AT + 1) ; 


this last number is necessarily greater than (7) -+• A)/{AT l + 1). 
equation for interpolation is here chosen in the form 


(47) 


/(z) - r n (z) = 


1 f “»(*) AO dl 

2m JoT i w n(0 it — z) 


z on C . 


The familiar 


Inequality (37) follows from (45) and (46), 

From Lemma I and inequality (45) we may write for n sufficiently large 

«n(z) ^ (n + 2K ( Ri(Ti 4- 4,)\ " f MZ - A » 
w„«) ~ di \ Atl\ + RW \Ai~z) 


for z on Cz, Z < A h and for t on C T] . Equation (47) remains valid and implies 
the uniform convergence of r„(z) to /(z) on mid within Cz provided 

Ei(7’i 4- di) At Z_ — 1 ^ 

AJL\ 4 - Rl ' A,- Z 

with Z < T\, and this condition is satisfied for suitably chosen Ai < A and for 
suitably chosen i?i > 1 provided 

4 + 7 AZ - I rj ^ A 2 T 4- T + 2^4 

AT 4- l‘ A - Z ’ ° r 2 AT + A 2 + i ' 

This last inequality implies Z < A and Z < H\ so Theorem 10 is established. 


§9.8. General point sets; best approximation 

Our application of Theorem 10 to sequences of best approxinnation depends 
largely on the following theorem [Walsh, 1082c]; 

Theorem 11, Let C be a closed limited point set not a single point whose com- 
plement IC is simply connected, and let <h{z) and Cn have the zisual significance. 
Let the points a n k have no limit point interior to C A) lei the function f(z) be defined 
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on C, and let there exist a sequence r„(z) of functions of form (13) such i 
have 

(48) Him [max | f(s) — »v(z) \ ,z on C] lln g (4 + T)/( 1 + AT) , 

(49) lim )’„(«) = f(z), uniformly for z on any closed set interior to Cz , 

where Z = (A 2 T + T + 2A)/(2AT + A 2 + 1). 

If the functions R» (z) of form (13) satisfy the condition 

(50) lim [max | f(z) — R n (z) \ ,zon C] l,n g (A + T)/( 1 -f- AT) , 

n-mo 

then we have also 

(51) lim R n (z) == f(z), uniformly for z on any closed set interior to Cz , 

«— *eo 

where Z = (A 2 T +T + 2A)/(2A T + A 2 + 1). 

Let Ai < A and 7\ < T bo arbitrary, with Ai > 1, T^ > 1. By virtue of (48) 
and (50) we can write for z on C if M is suitably chosen 

I /(z) - r„(z) I g M . I /(z) ~ Rn(z) \ 5 M " . 

| r„(z) - RJz) | ^ 2M " • 

The function r n (z) — lt n {z) is a rational function of degree n whose poles lie in 
the points a n k. By Lemma I we can write 

| r,Xz) - R n (z) | ^ 2 M - 2 011 c *o z ' < 'l« • 

Whenever Zi is less than Z, we have Z L < A and we can cl loose A i < A and 
f l\ < T such that 

d! + T i A& - 1 
1 + A[i\ Ax - Z } ’ 

with Zi < Ax t whence (51) follows from (49). 

By inspection of this proof we can formulate 

Corollary 1, Under the conditions of Theorem 11 we may write 

hm [max | f(z) - lt n {z) | , z on C ' H ] ,/ ' 1 £ T~TTn' ~T~ ~ J > S < Z , 

71 *— roO 1 -p i JL — O 

provided the corresponding relation holds for the functions r n (z ). 

By Theorem 10 we may with Shen state 
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Corollary 2 . In Theorem 11 if the function f(z) is known to be analytic inte- 
rior to Ct, then functions r»(z) exist so that the conditions (48) and (49) are ful- 
filled. 

Of course Theorem 10 yields only 

fim [max |/(z) - r n (z) \ , g on C] lln S (/I + Ti)/(1 + Al\) , 

tV" 

where T\ < T is arbitrary; if T\ is allowed to approach T y inequality (48) follows. 
Under the conditions of Corollary 2, the hypothesis of Corollary 1 is also 
satisfied. 

We leave to the reader the proof of the following; the method is precisely that 
of Theorem 6, Corollaries 2 and 3: 

CoEOLLAity 3. Let C } <fy(z) and C R have the same significance as in Theorem 
10, let the points a n i i have no limit point interior to Ca, and let R n (z) he a sequence 
of rational functions of form (13) defined for every n such that toe have 

hm [max | f(z) - R n (z) \,zon C] ltn ^ q < 1 , 

where the function f(z) is defined merely on C. Then the sequence R, t (z) converges 
uniformly for z on and within every Cs lt Si < S *= (A + q ll2 )/(l + Aq lf2 ) ) and 
f(z) is analytic interior to C & . 

Corollary 4. Let C , <£(z) and Cr have the same significance as in Theorem 
10 , let the poles a»i = or* be independent of n and have no limit point interior to 
Ca } and let R n (z) be a sequence of rational functions of form (13) defined for every 
n such that toe have 

lim [max \f(z) - R n (z) \ f z on C] l/n q < 1 , 

H— ICO 

where f(z) is defined merely on C. Then the sequence R n (z) converges uniformly 
for z on and within every C 5 ,» Si < S - (/I + r/)( 1 + Aq), and f(z) is analytic 
interior to Cs> 

The most general known result on sequences of best approximation where the 
poles are restricted as in Theorem 10 is due to Shcn : 

Theorem 12, Let C be a closed limited point set not a single point whose com- 
plement K is simply connected , and let <fr(z) and Cr have the usual significance . 
Let the points a n K have no limit point interior to C A} and lei the function f(z) be 
analytic interior to Cr. I^ct R n (z) denote (he function of form (13) of best approxi- 
mation to f(z) on C in the sense of TchcbycheJ)) in the sense of least p4h powers 
(p > 0) over the boundary (assumed rectifiable , C consisting of a finite number of 
J ordan arcs or regions or both) of C> in the sense of least p-th powers over the area of 
C (if C is a closed region) } in ike sense of least p-th powers over 7: | w | = 1 when K 
is mapped onto the exterior of y so that the points at infinity correspond to each other , 
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or in the sense of least p-lh powers overy: \ tv | = 1 or over the region | w \ £ 1 when 
C is mapped onto \ w \ £ 1 (C being a closed region ) , in every case with a positive 
continuous norm function. Then in each case both (50) and (61) are valid > 

The restriction that K be connected can bo lightened here in various cases; 
compare Chapter V, especially §5,3. Likewise the requirement that the norm 
function bo positive and continuous can be lightened. 

If R n (z) is the function of best approximation in the sense of Tchebychelf, the 
conclusions (50) and (51) are direct consequences of Theorem 11 Corollary 2 and 
Theorem 11 respectively. In the study of other measures of approximation, we 
need Lemma I of §9,7 and several other lemmas [Walsh, 1931b]; in each case C* 
lias tho usual meaning. 

Lemma III. Let C be a closed limited point set whose complement is simply con- 
nected and whose boundary V has positive linear measure , If P (z) is a rational func- 
tion of degree n ivhose poles lie on or exterior to Ca } and if we have 

J P I PM \ p \dz\-£L», V > 0 , 

then we have 

| POO I g LL'KAR ~ l)/(A - It )]* , zmCn, R < A, 

where L / depends on R but not on P{z). 

Lemma IV. Lei C be a closed limited point set not a single point , whose comple- 
ment is simply connected . Let the complement of C be mapped onto j w | > 1 so 
that the points at infinity correspond to each other. If P(z) is a rational function of 
degree n ivhose poles lie on or exterior to (\ , and if we have 

P(z) I* | dw | S L v ) V > 0 , 

7; [ w | =s* 1, then we have 

| P(z) | £ LL'[(AR - l)/(A - R )] n , ^ on C *, R < A , 

where L f depends on R but not on P{z ). 

In Lemma IV the values of P(z) on 7 arc to bo chosen as the values obtained in 
the ic-plane by normal approach to 7. The proof of Lemmas III and TV is left 
to the reader. Those Lemmas have the same relation to the Lemmas of §§5.2 
and 5.4 respectively as Lemma I of §9.7 has to the Lemma of §4.0, so the new 
proofs are not difficult. In Lemma III if T is not a Jordan curve we use the 
results of Seidel [1934]. 

The complete proof of Theorem 12 is likewise not difficult. Applications of 
the Lemmas in the various measures of approximation are similar, so we study in 
detail only one further example, that of approximation in the sense of least p- th 
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powers measured over the area of the region C, For simplicity wc choose the 
norm function unity. 

By Theorem 10 we have for arbitrary q> (A T)/( 1 + AT) and for suitably 
chosen M 



— r„(z) I* dS $. Mq np , 


so by the definition of the functions R„(z) we have 

J \f(z) - R„(z) \p dS g Mq n * . 


Combination of these two inequalities yields (by §6,2, inequalities (10)) 



- r n (z) dS g Miq n p . 


If C * denotes an arbitrary closed point set interior to C we have (§6,3, Lemma II) 

I - r n (z) | g M 2 q n , 


where M% depends on C* but not on n> 

Choose C* as a Jordan region interior to C t and denote by w « 4>'(z ) the func- 
tion which maps the complement of C* onto | w \ > 1 so that the points at infinity 
correspond to each other. Denote gcnerically by C' R the curve | <f)'(z) | = li > 1, 
On the boundary of C we have | 4>(z)/(t> f (z ) | < 1, so this inequality holds at 
every point of K and every curve C R lies interior to the corresponding curve Cr. 
In particular the points a n k lie exterior to Ca } hence exterior to C f A) for n sufli- 
ciently large. By Lemma I wc have for z on C' Q} Q < A, and for n sufficiently 
large 


(52) | S n (z) - r„» | g M 2 q»[(AQ - 1)/(A - Q)]« , 


For fixed but arbitrary Q > 1, the curve C f Q lies exterior to C provided C* is 
suitably chosen (§2.1, Theorem 2), so inequality (52) holds for z on C, 

By Theorem 10 and by (52) for z on C wc can write 

Gin [max | f(z) - R n (z) | , z on C] [ln g q(AQ - 1 )/{A - Q) . 

fl— »oo 

If wo allow q to approach (A + T)/(l + AT) and allow Q to approach unity, we 
obtain (50) and then obtain (51) by Theorem 11. 

The reader should have no difficulty in considering in detail the other cases of 
Theorem 12. In each case the conditions of Corollary 1 to Theorem 11 arc 
fulfilled. 

Of course the case that all lie at infinity is not excluded in Theorem 12; we 
set A — co . Theorem 12 thus yields many of the results of Chapter V. 

By a transformation z f = 1 /(z — a), a in K t the following situation reduces to 
that of Theorem 12; suitable modifications are to be made in the transformed 
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norm functions; the situations of Theorems 10 ancl 11 can be similarly trans- 
formed: 

Corollary. Let C be a closed limited point set not a single point whose comple- 
ment K is simply connected t , let the point z = a lie in K } and let C R (cc) denote the 
locus | a) | = R > 1 in K f where the junction w ~ a) maps IC onto the 
region \ w | > 1 so that the point z =» a corresponds to the point io = co . For the 
present purposes } we denote generically by the “ interior ” of Cn(oi) the complement 
of the set \ <£(z, oi) | jg It > 1. Let the points a n k have no limit point in the 
" interior ” of Ca((x) } and let the function f(z) be analytic in the “ interior n of Ct(<x ). 
Let li n (z) denote the function of form (13) of best approximation to f(z) on C in 
the various se?ises as in Theorem 12, each with a positive continuous norm function , 
Then in each case we have (50), and we also have (51) uniformly for z o?i any closed 
set in the “interior” of C%{a\ Z = (A*T -f T + 2A)/(2AT + A 2 + 1). 


§9.9. Extensions 

The limits that appear in (50) and in connection with (51) are clearly the most 
favorable ones possible if wc are dealing with limits common to all possible point 
sets C of the sort contemplated in Theorem 12, for those limits are precisely the 
limits that present themselves when C is a circle (§9.2). Much more can be 
asserted, however , — given C } A f and T } the limits that appear in (50) and in connec- 
tion with (51) are for each measure of approximation the best possible limits which 
hold for all choice of the a ti k and of f(z). Let z Q be an arbitrary point of the curve 
Ct* We choose/^) — 1 f(z — Zo), mid choose all the equal to a, where $(a) ~ 
— A<I>(zq)/T; then a lies on Ca. Best approximation to f{z) on C by rational func- 
tions of z whose poles lie in the points z = a is equivalent to best approximation 
with a suitable norm function after transforming to the f-plnno, setting f = 
l/(z — a). Under this transformation, let (\ zo, and f(z) correspond to C* , z ' 0 and 
f'(z) respectively. Best approximation on C corresponds to best approximation 
on C f by polynomials in ft This sequence of polynomials converges maximally 
on C\ hence can converge uniformly throughout no neighborhood of the point 
ft = l/(zi — a), where Z\ is defined by 


<f>(z l) 


0(a) A*T + T + 2 A . 
A 2 AT -|- A 2 + 1 5 


the point ft lies on the curve C l n on which z q lies, and we have It = (1 + 
AT) /(A + T). For the functions ll n {z) of best approximation, inequality 
(50) becomes an equality, hence cannot be improved. The geometric relations 
between the points a, zo , and Z\ become more transparent (compare §9.2, proof 
of Lemma) if the exterior of C is mapped onto the region \to \ > 1 so that the 
points at infinity correspond to each other. Such transformation does not alter 
the relationships existing between the various mapping functions for the exterior 
of C } whether the poles of the mapping functions lie at z = a or z = oo . The 
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choice of points zq and Zi just made docs not differ greatly from the choico we 
have made elsewhere in specific examples, 

We prefer not to use the term maximal convergence in connection with (50) 
and (51), for that term has previously been used in connection with approximat- 
ing polynomials for a specific function rather than a class of functions. It is clear 
that both (50) and (51) can be improved for certain specific functions f(z) and 
points <x nft which satisfy the given conditions; compare the case a n * *= cl on 
C Ai with f(z) = 1/(2 - Zq) } (p(z Q ) = T<t>{a)fA> 

Let C and the points a n k be given as in Theorem 10, Shcn [1035] 1ms dorived 
necessary and sufficient conditions on points /3 n * having no limit point exterior to 
C f in order that (37) and (38) should hold for all functions/^) analytic interior 
to Ct , Two such conditions (equivalent to each other) arc 

lim M)J n = 1 , 


M n — max 


(Z - Pm) > ” (z - A>, n 4l) 

(z - c^tii) * - (2 - <y nn ) 


• • • 0(<*n») 


2 on C ; 


lim 

r*-»oo 


(2 — finl) ' ’ ' (2 


(2 — <*nl) * * ' 


. [^( 2 ) ~ J * * [0(2) — tp(g n 1 ) < « • 0(o?nn) 

[0(«nl) ^(2) -!]••■ [<K<0 — 1] 


|1 1* 


- 1, 


for z exterior to C } uniformly on any closed limited set exterior to C. These con- 
ditions are entirely analogous to those derived in Chapter VII, and the analogous 
methods can be used in the proofs. 

The problem of studying convergence in an arbitrary region C by rational func- 
tions whose poles are proscribed and lie exterior to C but have limit points on the 
boundary of C has also been studied by Shcn in a paper as yet unpublished. 

The analogues of Theorems 10, 11, and 12, where now the complement K of C 
is multiply connected, are somewhat more complicated but scarcely more diffi- 
cult. Under the hypothesis of Theorem 10, if the function w - 0 ( 2 ) maps IC 
onto | w | > 1 so that the points at infinity correspond to each other, then the 
function 


w - ${«)<£ (2) “ l]/[0(2> — <t>(a)] 

maps K onto 1 10 | > 1 so that the point z — a in K corresponds to w = 
There exists no such simple relation when K is multiply connected, for botii 
mapping functions are multiple valued. In our proofs of Theorems 10-12 we 
have largely used single-valued mapping functions ; those theorems can be directly 
extended to the case that K is multiply connected if the locus C A is defined in terms 
of the mapping function but if the new locus Cr } R ~ (AT + 1 )/(A -f T) f is 
defined no longer in terms of the original mapping function, but is defined now 
from C A with the use of the auxiliary mapping function under which arbitrary 
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points a on C A correspond to the point at infinity. One may readily include re- 
sults here on approximation when the a n k are required to have no limit point 
interior to a given locus C A} or arc required to have no limit point except on a 
given closed sot D exterior to C . For the details, one may consult Shen [1935] 
and Walsh [1932c], 

Tho problem of approximation on a point set which separates the plane can be 
treated by these same methods. Let us give a simple but typical illustration 
[Walsh, 1932c]. 

Lemma, Let Y be an arbitrary Jordan curve of the z-plane in whose interior the 
origin lies . If n n (z) is a function of the form 

(53) v% n (z) s= &-nZ~ n + a~n hi^ n+1 + • * ' 4~ ao 4" && 4~ • • • 4- a n z n , 
and if we have for z on Y 

| r Zn (z) | g M } 

then we have also 

(54) | r 2n (z) | g MR", R > 1, 

for z on F n. Here Yn denotes the closed region between and bounded by the two 
curves \ <l>(z) | = R and \ <I>(z) | *= R } where w — <}>(z) maps the exterior of V onto 
| w | > 1 so that z = co corresponds to w *== co, and w = $(z) maps the interior 
of F onto | to | > 1 so that z = 0 corresponds io w — co . 

The function 

r<tn(z)[<l>(z)]- n 

is analytic exterior to Y, continuous in the corresponding closed region. Its 
modulus on r is not greater than M, so its modulus on | <j>{z) \ — R is also not 
greater than M. That is to say, inequality (51) is valid on | <fr(z) \ — IL Simi- 
larly we derive (54) for z on | <I>( 2 ) | — It. The function r 2n (z) is analytic in the 
closed region inequality (54) is valid on the boundary, hence valid m the 
closed region. 

With the same notation, we shall prove 

Tiieokem 13. If f(z) is analytic in Y tt , then there exist rational functions r Zn {z) 
of respective forms (53) such that we have for z on V 

(55) | f(z) - r t n(z) | g M/R", 
where M is independent of n and of z . 

If there exist rational functions r Zn (z) of form (53) such that (55) is valid for z on 
T, where f{z) is defined merely on V } then the sequence r 2 «(2) converges interior to 
Tii, uniformly on any closed set interior to Tn, so f(z) is analytic throughout the inte- 
rior of Yr. 
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If /(g) is given analytic in r«, it can bo split up into two components (§1.7) 
analytic respectively on ancl within j <j>(z) | = R, and on and exterior to | <I>(z) | 
= R. Suitable approximation of these components by polynomials in z and 
polynomials in 1/z respectively yields (65), where r in {z) is the sum of the ap- 
proximating polynomials. 

The second part of Theorem 13 follows easily. Wo have from (55) 

| r s „ +4 (z) - r 8 „(z) | S (AT + M/R)/R" , z on r , 
and from the Lemma 

| twaW - r, n {z) | g (M + M/R)RVR\ z on T \ , R x < R . 

The conclusion follows. 

In the second part of Theorem 13 it is also true that the function r*»(*) can be 
split up into components, and these components converge on C to the respective 
components of f(z) like a geometric series of ratio l/R%, Ri < It This fact may 
be proved from the results on degree of convergence just established, by using 
Cauchy's integral for f(z) - r u (z) over the two curves j <t>(z) | « R% > 1 and 
[ <1 >(z) | = R 2 respectively, where if 2 is near unity. 

Theorem 13, without the fact of overconvcrgencc, was proved by do la Valldo 
Poussin [1919] for the case that V is a circle whoso center is the origin, 

Theorem 13 has obvious application to the study of convergence of rational 
functions )\ n {z) of best approximation in the sense of TchcbychelT; if J{z) is 
analytic interior to F« but has a singularity on the boundary, then the sequence 
of rational functions r 2n (z) of best approximation to f(z) on V in the sense of 
Tchebychcff converges to f(z) interior to V U] uniformly on any closed set inte- 
rior to Tji . Similar results follow from Theorem 13 and from the methods used 
in Chapter V concerning rational functions r 2n (z) of best approximation on I 1 , in 
the sense of TchcbychelT with norm function, in the sense of least p-th powers 
(p > 0, and T rectifiable), ancl in the sense of least p-th powers (p > 0) meas- 
ured over the circle | w | = 1 when either the interior or exterior of V is mapped 
onto | w | > 1, A large number of extensions (for instance to the case where V 
is no longer a Jordan curve but is a closed set which has no interior point but 
separates the plane into precisely two regions, or where V is a closed region that 
separates the plane into two regions) now lie immediately at hand. 

We state one further theorem that follows from the general theory of approxi- 
mation by rational functions on point sets whose complements are not necessarily 
simply connected or even connected; the proof can be given from §2.8, Theorem 
15, by the method used in proving Theorem 8, Corollary 1 : 

Theorem 14. Let C be a closed point set whose boundary B consists of a finite 
number of Jordan arcs or curves or both , such that B separates the plane into no 
more than a finite number of regions. The complement K of C consists of a finite 
number of regions C i, C s , ■ * • , C y , Let points be given in K such that the num- 
ber of points a n K that lie in each C , becomes infinite with n } and such that the a n k have 
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no limit point on C. If the function f(z) is analytic in the interior points of C, con- 
tinuous on C, then there exists a sequence of functions of form (13) such that we have 

lim r n (z) - f(z) 

uniformly for z on C, 

If the a n h have asymptotically the same number of points distributed among the 
various regions into which C separates the plane r and if f(z) is analytic on C, then 
there exist functions r n (z) of form (13) converging to f(z) geometrically on C, Re- 
ciprocally, if there exist functions r u (z) of form (13) converging to f(z) geometrically 
on C, lhcnf(z) is analytic on C . 

The latter part of this theorem is true even if wo omit the restriction that B 
should consist of a finite number of Jordan arcs or curves, provided each of the 
finite number of regions into which B separates the plane is of finite connectivity 
and regular. 


§9.10, General point sets; asymptotic conditions on poles 

It is obviously not the purpose in Theorems 4-6 or Theorems 10-12 to show the 
advantage over best approximation by polynomials of best approximation by 
rational functions when the poles <x nk are given; indeed, Theorems 4-6 and 10-12 
are in some respects loss precise and the properties derived are loss favorable for 
many purposes than the corresponding results (Chapter V) on best approxima- 
tion by polynomials. It is rather our purpose in Theorems 4-6 and 10-12 to 
study very general situations, with relatively weak hypotheses and necessarily 
weak conclusions. However, if further properties of the given poles «,»*, are 
known, stronger conclusions can ]>e proved and more favorable properties de- 
duced, properties going far beyond corresponding properties for approximation by 
polynomials, This fact has already been exemplified in Theorem 7 by assuming 
asymptotic conditions on the «„*, and will now be further exemplified in a similar 
way. 

Shell did not study convergence under the hypothesis of asymptotic conditions 
on the <x nk) but his methods apply with appropriate modifications. Let us prove 

Theorem 15. Id (* be a closed limited point sc l not a single point whose com- 
plement K is simply connected, and let have the usual significance. Let the 
points a, a be given exterior to C and let the relation 


(66) lim 


[<ft(e=nl ) — 1 ] 1 ' - [ <ft( o?»n) (j>(z ) — lj 

Wz) - 0(of»l)] * ■ • [0(z) 0 («»«)] 


1 In 


= | \p(z) | constant 


hold uniformly on an arbitrary closed subset of some region S. Let S + C be a 
region which contains C in its interior but contains in its interior no limit point of 
the at n ft. Lei R T denote genetically the closed region (if existent) which contains C 
in its interior, contains no point not in C or S , and is bounded by the locus 
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| | = T > 1 in S. If the function f(z) is analytic in the closed region lt T , 

then there exists a sequence of functions r n (z) of form (13) such that toe have 


(67) 

(58) 


lim [max | f(z) — r„{z) \ , zon C] l/ " < 1/T , 
lim r„(z) = f(z) , 

n-»w 


uniformly interior to R?. 


Indeed, we shall prove the existence of a set of points on the boundary of C 
such that (57) and (68) hold for the sequence r n (z) found by interpolation in 
those points; the points j3 n * arc precisely the points introduced by Shell. 

The present proof is slightly more complicated than those of §§9.4 and 9,7, 
due to the fact that the function i f/(z) need not bo defined on C } hence that (56) 
cannot be used on C itself. However, the points have no limit point interior 
to S, henco for n sufficiently large lie exterior to some Ca\ | <#>(<*» 0 [ > A, On 
Ot , Z < A, we have | 4>(z) | « Z ) therefore by the Lemma of §9.2, 


[0(«nO <t>(z) — 1] * « " $(grm) — 1] ^ / AZ — lV 
[<t>(z) - 0(a» l)] •••[♦(*) - ^(«nn)] I “ \A - Z ) 


so on Cz we have 

1 ^ | f(p) | g (AZ - 1 )/(A - Z) . 

Thus [ \j/(z) | approaches unity as Z approaches unity, or as z in S approaches C, 
The function | \j/(z) | when defined so as to have the value unity at every point of 
the boundary of C is continuous at every such point. At every point of & we 
have 1 1 p(z) | ^ 1 , lienee by the Principle of Maximum 1 1 p(z) | > 1 . 

Of course condition (56) takes precisely the form (17), if we make the substi- 
tution w = $(z ). The implications of (56) arc much easier to deduce? by study- 
ing the t^plane; compare §§9.4 and 9.5. In particular, equation (56) apparently 
is not in invariant form, for the definition of 4>(z) involves the point at infinity. 
That lack is apparent rather than real, as the reader may prove; compare §9,4. 
Condition (56) is precisely the same for two sets C and C f whose complements can 
be mapped on one another so that the prescribed points a,,*, in the two planes 
correspond to each other. 

Let us denote generically by Ln the locus j \ f*(z) | = R > 1. Choose n so 
large that the points a n k lie exterior to C. Then for z on C and t on L n we 
have as in §9.7 

I r n (t, z) | £ (jj + 1)M , 

where d\ is the minimum distance from C to L R . Similarly we find for z on C 
and t on L*, 

WnW ^ (n + 2 )ck /\ _ (* - 0 n \) ••’(*- j3n.nn) 

«,(0 “ di WnW_ (*- «„i) •••(*-«„„) ’ 


(69) 
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whore d 2 denotes tho maximum distance from a point of C to a point of L, t . 
By tho method of proof of §9.7, Lemma II wo now have for z on C and t on 
or exterior to L n , 

(60) g f*n [<^>(0 — 0(«nl)] ■ • • [<ft(Q — • 

w »W ~ & [$(«,, i) <Kt) - 1] • • • [£(«„„) m - 1) ' 

„ . f I [£(«»i) 4>(0 — [<t>(ct n „) <!>{l ) — 1] I . r 1 


Mn = max 


because the fuiiciion 


fa(0 0(<*nl)] * ’ * [0(0 — 0(«nn)] 


, l on Ln 


*>»>(*) [0(o!ftl) 0(0 -!]»•' [0(o!rit>) 0(0 - lj 

«n(0 [0(0 ^ 0(a»l)] ■ * • 10(0 - 0(«»»)] 

% 

is analytic in l at every point t on or exterior to Ln ; its modulus for z on O and 
for t on or exterior to Ln is not greater than (» + 2)d 2 ^„/d,. 

We choose now Ti > T so that /(z) is analytic in tho closed region R r „ and 
choose It > 1 ,11 < L\/T. We have the familiar equation 




By (56) we have 


Urn pi /n < T x /T, 


z on C . 


[0(0 — 0(«H l )] - ‘ ♦ [0 (0 — 0(cv„ »)] lln 1^ 

0(0 — !]••• [0(a„„) 0(0 - 1] Ti 


t on L Tt } 


from which (57) follows by (60). 

If inequality (40) is applied to (60) and (61), where z lies on L Zi wc have a 
result which implies not only (58) but also the following 

Corollary 1. Under the hypothesis of Theorem 15 wc have for Z < T 

(62) lim [max | f(z) — r n (z) \ f z on or within Lz] lln < ZfT . 


We can formulaic at once 


Corollary 2. If Theorem 15 is modified by requiring ihatf(z) shall be analytic 
merely interior to Rr, inequalities (57) and (62) arc to be modified by replacing the 
sign < by the sign g, and equation (58) is valid interior to li T , uniformly on any 
closed set interior to llr. 

The study of convergence of other sequences of form (13) can be carried 
through without difficulty: 
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Theorem 16. Let C, 4>{z), 8, and Rt have the same significance as in Theorem 
16, and let ( 66 ) 6 s valid as before. Let f(z) be analytic interior to Rt. If the 
functions R n (z) of form (13) satisfy the condition 

(63) Mm [max | f(z) - R n (z) | ,zon C] 1/n g 1/T , 

n— 

then we have also 

(64) lim [max [ f(z) — R n (z ) | , z on Rz, Z < T] Un g Z/T , 

so the sequence R n (z) converges interior to Rt, uniformly on any closed set interior 
to Rt* 

If the R n (z ) are given so that (63) is valid but where f(z) is defined merely on C , 
then the sequence R n (z) converges interior to Rt*'*, uniformly on any closed set inte- 
rior to Rt'**, anclf(z) is analytic interior to R T *«. 

If the points auk *= are independent of n and the R n (z) are given so that (63) is 
valid but where f(z) is defined merely on C, then the sequence R n (z) converges interior 
to R Tf uniformly on any closed set interior to Rt, andf{z) is analytic interior to Rr\ 
consequently (64) is valid . 

The proofs arc entirely analogous to proofs given previously (§9,3) and are left 
to the reader. The reader should likewise have no difficulty in modifying the 
proof of Theorem 12 (no new Lemmas arc necessary; wc use the fact that for n 
sufficiently large the cc n i all lie exterior to some Ca} Theorem 16 is applicable) 
to yield 

Theorem 17. Let C, <t>(z ), S > Rt, and the <x n k have the same significance as in 
Theorem 15, and let (56) be valid as before . Lelf{z) be analytic interior to Hr* 
Lei R n (z) be the function of form (13) of best approximation to f(z) on C m the 
sense of Tckebycheff, in the sense of least p-th 'powers (p > 0) over the boundary of 
C (assumed rectifiable, C consisting of a finite number of Jordan arcs or regions or 
both), in the sense of least p-th powers over the area of C (if C is a closed region), in 
the sense of least p-th powers over y\ \ to | = 1 when K is mapped onto the exterior 
of y so that the points at infinity correspond to each other, or in the sense of least p-th 
powers over 7 : | w | = 1 or over the region | w | ^ i when C is mapped onto 
| w | g 1 (C being a closed region), in every case with a positive continuous weight 
function. Then in each case we have both (63) and (64), so the sequence R n (z) con- 
verges tof(z) interior to R T , uniformly on any closed set interior to ft Tt 

The restriction that K bo connected can be modified in various cases; compare 
§5.3. Likewise the requirement that the norm function be positive and con- 
tinuous can be lightened. 

Theorem 17 is a direct generalization of Theorem 7. Moreover, the case that 
every cx n k is infinite is not excluded; under such circumstances we set ^(z) «s <£(z) 
in (56), and we obtain many of the results of Chapter V. 

Theorem 17 is essentially invariant under linear transformation, To be sure, 
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best approximation with a norm function after transformation may not be 
equivalent to best approximation with the same norm function before trans- 
formation if approximation is measured by an integral, but the two problems 
arc equivalent if the norm functions are suitably modified. 

Inequality (63) cannot be greatly improved in Theorem 17 oven if we assume 
f{z) analytic in the closed region S + whore S is bounded by the curve 
[ i p(z) | — T, and provided no further restrictions arc placed on the points 
This is shown by the example given at the end of §9.4. 


§9,11. Operations with asymptotic conditions 


Condition (56) is in a sense a direct generalization of (17), but is far less trans- 
parent as to content. We shall therefore devote some space to the study of (56) 
and similar conditions. Tor convenience in reference wo state first several 
lemmas. Each is proved from the familiar fact that if T x and r 2 are analytic 
Jordan curves which bound an annular region R, with r 2 interior to I\, and if 
U(x } y) is harmonic in It, then for (,r, y) in R we have 


(65) 


U(x,v) 




U(x' } y') 


d log r 
Op 


— log r 


dU(x 


(*', y') \ 
dv J 


ds 


+ 


2ir 


jC( 


U(x’, j/') 


d log r 
dv 


log r 


9U(x 


x'y) \ 

dv ) 


ds , r 2 = (x - rr') 2 + (y - y'¥ , 


wlicro v indicalra exterior normal for Ii, and integration on I’i and r 5 is in the 
positive sense with respect to h\ Hero and below the running coordinates are 
taken as ( x\ y f ). The proofs of these lemmas are not difficult, and are left to the 
reader. 


Lemma I. If P 2 is an analytic Joulan curve whose exterior is R, and if U(x, y ) 
is harmonic in R, including the point at infinity, then for (.r, //) w R ice have 

,) - 1 1 (u ^ _ los , £)* + VM. 

Lemma II. If I 1 is an analytic .Ionian curve, if U(x, y) — lug [(.i — .r 0 ) 2 ■+• 
(?/ — 2/o) s l 1/ " and if both yf) and (.r, y) lie interim to I 1 , then ue have 


UX- 


!?AT _ losr--)* - 0 

dv dv ) 


Lemma III. If I' is an analytic Jordan curve, if U(x, y) — log [(.c — .To) 5 + 
(y — 2/o) s ] 1/2 and if both (.i'o, yf) and (.r, y) lie exterior to ]', then we have 


( 66 ) 


hlX 


U - log r — ) ds = 0 . 

dv dv ) 


More generally , equation (66) holds whenever (x } y) lies exterior to V and U(x } y) is 
harmonic on and within P. 
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Lemma IV. If r 2 is an analytic Jordan curve whose exterior is It, if U(x, y) is 
harmonic in R except at infinity, and if in the neighborhood of the point at infinity 
we have U(x, y) = k log [(a: — xff + (y - yaY\ m + U'{x, y), where k is con- 
stant, U' is harmonic at infinity , and (*«, yf) lies interior to r 2 , then for (x, y) in R 
we have 

»-bi( vl l!r- ‘°* r f. ) * + U ' M ■ 

We are now in a position to state some results. 

Theorem 18, Let the relation 


(67) 


lim 

n-»» 


(z |fl n i) • * ♦ ( Z fin, n^l) 

(z — or n i) • • * (z — a nn ) 


l/t» 


* oxp U(x, y) 


be valid uniformly on an arbitrary closed set interior to some annular region R 
bounded by Jordan curves Ci and C^ } with interior to Ci, Let each point j3 nk lie 
on or interior to C 2 and each point <x n k lie on or exterior to Ct. Then the function 
U(x f y) cannot be identically constant. At every finite point (x } y) exterior to C% we 
have 


(68) lim | (z - j8*i) • • • (z - /J ni n+i) [ 1/n 

n-no 

uniformly on any closed finite set exterior to C 2 , where r 2 is an analytic Jordan curve 
in R containing C 2 but not ( 3 , y) in its interior ; at every point (x, y) interior to (\ 
we have 

(69) lim | (z - a„i) •■■(« — a„„) \ lln 

n — too 

uniformly on any closed set interior to C\ , where is an analytic Jordan curve in R 
containing (x, y) and C 2 but not C\ in Us interior. 

The functions log | z — | are uniformly limited on any closed set R' interior 

to R y and if the a nk are uniformly limited so arc the functions log 1 2 ; — a n h \ on R\ 
Thus the logarithm of the quantity whose limit appears in (67) is uniformly 
limited on R f } and the sequence of such logarithms forms a normal family of 
harmonic functions in R, Consequently the mere existence of the limit ex- 
pressed in (67) implies the uniformity of that limit. If the a uk arc not uniformly 
limited, it may be desirable to modify equations (67) and (69), for instance by 
inserting between bars the factor a n \a n 2 ’ * • a n « in (67) and its reciprocal in (69); 
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under these conditions, the mere existence of the limit in (67) implies the uni- 
formity, and the modified equation (67) implies (68) and the modified (69). 

Under the hypothesis of the theorem, it is clearly immaterial whether or not 
we include in (67) and (68) the factor z — 0n,n+i; the existence, uniformity, and 
value of the limit in (67) and (68) are the same in either case. 

Let (x, y) be an arbitrary point interior to R , and let the analytic Jordan curves 
Ti and r 2 in R separate (x t y) respectively from C\ and C 2 , with r 2 interior to 
Vi and C 2 interior to r 2 . If we set 

U'„(x> V) = \ I * - ft* I + • • • + log | * - A.. | ] , 

U"(z, y) - - [log 1 e - «nl | + ’ • • + log [ Z - ctnn \ ] , 

it 

Unix, y) = Unix, y) - Unix, y ) , 

we have by Lemmas IV and II and by (65) and Lemma III respectively, 



the normal p indicates exterior normal for the region bounded by Ti and r 2 . 
Consequently we may write 



The uniformity of approach of U n (x y f ) to U(x\ y') on any closed set interior to 
R implies uniformity of approach of the derivatives of L\(x\ y') to the coire- 
spondmg derivatives of U(x\ if) on any closed set mteiior to R , hence on r i and 
r 2l so the limits of the right-hand members m (70) exist uniformly as stated, and 
equations (68) and (69) follow for (x, y) in R. But the functions U' n and U” 
are harmonic respectively throughout the finite plane except m the points p nk 
and ccnk, and are represented by equations (70) not merely when ( x , y) lies in 
R but whenever (x, y) is a finite point exterior to r 2 or interior to I\ respec- 
tively. The right-hand members of equations (70) approach the obvious 
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limits uniformly for (a, y) on any closed limited set exterior to r 2 or interior 
to r t respectively. If we note that under these restrictions on (x, y) the right- 
hand members of (68), (69), and (70) are independent of the particular curves 
Ti and r 2 chosen, wc can now conclude the validity of (68) and (69) as stated. 

It remains to show that U(x, y ) is not identically constant. For each curve 
Ti of the kind previously considered wo have 


(71) 


lim 

n ~*co 


[ 

J r. flv 


ds = lim 

dP n— 




the first equality follows because U" is harmonic on and interior to Pj, so the 
integral of dUn/dv over Pi is zero, and the second follows by the uniformity of 
the convergence of the derivatives of U n on any closed set interior to R. But 
the expression whose limit appears in tho first member of (71) is precisely 27 r, 
so by comparing the first and last members of (71) wo seo that the function U 
cannot be identically constant, and Theorem 18 is established. The fact that 
U cannot be identically constant was used without proof in §9.5 in the applica- 
tion of Theorem 7, essentially under the present conditions. 

We remark incidentally that under the conditions of Theorem 18 we have 


I / 

r oK 

ds = 0 , 

i / 

' dU" 

ds = 0 , 

2tt J. 

r, Sp 


2?r J 

, 9" 


* 1 

" djK 

ds = — 1 , 

1 / 

r at/' 

ds m - 

2 7T J 

r s Qv 

2ir J 



where U* and U" are the limits of U* n and if l respectively exterior to (\ and 
interior to C i. 

One interesting consequence of Theorem 18 in that points cx n k or fi nk or both 
that are given implicitly can frequently be replaced by explicit points or more 
conveniently located points a^or fi nk or both, without altering the limits that 
occur in (67), (68), or (69). For instance, if can be chosen as a eune on 
which U is constant, the right-hand member of (08) can be written in the form 



da » 


dU_ 

Op 


ds . 


Suppose on P 2 we have da ^ 0 but a not identically constant. Then new points 
fink can be chosen uniformly distributed on l\ with rouped to tho parameter cr, 
and (68) unchanged will still bo valid exterior to Pa, uniformly on any closed set 
exterior to P 2 . ' Under the present circumstances wc can perhaps replace the 
points ctnk by new points on Pi chosen in a similar way in connection with (69), 
but a second term remains in tho square bracket in the right-hand member of 
(69), namely the value of U on Pi, which may bo different from zero. More- 
over, we surely cannot use (69) with U replaced by U", for (72) shows that 
(dU n fdv) ds cannot be non-negativo everywhere on Pi unless identically zero 
on Ti. Nevertheless a more general remark applies. 
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Lot T bo an analytic Jordan curve, and lot V (x, y) be harmonic on and ex- 
terior to r with a logarithmic singularity at infinity in the sense of Lemma IV. 
Then wo havo for suitable fa 

V(®, y) = -t (V — log »’ ds + fa, z exterior to T . 


Let 7i bo a function harmonic on and interior to r, and either coinciding with 
V (x, y) on r or differing from V (x, y) on V by a constant. By Lemma III we 
havo for z exterior to r, 


V(x, y) 


if 

hr J v 

-1 [ 
27T Jr 


Tr a log v , 

Vi — - log r 

VP 


£)*. 


(7 _ y,) *]sir _ log - W 

dp 8 p 

1 &(v -Vi) i .7 

log r — ds + ki . 


ds -j- hi 


Here we can apply the reasoning previously used (§§7.6 and 8.7) choosing points 
P»k uniformly distributed on F with respect to the parameter a, where da = 
[d(Vi — V)/dv] ds, provided wo havo da ^ 0 on F but a not identically constant 
on r. It may readily occur that this condition is known to he satisfied, as in 
the situation of §§9.4 and 9.5. For the points uniformly distributed on F 
with respect to a we have 

lira | (z - /3„i) faj I 1 '" = 


uniformly on any closed limited point sei exterior to F, where the constant k 2 
is suitably chosen, 

A similar remark applies to the obtaining of points Let V be an analytic 
Jordan curve, and let F(.r, y) be harmonic on and within F: 


V(x, y) = 


2tt 


7 ’-Ml - log O >1 

du h dv 


) ds , 


z interior to F ♦ 


If l r i(.r, y) is harmonic on and oxtoiior to F with a logarithmic singularity at 
infinity, then we have by (05) and Lemma IV 


a =rJ( v ' 


d log r 
Op 


- log I' 


«V.\ 

d» ) 


ds + k\ , z interior to F , 


where Ic i is suitably chosen. There results 

r< * u) ~a 


(7-VjiigI-logi- ^ -f- ^ ' 

dp dp 


ds — , z interior to F . 
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is identically oonstant on r, and if the points are 
1 r witli respect to the parameter a, whore da «=> 
we have 

l) - (z-ann) \U« = , 


uniformly on any closed sot interior to P, where the constants fa and fa are 
suitably chosen, In order for this choice of the a n k to bo possible, we must 
obviously have da ^ 0 on I and a not identically constant on I\ 

Whenever the function V (x, y) is given, it is always possible to choose Vi(x, y) 
so that the conditions Vi ~ V identically constant oil V f da £ 0 on l 1 , a not 
identically constant on r, are satisfied; for we may choose V 2 harmonic exterior 
to r so that V 2 — V is identically constant on V. By adding to V* a suitable 
multiple of Green's function for the exterior of V with pole at infinity we can 
ensure the conditions da i> 0, and a not identically constant on r, Hence we 
can always choose the a n k on Y so that (73) is satisfied. 

Our restriction in the present paragraph to regions bounded by only two 
Jordan curves and to integration over Jordan curves taken as analytic is clearly 
a matter of simplicity rather than compulsion; generalisations can bo immedi- 
ately formulated by the reader. 


§9.12. Asymptotic conditions under conformal transformation 


Let us return to the situation of §8.7, Theorem 9, where for simplicity we now 
assume that C x and C 2 consist of single curves, with interior to 6 T X . If the 
function U (x, y) is zero on CT, unity on C 2) harmonic interior to the region It 
bounded C\ and C 2} and continuous in R } then we have used the formula 


U(z, y) = 



(x f y) interior to 72 , 


where v is the exterior normal for It , If the points a,a and p n i are uniformly 
distributed on C\ and C 2 with respect to the parameter a, 


(74) da - -(dU/dv) ds , 

(of course da is negative on Ca) then we have 


(75) lim 


finl) * * ‘ Pn,n \ l) 

(z - a ni ) "* {Z — <X nn ) 


1/n 


= , z ~ x + iy interior to It , 


uniformly on any closed set interior to li t where the constant cj is suitably chosen. 
More explicitly, it is even possible to write for z in li 

lim | (z - or „i) * • • (z - a nn ) | 1 /" = c*”' , lim | (z - /3„,) ■ • • (z - /3 n .n\-i) | l/H = c qUl , 


Ufa y) 


L, 


log r da , 


U, 


(®» y) ~ £ log 


r da , 
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Tho function a defined by (74) is on Ci or C 2 precisely a function conjugate 
to — U*d<r/ds ~ — dU/dv, and such a function has invariant properties under 
conformal transformation. Under such a transformation, let R bo transformed 
into a finite annular region whoso outer boundary corresponds to Ci< Then 
the harmonic function U(x, y) remains harmonic, and tho values of tho trans- 
form of U(x, y) on tho transforms of C\ and C 2 are again zero and unity. Points 
dnk and Pni on C i and C 2 respectively which are uniformly distributed on Ci and 
C 2 with respect to a correspond under this transformation to points on the 
transforms of C\ and (? 2 which arc uniformly distributed with respect to the trans- 
form of cr, and equation (75) holds if the original quantities z, fi n k, U(x, y) 
are replaced by the new ones. 

Theorem 19, Let Ci and C 2 be Jordan curves , with C\ interior to C h and let 
U(x , y) be harmonic in the region R bounded by C y and C 2 . Let U(x, y) be con- 
tinuous in R and take on the values zero and unity on C y and C\ respectively , If 
points oink and 0 n * are chosen uniformly distributed on Ci and C\ with respect to the 
conjugate of — U(x, y), then (75) is valid interior to II, uniformly on any closed set 
interior to It, where the constant q is suitably chosen . 

The invariant character of the geometric situation is clear from Theorem 19, 
for the statement involves in the geometric configuration only entities which aro 
invariant under the conformal mapping of It onto an annular region R ' bounded 
by Jordan curves C[ and C[, corresponding to (\ and To respeeth ely, and with 
( r ' 2 interior to C[. Of course the function that appears in the left-hand member 
of (75) is not invariant, but depends on the ponds a u a and which are invari- 
ant. I Oven q is invariant, the quotient of — 2?r by (he integral of da o\er (\, 
but obviously q plays a relatively minor role in the study of convergence of 
rational functions whose poles lie in the found by interpolation in the /?,*/ 
TOven if the situation of Theorem 19 is mapped conformally onto a region con- 
taining tho point at infinity in its interior, equation (75) remains valid provided 
the eonstant q is suitably modified. 

We have not 3 r et established Theorem 19 in the most general east*, but only 
m cast* (\ and (\ art* analytic Jordan curves; the more general situation can be 
treated by the method of §7 0 Let Pi and 1\ be level curves of the function 
U(v, y), so chosen in R that they separate (,r, //) from (\ and (\ respectively. 
Then we have by (65) 

(70) U(x, y) = I log r da -(- p. , 

* 7r yr,+r, 

where ju is the value of U(x, y) on Pi. Tho function a is continuous in R, al- 
though not single- valued. Choose a unique determination of a in R, continuous 
except along a single Jordan arc J: a =* constant joining C\ and When 
Pi and r 2 approach monotonically C\ and C 2 respectively, the values of log r 
(considered as a function of cr) on Ti and P 2 approach uniformly, in both (x, y) 
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corresponding values of log r on C\ and C 2 » Then tho right- 
w, (76) approaches the right-hand member of 

U(x, y) = ^ / log r do - , 

W Jc^c, 

uniformly for ($, y) on any closed set interior to R. Iionco (77) is valid, and 
therefore (75). To bo sure, the right-hand member of (77) is not a line integral 
of the usual kind. But the integrand is defined and continuous in (x, y ), (x f f y'), 
and a on C\ and C 2 , and the integral has a proper sense, The invariant nature 
of Theorem 19 persists oven if one of tho curves C\ and C 2 degenerates to a point; 
in this case the function U(x, y) becomes logarithmically infinite at such a point; 
comparo the Lemmas of §9.11. In the light of the invariant property, we may 
say that the situation of points equally distributed studied by Fej6r (§§4.3, 
and 7.6), which involves a limiting case of Theorem 19, is in its geometric aspect 
simply a conformal transformation of Runge's study (§7 .1) of interpolation by 
polynomials in the n-th roots of unity. 

The general geometric situation in Theorem 19 might be interpreted as a eon- 
formal transformation of the case where C'i and C 2 arc circles, say tho circles 
\z\ - A >1 and | z | ~ 1 respectively. Typical points and 0 nK uniformly 
distributed on C\ and C 2 with respect to U(x, y) arc the n - th roots of A n and 
the (n + l)-st roots of unity respectively. We have as the right-hand member 
of (75) the function | z/A |. In this case, it should bo noted, the development 
of a function analytic for | z | S R, 1 < R < A } converges uniformly for | z | S R } 
and in fact this development converges on ( ^ | g 1 with tho same geometric de- 
gree of convergence as the sequence of functions of best approximation on 
| z | = 1 in the sense of least squares. This fact has its analogue in much more 
general cases, as we shall later prove; compare also §9.5, 

The following theorem is not surprising, in view of tho fact (§9.11) llmt points 
a nK can frequently be replaced by points uniformly distributed, and (Theorem 
19) of the invariant properties of the latter points. 

Theorem 20. Let R be an annular region bounded by Jordan curves ( \ and C 2t 
with C 2 interior to C h Suppose the points oc ti k lie on or exterior to t\ y and that 
we have 

(78) lim | [<j)(z) — <t>(cL n \)] * ■ * [<l>(z) - <£(«„„) J \ lfn ~ I C I»(«) | , zin R , 

n — >oo 

uniformly on any closed set interior to R, where iv — cp(z ) maps the exterior of C 2 
onto | w j > 1 so that the points at infinity correspond to each other . Then we 
have also 

(79) lim | (z ~ a„i) • « • (z — a nn ) J 1 '” = | <I>i(z) | , zinR , 

7J-*00 


uniformly on any closed sel interior to R, where <I>i(z) is suitably chosen. 
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» n 

v* ~ - T) Jog I 0(*) ~ <^>(a»i) I > y' n = - y) log I z - Oink | , 
n f=l n f=i 


v; , i 2 log 


k *=> 1 


<^(g) — 0(a B fc) 

2 


n = v: + v". 


Let (x, y) bo an arbitrary point interior to It, and let analytic Jordan curves 
Pi and P 2 be chosen in E with z and C 2 interior to Pi, and with C 2 interior but 
z exterior to P 2 . If v donolcs exterior normal we have 



with similar formulas for V„ and V". But it follows from §9.11, Lemma III 
that we havo 



d log r 
dr 



(Is = 0 , 


and it follows from (G§) and §9.11, Lemma I that we have 




d log r 
dt> 


log r 


dV_ 




log A, A = 1/| <*>'(«>) I , 


for the function log 1 [<£(>) — <Ka„*)]/[z - «>,*] | is harmonic at all points of the 
extended plane exterior to (\ ami lias Hie value — log A at infinity, lienee 
we may write 

<8,l) v; = s/,( , ’" Sj ^" 1 '" ! '^)'' a + IOB4 - 

The function | <f>(z) — | is uniformly hounded from zero on any closed .set 

interior (o ft, bo <!>(*) cannot vanish in ft, The harmonic function V„ together 
with its derivatives converges uniformly on V u so by (80) the limit of V 1 exists 
uniformly on any closed set interior lo r h lienee uniformly on any closed set 
interior to (V Theorem 20 is established. The value of the limit of V' is 

y,( ’> v) - h 1, ( F ^ - 108 r iD * + log 4 • 


From the method of proof of Theorem 20, applied now after transformation 
onto the w-plauc, where w = ${&), it follows that a condition of form (79) valid 
in R when the points a n h lie on or exterior lo C i, implies a condition of form (78), 
for in the proof of Theorem 20 we have not actually used the fact that <j)(z) is 
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the mapping function. We have used only the fact that <t>(z) is analytic and 
univalent on and exterior to C 2 , and the inverse z ~ x( w ) has this property in 
the tp-plane exterior to | w f = 1. 

Corollary 1. If the region R is as described in Theorem 20 , and if we have 
(79) for z in R } uniformly on any, closed set interior to R, then we also have (66) for 
z in R } uniformly on any closed set interior to R } where is suitably chosen. 

We have already pointed out that (79) implies (78). But if (78) is interpreted 
in the w>-plane, w = 4>(z), it follows from tho harmonic properties of the loga- 
rithms of the functions involved that wo also have convergence of 

| [</>(«„!) ~ 1/©] • • • - l/v>) | 1 '", 


and such convergence together with (78) implies (56), convergence in every case 
for z interior to R f uniformly on any closed set interior to R. It follows as in 
the proof of Theorem 18 that \p(z) is not identically constant, but (§9.10) tho 
function | \p(z) | approaches unity when z approaches C 2 . Thus Theorem 15 
applies whenever points a n k arc given exterior to some region containing C in 
its interior, such that (79) is valid in that region. 

By precisely the method of proof of Theorem 20, we can formulaic an anal- 
ogous result: 

Corollary 2. Lei It be an anmdar region bounded by Jordan curves Ci and 
C z , with C 2 interior to CV Suppose the points lie on or exterior to and that 
we have 


(81) lim 

n->oo 


[<f)(z) — 4>(oc n Q] ♦ ■ - [(j)(z) — 

[0(a„O $(z) — 1] - ■ • [$(«*„) — 1] 


- exp [V(x } y)] , 


z in It , 


uniformly on any closed set interior io It. Then we have 


(82) 


lim 

n— *oo 


(z ' {z • &nn) 


Un 


• • • <£(«»») 

uniformly on any closed set interior lo II, where 
(83) 


= exp [V’(x, y) } , z in It , 


the analytic Jordan curve I\ being chosen in It so as to contain z and C 2 in its 
interior. 


Reciprocally, previous methods show that (82) implies a condition of form 
(81), where 7 (a, y) is suitably chosen; hence (82) implies (83). In particular 
it follows that any given set of points a n k on or exterior to Cl for which (79) or 
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(82) is satisfied may be replaced by an. equivalent set a' nk on some Fi interior to 
R, equivalent in the sense that we still have the analogue of (82) 

lim | {z — a'J • • • (z — a'J | l/n — oxp [Vise, y) 4-5] , z interior to , 

uniformly for z on any closed set interior to l’i, where q is suitably chosen; com- 
pare §9.6. For instance, if we choose l'i as a level curve of the function V, 
then the points c*^, may be taken uniformly distributed on I\ with respect to 
the parameter <r, da = —(dV/dp)ds, and a' ik may even be chosen to bo inde- 
pendent of n. Modification of V'{cc, y ) in (82) by the addition of a constant 
term does not modify the function V (®, y ) in the resulting equation (81) in 
any way, as one may verify by the method of proof of Corollary 1. 

One consequence of the remark just made is that Theorem 15 is the "best" 
theorem possible, in the sense that for given C, $(z), and T' (with the locus 
1 1 p(z) | = T' in S), and for given f(z) analytic interior to R T > but with a singu- 
larity on the locus | 1 / 4 ( 2 ) \ — T\ there exists a sequence such that for no 
sequence r„(z) of form (13) can we have 

lim [max |/(z) — r„(z) | , s on C] 1/n = 1/Ti < l/T' . 

We may choose the points <x nK — <x K independent of n on a locus j \p(z) | = 
T 2 > T f in R so that (56) is satisfied with the given i p(z). Then (Theorem 16) 
the sequence r n (z) converges interior to Rr xi uniformly on any closed set inte- 
rior to Rr l} so f(z) is analytic throughout the interior of r I\ > contrary 

to hypothesis. 

A further consequence of equation (83) as implied by (81) is that correspond- 
ing to given cx nK satisfying (81), points of interpolation 0 nk nuiy be chosen on t\ 
(in ease C 2 is a Jordan curve), uniformly distributed with respect to the param- 
eter tr, dcr » — (dV/dp)ds } because on we have V = U, and the equation for z 
in R 

(84) yfc ,) - V V, V) + i j[ (v - log r %) d, 

= V'(x, y) -f ~ f log r da 

follows from (83), Such points of interpolation lead to a sequence r n (z) found 
by interpolation in the points 0 nk converging like the sequence of Theorem 15, 
as maybe verified by an obvious modification of §8.3, Theorem 5. The modifica- 
tion is a consequence of a hypothesis of form (82) rather than (79). To be sure, 
if the point set C of Theorem 15 is not bounded by a Jordan curve, these points 
p n K cannot be chosen on the boundary of C ; but whenever f(z) is given, the 
points can be chosen depending on /(z), lying on some level curve near C 
of the function V (x, y ) ; compare §4,5. Thus Theorem 15 (and hence Theorems 
16 and 17) can be proved by a method analogous to that of §4.5 (first proof of 
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Theorem 5), without the method of Shon, Tho present suggested proof has 
the advantage over the previous one that the points p nfu can be easily determined 
effectively, but has the disadvantage that those points depend 011 /( 2 ) if C is not 
a Jordan region. 

In the light of the invariant property expressed by (83) and (84), where Ti 
is chosen as a level curve of the function V(x } y), tho situation of §910 may bo 
interpreted as a transformation of the situation of §9.4, where the exterior of C 
in §910 is mapped conformally onto | w \ > 1; this interpretation is analogous 
to that of Four's theorem on points equally distributed as a conformal trans- 
formation of Rungc's theorem, Of courso condition (81) in its present form is 
invariant under arbitrary conformal mapping of the exterior of C 2 . 

The formulation and proof of the analogue of Theorem 20 for points of inter- 
polation (3 n K instead of poles arc left to tho reader. Certain results on 
variously located points may also be obtained from our results on points a n k 
by a transformation z 9 « 1 jz, Moreover, our general methods enable one to 
study the properties of (67) under conformal transformation; under broad con- 
ditions, equation (67) is invariant except for possible constant factors in both 
members. 

In most of §§911 and 912 we have studied a region H bounded by two Jordan 
curves C\ and C 2 < The reader can hardly fail to have noticed that that choice 
was made only for simplicity. Much of the discussion holds too if (\ is replaced 
by the boundary of any closed limited point set C not a single point whose 
complement is simply connected, and if R is a simply or multiply connected region 
whose complement has C as one of its components. 

We mention some additional problems in connection with §§9. 1 0 91 2, not con- 
sidered further here because of lack of space. Suppose the situation of Theorem 
15 is modified so that the complement of C is no longer simply connected. 
What is the analogue of (56)? What can be deduced from Unit analogue? 

The concept of maximal convergence of a sequence r n (z) of form (13) would 
seem to have a meaning in case (56) is satisfied, at least in the ease that the 
a nK = ak are independent of n> What are its properties and implicat ions? 

§913. Further problems 

A few further topics deserve to be mentioned in concluding this chapter. 

The reader may well raise tho question whether a generalization of Theorem 
15 docs not exist, when in the hypothesis of Theorem IS equation (56) is re- 
placed by knowledge of tho inferior and superior limits of the left-hand member. 
This generalization lies immediately at hand, and includes both Theorem 10 
and Theorem 15: 

Theorem 21. Lei C be a closed limited point set not a single point whose com- 
plement K is simply connected , ami let w ~ <j)(z) map K onto \ w | > 1 so that 
the points at infinity correspond to each other. Let the points a n k be given exterior 
to C } and let the relations 
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(85) 


lira 

«-*o0 


t»(«,i) <ft(z) — 1] • • • [^(a«n) 4>(z) — 1] 

[<t>(z) — 4 >(«nl)} • • • [</>(z) ~ <Ka»n)] 


^ I ^l(z) I ; 


lira 


S(gnl) ^(g) 1] 

[<K*0 ^ £(«nl)] 


[$fenn) <ft(z) — 1] 
[<£(*) “ 4>0*nn)] 


I i , 


hold uniformly* on an arbitrary closed subset of some region S. Let S + C be 
a region which contains C in its interior but contams in its interior no limit point 
of the ank . Let R l T and It? denote generically the respective closed regions (if exist- 
ent) which contain C in their interiors , contain no point not in C or S t and are 
bounded by point sets on which | fc(z) \ — T > 1 and \ fa(z) \ = T > 1 in S. If 
the function f(z) is analytic in the closed region there exists a sequence of func- 
tions r n (z) of form (13) such that we have 


(86) lim [max | f(z) — r n (z) \ } z on C] lJn g 1/T , 

TV — *50 


lim [max | /(z) - r n (z) \ ,zin R' z , Z < T] lln ^ Z/T . 

n~+oc 


Consequently the sequence r n (z) converges to f(z) uniformly on any closed set R z , 
Z < T. 


It has seemed to the writer preferable not to make Theorem 21 fundamental, 
presenting Theorems 10 and 15 as corollaries, but more natural and desirable 
for expository purposes to proceed in the reverse order. Nevertheless, Theorem 
21 does give a unified and inclusive formulation of the other results. Theorem 
21 can be proved either (i) by following precisely the method used in Theorem 
15 or (ii) by applying Theorem 15 itself to yield an indirect proof. For in- 
stance, method (ii) can be formulated as follows: if (86) is not true, there exists 
some sequence n\ < n 2 < /13 < • * such that 

(87) lim [max | f(z) - r H (z) | , z on C] Unk ~ l/T 1 > l/T , 

k— *00 

where the r n (z) are the functions defined as in tiic proof of Theorem 15. The 
functions which appear m the left-hand member of (85) form a normal family 
in S; from the sequence corresponding to the indices n k can be extracted a sub- 
sequence converging uniformly on any dosed set interior to Theorem 15 
does not require the sequence r n (z) to be defined for every n } so Theorem 15 
contradicts (87). An advantage of (ii) over ( 1 ) is that (ii) applies Theorem 15 
itself instead of its method of proof (showing incidentally that Theorem 21 is 
not greatly different in content from Theorem 15); an advantage of (i) over (ii) 
is in not employing the principle of choice, for that principle can be avoided 
in(i). 

* We consider such a relation as iim»-»«> | F n {z) I ^ I F(*)\ to hold uniformly if to 
every « > 0 corresponds a number N such that n > N implies uniformly | F n (z) | ^ 

1 m 1 + 6. 
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The following theorem generalizes both Theorem 12 and Theorem 17, and is 
proved similarly to those theorems, by the theorem which is the natural general- 
ization of both Theorem 11 and Theorem 16: 

Theorem 22, Let the hypothesis of Theorem 21 be satisfied. Let R n (z) be the 
function*/ form (13) of best approximation to f(z) on C in the sense of Tchebychejf , 
in the sense of least p4h powers (p > 0) over the boundary of C (assumed rec- 
tifiable , C consisting of a finite number of Jordan arcs or regions or both) } in the 
sense of least p4h powers over the area of C (if C is a closed region) , in the sense 
of least p4h powers over 7: | w | =* 1 when IC is mapped onto the exterior of 7 
so that the points at infinity correspond to each other, or in the sense of least p4h 
powers over 7: | w | *= 1 or over the region \ w | ^ 1 when C is mapped onto \ 10 | g 1 
(C being a closed region ), in every case with a positive continuous norm function. 
Then in each case we have 

Iim [max [ f(z) - R n (z) \ , z on C] u " g 1/2 T , 

>1— 

lim [max | f(z) — R»(z ) j , z on R' x , Z < T] 1 '" g Z/T , 

n—too 

so the sequence R n (z) converges tof(z) uniformly on any closed set R Zy Z < 7\ 

The general problem of best approximation by rational functions of given 
degree whose poles arc not prescribed, or arc merely prescribed to lie on a given 
point sot, is still unsolved except in particular cases. In this problem, the poles 
of the approximating rational functions ordinarily depend not merely on the 
given point sets but also on the function approximated, and this dependence 
seems relatively complicated. 

Let us illustrate this fact of dependence in a miller trivial ease. Wo ap- 
proximate to the function f(z) on a closed set C which contains infinitely many 
points, by rational functions r n (z) of respective degrees « whose poles art 1 re- 
quired to lie in a closed set E ; if the poles of the r n (z) are not restricted, wo can 
choose E as the entire plane, For definiteness wo may consider f(z) analytic 1 on 
C, best approximation measured in the sense of TehebychelT, and suppose C 
is not the entire plane, Uf(zj is the function 1/(1 — z) y where t is a point of E 
exterior to C y then every function r n (z) y n £ 1, clearly coincides with f(z). 
Similarly, \if(z) is a rational function of degree in whose poles lie in E exterior to 
C y then every function r„(z), n £ m, is identical willi/(z), and r n (z) lias its poles 
precisely in the poles of f(z). 

This illustration indicates the dependence 0 nf(z), or at least on the singulari- 
ties of f(z)y of the poles of tho approximating functions. No methods have as 
yet been devised in very general cases for determining those poles in order to 
study in detail (with respect to degree of convergence, ovorconvcrgcnce, etc.) 
the convergence of the r n (z). It is clear, however, that the results of the present 
chapter are of significance in that general study; they yield at once certain 
conclusions regarding degree of convergence, and in case E and C have no point 
in common yield also conclusions regarding overconvcrgenco, 
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It is appropriate to state liere the following theorem [Walsh, 1931b] con- 
cerning this domain of ideas: 

Let f(z) be single-valued and analytic on the entire plane except in a closed re- 
ducible (§1.1) set E. Suppose C is a closed limited point set not a single point 
with no point in common with E t Then there exists a sequence of rational f unctions 
r n (z) of respective degrees n whose poles lie in E such that we have 

lim [max | f(z) — r n (z) \ ,zon CY ln ~ 0 . 

*00 

Let R n (z) denote the rational function of degree n whose poles lie in E of best ap- 
proximation to f(z) on C in the sense of Tchebycheff (if the complement of C is 
regular) } in the sense of least p4h powers (p > 0) over y: \v)\ = 1 when the 
complement of C is mapped onto \ w | > 1 (if the complement of 0 is simply con- 
nected ), in the sense of least p-ih powers over the boundary of C {C being boimded 
by a finite mtmber of rectifiable Jordan arcs and curves which separate the plane 
into only a finite number of regions) } in the sense of least p-th powers over the 
area of C (C having at least one interior point) } or in the sense of least p-ih 
powers over \ w | < 1 or \ w | = 1 after conformal mapping of C onto \ w \ < 1 
(C being a simply connected region) } in every case with a positive continuous norm 
function . Then we have 

lim [max | f(z) — R n (z) \ } z on C] ihl = 0 . 

n~«o 

The set E cannot separate the planc } so (Theorem 6, Corollary 5) the sequence li n (z) 
converges to the function f(z) on the entire plane except on ike set E, On any closed 
set Ci having no point in common with E we have 

lim [max | f(z) — Jt n (z ) \ , z on Ci] Un = 0 . 

A problem related to the one just considered is that of assigning not the degree 
of the approximating rational function, but the degrees of the numerator and 
denominator, where the poles are either arbitrary or are fully prescribed, or are 
merely required to lie on a given point set. Here too the results and methods 
of the present chapter arc of significance. If the polos are fully prescnbed, 
the present methods can be modified so as to give fairly satisfactory results; 
compare Theorem 2 and also §9.5. If I lie poles are merely required to lie on a 
given point set, our present methods also h:n c some application. 

If the poles are entirely arbitrary, we are led to a table of double entry: 

tfooCO, AoiO 0, tfwOOi * * ■ > 

( 88 > Ru>(z), Hi i00, rtiiCe), 


where ll mn (z) is the rational function of form 

('HQ't a ° gm + at 2 ” 1 " 1 +•••+<*»■ 
b 0 z n + biz“~ l -+■••• + b„ 1 


boz " 4- -j- • • • + b„ 0 , 
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of best approximation to f(z) on C, This table is entirely analogous to the 
Pad6 table, which is constructed of functions of form (89) of highest order inter- 
polating to a given f(z) say at the origin rather than of best approximation, 
It is of interest to study the convergence of various sequences formed from the 
table (88); the chief difficulty is that the poles of the R mn (z) arc not known ex- 
plicitly or even asymptotically, although it is clear that those poles depend to 
some extent on tho singularities of f(z). This general problem obviously de- 
serves further study, One of the more immediate results [Walsh, 1934] is tho 
following theorem: 

Lei f(z) be analytic interior to a limited Jordan region C } continuous in ike 
corresponding closed region G, Let Rmn(z) denote the function of form (89) of best 
approximation to f(z) on C in the sense of Tchelycheff. Then any infinite sequence 
of the R„ m (z) formed from the table (88), for which the inferior limit of the first 
subscript is not less than the number of zeros of f(z) interior to C f converges tof(z) 
uniformly in G, 



CHAPTER X 


INTERPOLATION AND FUNCTIONS ANALYTIC IN THE UNIT 

CIRCLE 


§10.1. The Blaschke product 


There arc primarily two problems of the theory of interpolation: 1) study 
of the existence and uniqueness of functions of a certain class taking on pre- 
scribed values in given points; 2) representation or approximation of a given 
function by means of auxiliary special functions required to interpolate to it in 
certain points, Illustrations of 1) arc §3.1, Theorem 2 and §8.1, Theorem 1; 
illustrations of 2) occur throughout Chapters YII and VIII. We shall under- 
take in the present chapter the further study of 1), particularly with reference 
to functions analytic interior to the unit circle C: | z \ *= 1, where the prescribed 
points of interpolation arc also interior to C , Of central importance in this 
study is the Blaschke product, to the consideration of which wc now turn. 

Theorem 1. If the points ft, ft, • • • lie interior to C\ | z | = 1, and if the 
product n I fti | divcrges y A then the product 


( 1 ) 


DO 


n 

>*“ l 


fin Z ~ 

| | fi„Z - 1 


also diveiges interior lo ('. On every elosal net interior to C wc have uniformly 


(2) 


Hm H 


| Pn I ~ I 


-x 0. 


Product (1) is called the Blaschke product corresponding to the numbers ft,. 
If ft x = (), the correspond mg factor ft,/| ft | in (1 ) and (2) and elsewhere through- 
out the present chapter is lo be replaced by unity. Indeed, so far as Theorem I 
is concerned every factor ft/| ft, | can be replaced by unity, but the form that 
appears in (L) is more advantageous in some of our later work, for instance in 
Theorem \ . 

Theorem 1 is proved by a method used in §9.0, The partial products of (1) 
are uniformly limited (of modulus less than unity) interior to C\ For z — 0, 
the product (1) takes precisely the form JJ | ft |, so equation (2) holds for the 
value z — 0. If z = 0 is not a ft* or a limit point of the ft, then every limit 

* An infinite product none of whoso factors is zero is said to converge if and only if the 
product of the first N faetois app] caches a (finite) limit different from zero as N becomes 
infinite. An infinite product only a Unite nurnbci of whose factors arc zero is said to con- 
verge if and only if the product obtained hy omitting those factors converges An infimto 
product an infinite number of whose factors arc zero is said to diverge. 
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(necessarily a uniform limit on any closed set interior to C) of an infinite se- 
quence of partial products of (1) vanishes identically interior to C by Ilurwitz's 
theorem (§1.2), for the partial products of (1) are different from zero in the 
neighborhood of z = 0; thus equation (2) is valid uniformly on any closed sot 
interior to C, If z = 0 is a limit point of the ft, then overy limit of an infinito 
sequence of partial products of (1) vanishes in all the points ft, hence being 
analytic interior to C vanishes identically, so (2) is again valid uniformly on 
any closed sot interior to C . Similar reasoning applies, by regarding the de- 
rivatives at the origin of an arbitrary limit function, if an infinity of the ft, are 
zero. 

It follows from (2), valid at overy point interior to C ) that (1) diverges at 
every point interior to C distinct from the ft. It remains now to prove diver- 
gence in the points ft,, and to prove (2) in the case that only a finite number of 
the ft are zero, Divergence of (1), divergence of JJ | ft, |, and validity of equa- 
tion (2) uniformly on any closed set interior to C, are all independent of the 
suppression of a finite number of factors. The proof of divergence in the points 
ft, and of (2) if only a finite number of the ft are zero, goes through as before 
after the suppression of suitable factors if a given point ft occurs in the sequence 
ft only a finite number of times or if ft = 0 occurs in the sequence ft, only a 
finite number of times. In the respective contrary cases wc have by definition 
divergence of (1) in the points ft and z == 0. 

An obvious extension of the reasoning already used yields the 

Corollary. If equation (2) holds at a single point z interior io C distinct 
from the ft l} or if (1) diverges at a single point z ulterior to C, then (2) holds at every 
point interior to C } uniformly on any closed set interior io C\ In particular 
niftl diverges . 

Whenever an infinite number of the ft lie on a closed point set interior to (\ 
the products JJ | ft, | and (1) diverge, for the points ft, considered conceptually 
distinct have a limit point z interior to C , and equation (2) is valid at this point. 

Theorem 2. If f{z) is analytic and uniformly limited interior to C, and if f(z) 
vanishes in each of the points ft, interior to C } with m ft, | divergent , then f(z) 
vanishes identically interior to C. 

Let us assume \f(z) \ £ M interior to C . The function 


<t>(z) = f(z) ff 

n 4 - l 


ft [ ftg — 1 

ft Z - ft 


is analytic interior to C , when suitably defined in the points ft. When z interior 
to C approaches C } the modulus of the second factor on the right approaches 
unity and the modulus of f(z) can approach no limit greater than M, so the 
modulus of <t>(z) can approach no limit greater than M. By the Principle of 
Maximum we have | <t>(z) | g M interior to C\ 
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l*»l*Jfft 

n~l 


fin & fin 

| /3n | ~ 1 


z interior to C , 


If we now allow W to become infinite Theorem 1 yields /(z) as 0 interior to C . 


Theorem 3. If the sequence of functions f n (z) is uniformly limited interior to C, 
and if the sequence converges in each of the points fi v interior to C, with IJ | fi v ( 
divergent , then the sequence f n (z) converges at every point interior to C } uniformly 
on any closed set interior to C> 

Theorem 3 includes the second part of Theorem L 

Any two limit functions interior to C of the sequence f n (z) must coincide in 
the points fi n and be uniformly limited interior to C , hence (Theorem 2) must 
coincide throughout the interior of C, That is to say, the sequence f n (z) con- 
verges interior to C ) hence converges uniformly on any closed set interior to C * 

In Theorem 3, as in Theorems 1 and 2, the points fi n or any finite or infinite 
number of them may all coincide, provided wo make the usual convention rela- 
tive to interpolation in multiple points. The convergence of the sequence 
f n (z) in a point ft, of multiplicity m is thus considered to involve convergence 
of the sequences/,, (ft), /,'(&)>/" (ft-) , • • • ,/l n-1) (/3,). 

Wo turn now to the study of convergent Blaschkc products. 


Theorem 4. If the points fi n lie interior to C: \ z\ — 1 and if the product 
II I fin I converges , then the sequence of partial products 


(3) 


N 

Bn(z) SB PJ 


fin Z - fin 
I fin | jM - 1 


converges in the mean on the circumference C. Consequently the sequence (3) con- 
verges interior to (f uniformly on any closed sd interior to C } to some fund ion B{z) 
analytic and of modulus not greater than unity interior to C. The limit in the mean 
on C of the sequence (3) is the set of (Fatou) boundary values of B(z) almost every- 
where on C , and is of modulus unity almost everywhere on C. 


It is clear from the form of (3) that Bn(z) is analytic interior to C, so the 
convergence of the sequence B N {z) to some function B(z) analytic and of modulus 
not greater than unity interior to C follows from §5.8, Theorem 16 and from 
convergence in the mean on C of the sequence Bn(z). The latter remains to be 
proved. We have at once 

(4) jf | AmOr) - B N (z) | 2 | dz \ 

— f I £#.h/?jy42 ■ ■ ■ fiy-ii i (z — ftvHi)(g — ft AH- 2) » * * (z — fiif+k) 

JC I [ fitf+lfiff+l * • ' fis+K I (ftv-M# ” l)(ftv+ 2 # ~~ 1) • ■ • (/to l) 
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We multiply the expression between vertical bars by its conjugate and integrate, 
setting | dz | = dz/(iz). We notice by Cauchy's integral the relation 


L 


(z — ffy+i)(g — fa-te) "• (z — ftjHjb) dz 
(jfttf+l# — l) (j^iY+2^ l) 1 ' * ~~ l) ZZ 


= 2tt 


(z - /?y-n) (z - fa+k) ~ 
(&N-HZ — 1) * • • (pN+kZ ~ l)- 


*~0 


=s 2irfitt'\lfiN+2 ' ■ ’ fty-K . 


The right-hand member of (4) thus reduces to 

4?r[l — | (hr+iPw 2 • * • |] . 

The product [ ftmfrv +2 • - ■ /W* | approaches unity as iV becomes infinite, by 
the convergence of JJ | fi ti | (the proof is immediate by taking logarithms), so 
the right-hand member of (4) approaches zero as N becomes infinite, ancl the 
sequence B n (z) converges in the mean on C (§6.3, Lemma) to some function 
B'(z) which is intcgrable and with an integrablc square on C, 

The obvious inequality 

|| B>(z) \ - | B n {z) || g | B'(z) - B n (z ) | 

shows that the sequence | B n (z) [, which has the constant value unity oil C, con- 
verges in the mean to [ B'(z) | on C. A limit in the moan is essentially unique, 
so | B*(z) j is unity almost everywhere on C . Wo still have to show I hat B f (z) 
is the set of boundary values on C of the function B(z) defined interior to (\ 

It follows from the method of §6.3, Theorem 3, Corollary 1 that we have 

Jim j B n (z)z k dz = j B'(z)z k dz , fc =*.*«, — 1, 0, 1, 2, • • * . 
Jc Jc 

If C r denotes the circle | z \ « r < 1 we have for these same values of k by the 
boundedness interior to C of the sequence B n {z) 

lim f B n (z)z k dz ~ lim [ B n (z)zhh — j B(z)zhlz = [ B{z)zhlz , 

II -IOO Jc «-+«> Jc r Jc r JC 

where B(z) on C denotes the Falou boundary values of the limit B{z) interior 
to C. Tiie equations 

J B\z)z k dz = J B(z)z k dz , k = • • • , — 1, 0, 1, 2, ■ ■ • , 

are valid for the function B'(z), which is known to be integrablc together with its 
square on C, and for tho bounded function B(z). It follows that B'(z) and B(z) 
have the same Fourier coefficients (for 0 ^ 0 ^ 2ir, z = e ,s ) and hence (§6.11) 
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that B f (z) and B{z) are equal almost everywhere on C> The proof of Theorem. 4 
is complete, Of course the convergence of tho infinite product can be easily 
handled also by the general theory of infinite products, 

Under the conditions of Theorem 4, we have actually proved the convergence 
of the infinite product (1) in tho usual sense of that term, for the present function 
B{z) has the modulus unity almost everywhere on C } hence cannot vanish iden- 
tically interior to C . The limit of Bn{z) cannot be zero except at a point 
and the sequence B N (z) can diverge at no point interior to 0, as follows from the 
Corollary to Theorem 1. 

Corollary. If the product n | p n | converges and if the function f(z) is analytic 
and of modulus not greater than M interior to C and vanishes in each point fi n , 
then the function f(z)/B(z) is also analytic and of modulus not greater than M in- 
terior to C\ 

Tlie function f{z)/B n {z) is analytic and of modulus not greater than M interior 
to C by the Principle of Maximum. When n becomes infinite, this function 
approaches uniformly the function f(z)/B (z) on any closed set interior to C; 
the uniformity of approach in tho neighborhood of a point fi n follows from the 
uniformity of approach of the fun e lion B n (z) to the function B(z) on any circum- 
ference 1 interior to C which posses through no point The Corollary follows. 
The converse of the Corollary is obvious, that if F(z) is analytic and of modulus 
not greater than M interior to C\ and if YL l P» I converges, then F(z)B(z) is 
analytic* and of modulus not greater than M interior to C and vanishes in each 
point p n . 

If the interior of (’ is transformed into itself by a transformation of the form 
w = (z — P)/{pz — 3), | j8 | < 3, it is clear from Theorems 2 and *1 that a con- 
vergent Blasehke product is (mnsformed into a convergent Blaselilce i)rodiujt, 
and that a divergent Blasehke product is transformed into a divergent. Blasehke 
product; for the convergence of the Blasehke product is n necessary and suf- 
ficient condition (hat there exist a function analytic and uniformly limited 
interior to (* which vanishes in the points p n yet does not vanish identically; 
this latter property is unchanged by the transformation. In particular, a suit- 
able transformation of this form enables us to eliminate the case (for some pur- 
poses exceptional) that points f) n lie at the origin. 

A necessary and sufficient condition for the comergence of the product 
XI | p n | is the convergence of the series 

(5) £ (1 - I A. I) , 

as is well known and easily proved by the method used in §9.6, Theorem 9. 

Theorems 1, 2, and 3 are due to Blasehke [1915]; in Theorem 4 convergence 
of B n {z) to B(z) interior to C is due to Blasehke, the fact that B(z) is of modulus 
unity on C is due to F. Riesz [1923], and convergence ill the mean on C of the 
sequence B N {z) is due to Walsh [1932d]. 
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§10.2. Functions of modulus not greater than M 


We shall now consider the problem of the existence ancl uniqueness of func- 
tions analytic and of modulus not greater than M interior to C: | z \ — 1, which 
take on prescribed values in given points interior to C. The present treatment 
follows that of It. Novanlinna [1919, 1929], but the methods and results arc due 
also to Caralhdodory, Fojdr, Gronwall, I, Schur, Pick, and others. 

Let the given points be ft, ft, • • • , ft, for the present finite in number and 
all distinct, and let the given functional values be k4 0) , w ' V \ • • • , Lotus 
denote by w(z) the function whose existence and uniqueness are being studied, 
ancl let us denote by IP ! the class of functions analytic and of modulus not 
greater than M interior to C, 

The case M = 0 is trivial, for the only function of the class U M vanishes iden- 
tically; there exists a function f(z) of class //" taking on the values w>! 0) in the 
points ft if ancl only if every is zero; the function /(z) if existent is unique. 
Henceforth we exclude the case that M vanishes. 

The case n = 1 can be solved at once. If we have | iv[ 0) \ ~ ftl, the function 
w(z) = w\ 0) satisfies the required conditions and (by the Principle of Maximum) 
is unique. If we have | toi 0) | < ftl, the function w(z) a iOi 0) satisfies the re- 
quired conditions and so also do an infinity of other functions; for instance it is 
sufficient if 10 ( 2 ) is analytic interior to C, if ie(ft) = w ( i\ and if 

| w(z) — v/i' > j ^ M — | ie ( i 0) | 


interior to C. 

Indeed, in this case n = 1, | w ( ^ \ < M, wc set formally 


( 6 ) 


Wi (z) ss ftp 


w(z ) - 

ftp - © ( , 0) w(2) 


g — ft 
1 - ft* ' 


If | | < M, if w(z) is of class IP 1 , and if w(ft) = w ( , #) , then ioi(z) as defined 

by (6) is also of class II M . If | w\ 0) | < M and if Wi(z) is of class IP', then w(z) 
as defined by (6) is also of class IP r and wo have io(ft) = ie ( i 0) . This follows 
from the general properties of transformations of the form £ = (z — jS)/(l — ft), 
| /9 | < 1; whenever z interior to C approaches C, then £ is also interior to C and 
approaches C. The transformation w l = ftP{w — y)/(ftP — yw), | -y | < M, 
correspondingly transforms ] w J £ M into | Wi | g M and | w | ^ M into 
| Wi I § ftl- If | w \° 1 | < ftl, all solutions w(z) of our given problem are there- 
fore represented by (6), where 101 ( 2 ) is an arbitrary function of class//"; every 
function w(z) represented by (6), where 101 ( 2 ) is of class //", is a solution of the 
given problem. 

To study the case n > 1 we again make use of (0) formally; the preceding 
remarks relative to (6) as a formal transformation are valid. If j i 0 i° J [ = M, 
the only possible function of class IP 1 satisfying the first of the given conditions 
is 10 ( 2 ) sa w ( i 0) , and this function satisfies the other given conditions if and 
only if wc have io ( i B) = w ( 2 #) = • • • = w[ 0) . If | io ( , B> | < ftl, the question of 



§10.2. FUNCTIONS OF MODULUS NOT GREATER THAN M 


287 


the existence and uniqueness of the desired function w(z) is by (6) reduced to 
the question of the existence and uniqueness of a function Wi(z) of class If* 
which takes on in the distinct points 

(7) (it,, k ~ 2, 3 j • • • , n, 


the respective values 


( 8 ) 


... iu ( . 0) — 

w[ 1] == M 2 ~- k - — 1 

h liP - ©W* 0 ’ 


fa — fa 
1 - * 


If Wi(z) is an arbitrary such function, then (6) defines ail possible solutions w(z) 
of our given problem, and only such solutions. 

Theorem 5. A necessary and sufficient condition that there exist a function 
iti(z) of class H u which takes on the values w ( i\ w ( 2 °\ • • • , at/„ 03 in the distinct 
points Pi, pi, • • * , Pn interior to C is that we should have one of the two cases'. 

(0 KM = M, -»<;>; 

or 


(ii) 


KM < M, 


and there exists a function Wi(z ) of class IP 1 which takes on the given values (8) 
in the n — 1 points (7). 


Wo have now a recurrent method for the general solution of our problem, be- 
cause the problem of interpolation in n points has boon reduced to the problem of 
interpolation in n — 1 points, and the problem of interpolation in a .single point 
has already been solved. 

Let us introduce the notation which is the natural extension of ((}) mid (8): 


(9) 


w v {z) = M 2 


w,-i(z) ~ w[ r 11 
AP - xdr' W-fz) 


z_- /3„_ 

1 - Xz ' 


K'u(z) ss w{z) , 


( 10 ) 


w { i” = u\{0,) 


AP 


Wj_ l } U ^ fa ~_P> 
AP - w'r" ' i~p,Pi ' 


Ic = j> + 1 , v + 2 , . . • , n . 

The precise solution of the general problem can now lie expressed in (lie fol- 
lowing form: 

Theorem (3. A necessary and sufficient condition that (here exist a function 
w(z) of class II M which takes on the values w\°\ »j G| , . . . , u > ( ,“ ) in the distinct 
points Pi, Pt, , p„ interior to C is that wc have one of the two cases 


<i) | w\ 0] | < M, | iv[ l] I < M, ... , | w'/- 1 ’ | < M, 






A* hi 


= M, 


,,/p) _ 


sss wf" ** ^ * 

— iv n f 
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or 

(ii) I to I < M, I w[ l) I < M, . . . , I w'"- 1 * I < M. 

In case (i), the function w(z) with the required properties is unique and given 
by the recursion formulas (9) and (10), where w M (z) = w ( ff , . 

In case (ii), the function w(z) is not unique. All functions with the required 
properties and only such functions are given by the recursion formulas (9) and (10) 
where w n (z) is an arbitrary function of class II M . 

In case (i), it follows from (9) and (10) that each of the functions w„(z), 
Wp-i (z), • • • , mji(z), w(z) is a rational function of z which has the constant modu- 
lus M on C. The function w(z) is a rational function of degree precisely ju, and 
of no smaller degree because the solution of (9) for w,~\(z) in terms of iv,(z) 

(11) w,-fz) = M 2 \ Z ~ f y wfz) + + \m 2 + «,„(*) ] 

LI - P,z J L 1 - p„z J 

is of the form M 2 ({ -f- y)/(M 2 + 7f). I Y I < M > with | f | < M for z interior to 
C, | f | = M for z on C, \ £ | > M for z exterior to C, so numerator and de- 
nominator cannot vanish simultaneously. 

Theorems 6 and 6 extend readily to the case that the given points /3 a. arc not 
all distinct, provided we introduce the usual convention relative to interpolation 
in points counted multiply, and provided the formulas previously given are 
suitably modified. 

Let us assume that the function w(z) is subjected to the conditions w(0,) - 
w[°\ w'(fii) = If w(0i) = w[°\ the condition w'(0,) = tv[ 0) is satisfied for 

the function w(z) defined by (6) when and only when wo have 

(12) wffii) = M 2 w ( a °> (1-10, \ 2 )/(M 2 - j u» ( t 0) | 2 ) = w Y> , 

provided this quotient has a meaning. A necessary and sufficient condition 
that the required function w (z) should exist is that we have 

0) lie', 05 \ = M, = 0 , 

or 

(ii) | w[ 0) \ < M , ItoV’ \ = M, 

or 

0*0 \w{* ] \ < M 3 | w\ l) | < M. 

In case (i) the only solution is w{z) ^ xo^\ In case (ii) the only solution w(z) 
is given by (6), where Wi{z) m In case (iii) a necessary and sufficient 

condition that w(z) should be of class II M and should satisfy the given conditions 
is (6) together with ioi(0i) ~ where Wi(z) is of class 1I M } or in other words 
that w(z) should be given by (6) and 
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Wl{z) as M 1 


tt>l(g) - U ( a 1) ^ g - 

M 2 — w[ l) wi(z) 1 - faz 


I 


where w z (z) is an arbitrary function of class H M . That is to say, the formulas 
(6), (9), (10) previously used still give a complete solution of the original problem, 
provided that we replace (10) by (12) in case ft ~ ft. 

If again we have ft = ft = ft, the quantity vf* (ft) = v)[ 0) is prescribed. In 
the case [ w\ 0) \ < M, | w ( 2 l) j < M , | u> c 3 2) | < A/, we write as usual 


Wz (z) =* M 2 


UhC g) - ^ ( 3 2) 
M 2 - u) ( s 2) u/ 2 (*) 


g — 1 

1 -ft* 


and proceed in a similar way. Further details concerning multiple points ft 
are left to the reader; no new methods are involved. 

If the given points ft, ft, * < * are infinite in number, Theorem 6 admits a 
direct extension ; 

Theorem 7. /I necessary and sufficient condition that there exist a function 
iv(z) of class H M which takes on the values y\ w ( 2 0) , ■ ■ • in the points ft, ft, • ■ ’ in- 
terior to C is that we have one of the two cases 

(i) I «.y» I < ,1/, I U’ ( 2 ° I < AT, , I «><;-' > I < M, I | = iU , 
W’S.'+a = w[+i =«»!,+» = • • • ; 
or 

Ui) I u’ 1 , 01 1 < -V , | uV’I < M, ... . 

/ft cose (i), the function w(z) with the requued properties is unique and given 
by the recursion formulas (9) and (10), where 0O — 

In case (ii), the question of the uniqueness of the function w(z) K more deli- 
cate, and will be discussed in §10.6. 

The conditions of Theorem 7 are necessary, for if the present function irfc) 
exists, then the function u»(^) of Theorem 6 also exists for every value of n, 
whether the ft are distinct or not, so the condition of Theorem 6 is satisfied for 
every ??. 

The conditions of Theorem 7 are sufficient, for if they are satkfied the con- 
ditions of Theorem 6 are satisfied for every value of ;i; let us denote by jr„(z) 
a function of class H M which takes on the values u\°\ to 2 0) , > in the 

points ft, ft, * * • , ft. The functions TT„(z) are uniformly limited and form 
a normal family interior to C; any limit function of the family satisfies the 
conditions of interpolation in all the points ft, ft, ■ * • , distinct or not, by \ irtue 
of the uniformity of the convergence interior to C } and is of class H u . Theorem 
7 is completely proved. 



290 


CHAPTER X. INTERPOLATION IN THE UNIT CIRCLE 


§10.3. Functions of least maximum modulus 

In §10.2 we studied the existence of functions satisfying conditions of inter- 
polation and belonging to class II U , where M is given. We now wish to study 
[Kalceya, 1915; Walsh, 1930] the dependence of such functions on M, especially 
the determination of the smallest M for which there exists a function of class 
H M satisfying given conditions of interpolation. 

Let us state for reference the following lemma, a consequence of the Lemma of 
§9.2 by the use of an obvious substitution: 

Lemma. The inequalities |f| < 1, | j8 1 < 1, imply 

IjzA ^M+iAJcl; 

1 -Pt ~ 1 + Iwl 


the inequalities | f | < AT, | 0 \ < M imply 


f — g ^ If 1 + [£ I < 1 

M 2 - ft- M 2 + Iff | M ' 


We shall now prove 

Theorem 8. Let the values w\ 0) 3 io[°\ , w ( n 0) and the distinct points 

0 W 02 , • • • , 0» be given interior to C, Then there is a smallest M such that a 
function w(z) of class II U exists which takes on the values w>i 0) in the points 0*. 
A necessary and sufficient condition for this smallest M is that case (i) of Theorem 6 
should occur , and for this smallest M the function w(z) is unique. 

If all of the numbers utp are zero, the smallest M exists and is equal to zero; 
the conclusion of Theorem 8 is satisfied. This trivial case is henceforth excluded. 

There exists a polynomial which satisfies the given conditions of interpolation, 
so there exists some number M such that a function w{z) satisfying the equations 
w(0a) = «4 0) belongs to class IP*. Let Mi > M 2 > ■ • - be a sequence of 
such numbers approaching the greatest lower bound Mq of all such numbers, 
and let the functions W%(z) f W 2 (z), • * • satisfy the given conditions and belong 
to the respective classes Z/ Afj , II U *, • * * . The functions W n (z) form a normal 
family interior to C ; any limit function of the family satisfies the given condi- 
tions and is of class Thus wc have established the existence of a small- 
est M. 

Tor the particular M ~ Mq whose existence we have just proved, we must 
have either (i) or (ii) of Theorem 6, for the function io(z) exists. Wc show that 
case (ii) leads to a contradiction and is therefore impossible. Let us set the 
arbitrary function w n {z) identically equal to zero, or what is the same thing, 
set Wft-i (z) identically equal to whose modulus is less than M. The 

Lemma with equation (11) taken successively for v e n - 1, w - 2, • • • , 1, 
then yields 
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| U>„-J (*) | S A'P 


l v> l r" I + 1 


to 


,U-2) 

-l 


M 2 + I U)L n_1) W„ri 2) | 


L _ 


— M' < M , 




\*\ < i, 

\z \ < 1, 


* * * ' ■ ) 

\ w(z ) I £ < M , 


|«| < 1, 


contrary to the properties of M as a greatest lower bound. 

It follows, then, that case (i) must appear, and hence that the function tv(z) 
whoso modulus docs not exceed M is unique. Conversely, if case (i) occurs, 
the number M must bo the smallest for which a function w{z) can exist; if a 
function w(z) existed satisfying the given conditions and the inequality | tD(z) | S 
M < M interior to C , there would exist an infinity of functions of the form 


w(z) ss w{z) + e(z - j9i )(z - /9 a ) • • • (« - Pn) 

satisfying the given conditions and such that | w(z) | ^ M interior to C, in con- 
tradiction with Theorem 6. Tho proof is complete. 

Theorem 8 yields an algebraic equation for the determination of the smallest 
M, namely the equation | | » M. This equation, when suitably ex- 

pressed by means of (10) and (9), involves besides M merely the given quantities 
and ft. To be sure, tho equation is not immediately an algebraic equation 
in M f but it becomes such when the absolute value signs are eliminated. The 
number M of Theorem 8 is not necessarily the smallest positive root of this alge- 
braic equation, for tho equation does not automatically imply the inequalities 
that appear in (i), Theorem 0 . lt Tho number M of Theorem 8 is () >y Theorem 8) 
the only root of this algebraic equation for which the inequalities of (i), Theorem 
6, are fulfilled. 

In setting up this algebraic equation, it is essential to note that if case' (i) of 
Theorem 6 occurs with }± <n — 1, the numbers \ \ * * • , are 

not defined by (10), for the right-hand member of (10) takes tho meaningless 
form 0/0. Nevertheless, the equation | | =* Jl/, where M is unknown, 

does have a meaning, ancl that equation is satisfied by the least l\f> if the equa- 
tion is written in the form of a polynomial in M set equal to zero 

Our restriction in Theorem 8 that the points ft be unique is elenrlj r unessen- 
tial, merely a question of simplicity of proof. 

We consider next the analogue [Walsh, 1935a] of Theorem 8 for an infinity 
of conditions of interpolation: 

Theorem 9. Lei the values w \ 0 \ w { 2 °\ , and the points ft, ft, . * * in- 

terior to C be given . Let M n denote the smallest number stick that a function of 
class II Mn exists which lakes on the values w4 0) , w ( 2 0) , , u/ n 0) in the points 

Pit Pit ■ • • > ft* -d necessary and sufficient condition that there exist a function 


* This is shown by simple examples, such as Wi ** 2, ws - 5/4, ft =* 0, =* 1/2. 



